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Reciprocity

if Iab = Icd ,
then Vab = Ccd
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Reciprocity

Given angular frequency ω:
• electric field (E⃗)
• current density (J⃗)
• complex conductivity σ∗ = σ + iωϵ.

J⃗ =
[
σ∗ − (iωµ)−1(∇×∇×)

]
E⃗

• a current density J⃗1 which produces electric and magentic fields E⃗1 and H⃗1

• another current J⃗2 and fields E⃗2, H⃗2.
• an isolated system (no energy from the outside),

reciprocity gives: ∫
J⃗1 · E⃗2dV =

∫
J⃗2 · E⃗1dV

Reciprocity is valid for linear, passive electromagnetic media
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Reciprocity

The Lorentz reciprocity ∫
J⃗1 · E⃗2dV =

∫
J⃗2 · E⃗1dV

published in 1895 following analogous results on sound and light 1

Within the EIT community, it has been common to cite Geselowitz [1] who
rediscovered the analogous theorem in electrostatics (Green’s reciprocity).

The Lorentz reciprocity is more general and applies to all linear electromagnetic
networks. It is not valid for non-linear elements (e.g. diodes).

1RJ Potton, “Reciprocity in optics” Prog Physics 67:717–754, 2004.
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Reciprocity: electrostatics
2

2DB Geselowitz, “An Application of Electrocardiographic Lead Theory to Impedance Plethysmography” IEEE T Biomed Eng, 18:38–41, 1971
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Reciprocity:
electromagnetics

3

3HA Lorentz, “Het theorema van Poynting over de energie in het electromagnetisch veld en een paar algemeene stellingen over de voortplanting
van het licht” Proc Koninklijke Akademie van Wetenschappen 4:176–187, 1895.
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Reciprocity in Electrical Networks
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Linear, passive electrical
networks are reciprocal

• admittance matrix Y → voltage on nodes, V, to
current into each note, I = YV.

• Setting ground → reduced matrices Ĩ, Ṽ, and Ỹ
• impedance matrix Z̃ = Ỹ−1, such that Ṽ = Z̃̃I.
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Reciprocity in Electrical Networks

Any network voltage
v = tT ZI

where test vector t represents the electrode gain.

For pair-drive EIT where current flows between nodes a and b,

Ia = −Ib = Iapplied,

with other elements in Iab zero. Using a gain, G, between electrodes c and d ,
t̃cd = 0 except for t̃c = −t̃d = G,

Reciprocity follows from Y being symmetric, and thus

tt
ab Z̃̃Icd = tt

cd Z̃̃Iad .
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Reciprocity in Electrical Networks
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Left: FEM or resistor network, Right: System Matrix (Y)
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Motivation for symmetrical Y
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V = I

We build up the space from empty When adding admittance Y4,9 then current
Y4,9(V4 − V9) flows into N#4 and Y4,9(V9 − V4) flows into N#9.

Y will increase by Y4,9 at (4,9) and (9,4) and decrease by Y4,9 at (4,4) and (9,9).
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Reciprocity in electromagnetic systems

Abstract: We review reciprocity for electromagnetic (E&M) systems, including EIT.
We note that

• reciprocity is valid for all linear E&M systems,
• it is clostly related to reciprocity in circuit theory
• the correct reference for earliest work is Lorentz [2].
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