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Abstract—We analyze the uplink outage probability at the
randomly, but not necessarily independently nor homogeneously,
distributed cellular network receivers caused by an overlaid
secondary ad hoc network. Unlike the previous works that
assumed exact circular exclusion regions (or guard zones), we
incorporate a sensing mechanism to decrease the signiﬁcant
effect of the nearby interferers. We consider Rayleigh-faded
links, large-scale power control, and the knowledge of the initial
outages in the absence of the secondary network. We derive an
upper bound on the outage probability and show it to be tight
when the co-channel primary receivers are separated by relatively
signiﬁcant distances, which is inherently the case for the cellular
network. Furthermore, we derive a closed-form expression that
shows the signiﬁcant impact of the sensing mechanism on the
spectrum sharing gains.. Additionally, we optimize the decision
threshold, which is used by secondary network users to decide
whether to transmit or not, in order to maximize the spectrum
sharing gains under the given outage constraints.
Index Terms—Spectrum sharing, outage, secondary/cognitive
network, point process, sensing, exclusion region.

I. I NTRODUCTION
Owing to the spectrum scarcity and the inefﬁcient spectrum
use, some spectrum sharing scenarios have been discussed in
the literature, where a secondary network shares the spectrum
of a licensed or primary network. In the underlay concept
[1], based on the fact that there is some outage tolerance
available at the primary network, the secondary network is
allowed to share the spectrum under the outage probability
constraint given by the primary network. The investigation of
outage probability at a primary receiver (PR) requires the study
of the total unwanted signal power (interference as well as
noise) that it experiences.
A signiﬁcant amount of literature focuses on scenarios
where the primary user’s spectrum is accessed by a single
secondary user, as seen from the references in [2]. However,
it becomes extremely challenging to extend the deterministic
approach used for a few nodes towards large networks (as
in the case of femtocells and ad hoc networks), where there
is uncertainty as to the number and positions of the nodes.
In this case, point process theory [3] becomes the preferred
mathematical framework in which to study the statistical
behaviour of the network. The secondary transmitters (STs) are
often modeled as the points of a homogeneous Poisson point
process (HPPP) on a two-dimensional plane, owing to the
complete randomness of this process [4]. Most previous works
focused on scenarios where the STs are deployed around a

typical primary receiver (PR) of study. The outage probability
at the PR as a function of the ST density has been studied in
the case of a single PR in [5]–[9]. In most of these works, only
the interference coming from the secondary network was considered, which might not be realistic in an interference-limited
cellular network; indeed, even in the absence of the secondary
network, the PR already has some outage probability due to
its own primary network. In some works, an exact exclusion
region (also commonly referred to as guard zone or protection
zone) has been assumed around this typical PR, in order to
reduce the signiﬁcant effect of the nearby STs [6], [10], [11].
In reality, guaranteeing an exact circular exclusion region is
impractical in a fading environment.
In many cases [12]–[14], where multiple PRs are considered, the primary network is assumed to be distributed
as a Poisson point process (PPP), which can be quite a
narrow assumption for a cellular network. For secondary ad
hoc networks, the STs might be assumed to be distributed
as PPP [3]; there are however, in general, many complex
ways in which the primary nodes in the cellular network
may be distributed. Moreover, there is always an inherent
separation distance between co-channel devices, particularly
in cellular networks, and hence the primary network cannot
be accurately modeled as a PPP. For instance, while multiple
PRs are taken into account in [12], the cellular BSs and users
are again assumed to be distributed as a PPP. Additionally,
in these works the PRs are assumed to have identical system
parameters and outage probability requirements, which does
not accommodate diverse primary user services.
A sensing mechanism has previously been used mostly
in the overlay scheme to detect the presence of the PR
[1]; an exception is [5], where the outage probability is
studied at the single PR by incorporating sensing with the
STs homogeneously distributed, using a lognormal ﬁt for the
interference power distribution. In [8], a sensing mechanism
has been considered to detect the presence of the PR under
the constraint on the outage probability given by a single PR.
However, in this work, sensing of the PR by every ST is taken
independently of its distance from the PR.
In this paper, we extend our analysis of the outage probability at a single PR [11] to the case of independently, but
not necessarily independently nor homogeneously, distributed
cellular PRs. We make use of the sensing mechanism, rather
than the assumption of an exact circular exclusion region, to

decrease the signiﬁcant effect of the nearby STs, and accordingly derive an upper bound for the outage probability at the
PRs. This bound is tight when the co-channel PRs are spatially
separated by relatively large distances, which is the case in
cellular networks. The sensing mechanism is shown to be quite
signiﬁcant in decreasing the outage probability at the PRs.
To achieve maximum spectrum sharing gains, we optimize
the decision threshold used by the STs to decide whether
to transmit or not, given the outage probability constraints.
Additionally, in our study, every co-channel primary signal
link may have different system parameters. We conﬁrm the
analytical results derived in this paper through Monte Carlo
simulations.
II. P ROBLEM S TATEMENT
Consider a setup where the secondary ad hoc network is
overlaid on the primary cellular network as shown in Fig.
1. Let the locations of these co-channel primary receivers or
base-stations (BSs) be distributed randomly over S ⊆ R2 , represented by the points of a point process Πp = {Y1 , Y2 , . . .}.
Πp can follow any statistical distribution. The secondary
transmitters are assumed to be distributed as the points of
a PPP Πs = {X1 , X2 , . . .} over R2 with density λ, and
each has transmit power ρt . We assume the location Yi
of the ith PR of study to be at the origin in the polar
coordinate system. Accordingly, we deﬁne a new point process
Πi,p = {Y1,i , Y2,i , . . .} ⊂ R2 , conditioned on the location of
the ith PR, where Yk,i = Yk − Yi denotes the location of the
k th PR with respect to the ith PR.
We study the outage at the ith PR due to the interference
coming from its own (primary) network as well as from the
secondary network. For a given useful signal link distance di ,
the signal received at this ith PR is given by
Si = γi ρi,r (di ),

(1)

where ρi,r is the mean received power by this PR on the desired signal link and γi is the exponentially distributed random
variable representing Rayleigh fading on the desired signal
link. In the case of full large-scale path loss compensation, i.e.,
constant large-scale received power, we have ρi,r (di ) = ρi,r ∀
i, as deﬁned in modern cellular standards for the uplink case.
In the absence of the secondary network, let the net unwanted
signal power at the ith PR be Ii,p +ηi , accounting for both the
interference Ii,p coming from the primary network, as well
as for the noise power ηi . The corresponding initial outage
probability εi (di ) at this PR is given by


Si
(2)
< βi ,
εi (di ) = P
Ii,p + ηi
where βi is the signal-to-interference-and-noise power ratio (SINR) threshold. Now, in the presence of a secondary
network, the net unwanted signal power at the ith PR is
Ii,p + Ii,s + ηi , where Ii,s is the interference coming from the
secondary network. The corresponding total outage probability
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Fig. 1. Illustration of the co-channel cellular primary users sharing spectrum
with the secondary ad hoc network in the uplink case.

εi,t (di ) at this ith PR is given by


Si
< βi .
εi,t (di ) = P
Ii,p + Ii,s + ηi

(3)

III. O UTAGE A NALYSIS
We begin by studying the outage probability at the ith
PR due to both the secondary interference Ii,s and to the
primary interference Ii,p . We use the theory of marked Poisson
processes to model the STs as the points of a PPP. We
deﬁne Πi,s = {(Xj,i , γj,i )|Xj ∈ Πs } over the product space
R2 × R+ , where γj,i is the mark associated with the interferer
at Xj,i = Xj − Yi and represents fading on the channel
between this j th interferer and the ith PR. The marks are
distributed identically and independently for every j, and
independently of Xj,i . Due to the spatial stationarity of Πs
and from the Marking Theorem [15], Πi,s is also a PPP.
We now consider two cases: one with and the other without
a sensing mechanism1 . In the ﬁrst case, there is no restriction
on how close the STs can be to the PR, while in the second
case, a sensing mechanism is used to decrease the signiﬁcant
effect of the nearby interfering STs by deactivating the nearby
STs.
A. Without Sensing Mechanism
In this case, there is no sensing mechanism adopted by the
STs to deactivate the dominant STs near the PRs. Due to the
1 Note that the sensing mechanism employed here is used to estimate the
closeness of the ST to the PR, so that the nearby STs are most likely to be
deactivated. This is different from the commonly used sensing mechanism in
the overlay scheme [2] of spectrum sharing, where sensing is used to detect
the presence or the absence of the PR or PRs.

spatial stationarity property of the HPPP [15], the statistics
of the interference coming from the STs at any point are the
same, therefore Ii,s = Is ∀ Yi ∈ Πp . Moreover, Ii,s and Ii,p
are independent, and it follows that we can apply the outage
probability equation derived for a single PR [11, Eq. 10] to
the two independent unwanted signal sets, in order to ﬁnd the
total outage probability:


−λ2π 2 (κi ρt )2/α
εi,t (di ) = 1 − (1 − εi (di )) exp
, (4)
α sin(2π/α)
where κi = βi /ρi,r , and α is the path loss exponent.
Let εi,t = Edi (εi,t (di )) and εi = Edi (εi (di )); then, from
(4), we obtain


−λ2π 2 (κi ρt )2/α
εi,t = 1 − (1 − εi ) exp
,
(5)
α sin(2π/α)
under large-scale power control.
B. With Sensing Mechanism
The sensing mechanism is used in order to avoid nearby
secondary transmissions around each PR. Distributed sensing
is considered for all the PRs, such that each ST senses and
decides whether to transmit independently of all the other
STs. The ST senses a beacon broadcast by the PR on an
out-of-band channel, assuming a full-duplex channel for both
the PRs and the STs. The sensing and data channels are
independent of each other . Alternatively, sensors can be
deployed at the STs to perform the sensing operations. Some
higher layer sensing protocols can be incorporated under the
given framework, but this is outside the scope of this study,
which is focused on statistical aspects only. More information
about distributed sensing can be obtained from [2] and the
references therein. We assume that the detection of the PR by
any ST is independent of the beacons transmitted by the other
PRs, since these are generally low power beacons transmitted
by distant PRs. In other words, the sensing channel is assumed
not to suffer from interference.
We deﬁne a set of deactivated STs that are not allowed to
transmit around the k th PR (located at Yk,i ) as


γj,k,i
ρb
Sk,i = (Xj,i , γj,i ) :
α > βi,th ,
η|Xj,i − Yk,i |

(6)
(Xj,i , γj,i ) ∈ Πi,s , Yk,i ∈ Πi,p

,


where γj,k,i
is the exponentially distributed random variable
representing Rayleigh fading on the sensing channel between
the k th PR and the j th ST, and is independent of γj,i . ρb is
the beacon power, βi,th the decision threshold for transmission
based on the signal–to–noise power ratio (SNR), and η the
background noise power. Also, in the case of energy-based
detection [2], which is a function of SNR, an equivalent βth
can be incorporated.
Hence, the set of STs that are allowed transmission can be
written

Πi,s,t = Πi,p \
Sk,i .
(7)
Yk,i ∈Πi,p

STs that receive the beacon (transmitted by the PRs) above
a certain threshold level are not allowed to transmit, as there
are high chances that they are close to a PR. The probability of
an ST being allowed to transmit is dependent on the positions
of the PRs. Since the PRs follow any general point process,
where the PRs might not be independent of each other, we
can say that the corresponding primary transmitters are also
not independent of each other. Therefore, the net interference
powers Ii,p and Ii,s coming from the two networks are not
independent. Due to this interaction between the PRs and
the STs, and consequently between the interfering primary
transmitters and the STs, it seems infeasible to obtain the
exact outage probability expressions, which was suggested
in [3]. We may however make use of the facts that 1) the
secondary network generally has a high density of nodes and
short transmission ranges and 2) the cellular co-channel PRs
(particularly in the uplink case) are inherently separated by
relatively large distances in the cellular network. This allows
us to derive an upper bound for the outage probability at the
PRs. This bound is tight and helps us obtain analytical insights
on the effect of various system parameters.
+
+
It is easy to show that Ii,s
≥ Ii,s , where Ii,s
is the
interference coming from the STs distributed as Πi,s,t =
Πi,s \ 
Si,i and Ii,s is the interference coming from Πi,s,t =
Πi,s \ Yk,i ∈Πi,p Sk,i . Now, since ε+
i,t (di ) is the total outage
+
+Ii,p , we can say that εi,t (di ) ≤ ε+
probability due to Ii,s
i,t (di ).
(u)

Because Ii,p and Ii,s are independent, in which case we
can write ε+
i (di ), as previously,
ε+
i,t (di ) = 1 − (1 − εi (di ))LI + (κi ) .

(8)

i,s

Now Πi,s,t = Πi,s \ Si,i is formed by a thinning operation
(in our context, deactivating the STs) on Πi,s [15], where the
probablity of any ST getting thinned depends on the SNR on
the sensing channel, which is independent of the other sensing
channels. Hence, Πi,s,t also forms a PPP [15], but with a nonuniform density given by
 


γj,i ρb
α
λ(r, θ) = λP
=
λ
1 − e−ηr βi,th /ρb .
<
β
i,th
ηrα
(9)
We now use the Campbell’s theorem for marked Poisson
processes [15] to incorporate the sensing mechanism, and it
follows that


2π ∞ ∞

LI + (κi ) = exp λ



i,s



0

0

e−yκi ρt r

−α

−1

0

· 1 − e−ηr


α

βi,th /ρb

(10)

rdydrdθ ,

Substituting x = rα in (10) and using (3.193.4) and
(3.383.10) of [16], we derive the closed-form result
LI + (κi ) = exp(−λΩi (βi,th )),
i,s

(11)



where

ε+
i,t (di ) = 1 − (1 − εi (di )) exp(−λΩi (βi,th )).




εLW

Therefore, the upper bound ε+
i,t (di ) on the total outage probability at the ith PR is given by




(13)



+
Now, if ε+
i = Edi (εi (di )) and εi = Edi (εi (di )), we can
express the upper bound ε+
i,t as



ε+
i,t = 1 − (1 − εi ) exp(−λΩi (βi,th )),

(14)

under large-scale power control.
The outage probability result obtained in the case of the
sensing mechanism can be thought of as pessimistic; however,
it is also quite safe, as sensing errors can occur due to hardware
inaccuracies [2]. The upper bound derived here gives assurance
that even if some sensing errors do occur, the primary services
do not suffer beyond the outage probability constraint speciﬁed
by the PRs.
opt
We now want to ﬁnd the optimum decision threshold βi,th
for which the maximum spectrum sharing gains (here, the
number of STs) are achieved, while satisfying the given outage
probability constraint εi,th at every primary receiver, located
at Yi ∈ Πp .
In order to ensure that the outage probability condition is
satisﬁed, we impose ε+
i,t ≤ εi,th . Equivalently, from (14), we
can write this condition as



1
1 − εi,th
βi,th ≤ Ω−1
−
.
(15)
log
i
λ
1 − εi
From (10), or from differentiating (12), it can easily be
shown that Ωi (βi,th ) is an increasing function of βi,th . We
can therefore write the above equation as



1
1 − εi,th
−1
βi,th ≤ Ωi
− log
.
(16)
λ
1 − εi
Using (7), the total number of active STs is


 




|Πi,s,t | = |Πi,s | − 
Sk,i  ,
Yk,i ∈Πi,p 

(17)

where |S| denotes the cardinality of any set S. In the case of
the cellular primary network, the PRs are spatially separated
by relatively larger distances, and therefore the deactivation of
an ST is most likely due to the sensing of the nearest PR only,
as depicted in Fig. 1. We may therefore write

|Πi,s,t |  |Πi,s | −
|Sk,i |
= |Πi,s | −



Yk,i ∈Πi,p



u

(Xj,i ,γj,i )∈Πi,s
Yk,i ∈Πi,p


γj,k,i
ρb

η|Xj,i − Yk,i |


α

− βi,th ,

(18)
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π
2π
Ωi (βi,th ) =
(κi ρt )2/α
α
sin(2π/α)

  (12)


κi ρt βi,th η
2
2 κi ρt βi,th η
Γ α Γ 1 − α,
− exp
ρb
ρb
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Fig. 2. Total outage probability εi,t at the ith PR with the density of STs
being λ for εi =0.05, α=3, ρi,r =1 μW, βi =10, ρt =1 mW, ρb =1 W, and
βi,th =10. The distance between adjacent co-channel BSs is taken as 500 m.

where u(x) is equal to 1 for x > 0, and to zero otherwise.
We then see that, for any realisation of channels and node
positions, the number of active STs is always maximized by
maximizing every βi,th . Therefore, from (16), the optimum
sensing thresholds are given by



1
1 − εi,th
opt
−
, ∀ Yi ∈ Πp .
βi,th
= Ω−1
(19)
log
i
λ
1 − εi
IV. N UMERICAL R ESULTS
In order to show the effect of using a sensing mechanism on
the outage probability at the PR, and to validate the analytical
results (5) and (14) against simulation, we plot in Fig. 2 the
total outage probability εi,t at the ith PR against the density
of interferers (here, STs) λ, with the following simulation
paramaters: εi =0.05, α=3, ρi,r =1 μW, βi =10, ρt =1 mW ∀
Yi ∈ Πp , and βi,th =10. To perform the worst-case analysis
when the sensing mechanism is present, we consider the tier
of co-channel PRs (or BSs) around the ith PR at a distance of
only 500 m from the ith PR, and assume a quite high probe
power ρb =1 W. As done in [11], we simulate the primary
interference plus noise power (Ii,p + ηi ): its distribution is
assumed to be gamma with scale parameter 2. We may in fact
take any other distribution to model the sum of the primary
network interference and noise, since the results are only
dependent on the initial outage probability εi . We tune the
shape parameter of the gamma distribution to obtain any given
initial outage probability εi of study.
We observe that the upper bound on the outage probability
derived in the case of sensing is quite tight with the simulation
curve. This bound should be tighter in the actual cellular
systems, where the PRs are inherently separated by relatively
larger distances. Furthermore, we observe from Fig. 2 that
there is a signiﬁcant decrease in the total outage probability
suffered by the PR when the density of the STs increases, as



that the results derived are applicable to any set of interferers
(from the same or from a different network) distributed around
any receiver of study.
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Fig. 3. Total outage probability εi,t at the ith PR with the decision threshold
βi,th = βth , for λ=10−4 /m2 , εi =0.05, α=3, ρi,r =1 μW, βi =10, ρb = 1
W, η = 10−6 , and ρt =1 mW. The distance between adjacent BSs is taken
as 500 m.

well as when the sensing mechanism is used to alleviate the
severe effect of nearby interfering transmissions. In Fig. 3,
we show the effect of the decision threshold on the outage
for the same simulation parameters as above, while ﬁxing
λ = 10−4 /m2 . The derived upper bound on the outage probability using (14) is observed to be tight with the simulation
curve.
More generally, using the results derived in this paper, we
could analyze the effect other system parameters (ST transmit
power, initial outage probability, path loss exponent, etc.)
under the given framework.
V. C ONCLUSION
We considered the uplink case of a spectrum sharing
scenario where a secondary ad hoc network is overlaid on
the randomly, but not necessarily independently nor homogeneously, distributed co-channel PRs in the cellular network.
We analyzed the outage probability experienced by the cellular receiver nodes, with and without a sensing mechanism.
Although the spectrum sharing between the primary cellular
network with a secondary ad hoc network has been considered before, to the best of the authors’ knowledge, we have
derived the closed form expression for the outage probability
incorporating both sensing and random distribution of nodes
for the ﬁrst time. We made use of the fact that the PRs (or
BSs) are inherently separated by relatively large distances, in
order to derive a tight upper bound on the outage probability
in the case when a sensing mechanism is present. We showed
a signiﬁcant decrease in the outage probability at the PR when
the sensing mechanism was used to avoid the signiﬁcant effect
of the nearby secondary network transmissions. In order to
maximize the spectrum sharing gains under some given outage
probability constraints, we optimized the transmission decision
threshold used by the secondary users. It is worth mentioning
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