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ABSTRACT
We propose a single carrier joint frequency domain equal-
ization and interference cancellation (FDE-IC) with diver-
sity combining for different relaying schemes. We consider
amplify-and-forward (AF) and ACK/NACK-aided decode-
and-forward (DF) modes over multiple-input multiple-output
(MIMO) frequency selective relay channels. During the first
time slot, the source transmits to both the relay and des-
tination. In the second slot, the relay transmits the signal
packet to the destination in the case of AF mode, while in
DF the data block is transmitted either by the relay or the
source depending on the ACK/NACK feedback. By deriv-
ing an equivalent source-relay-destination (S → R → D)
channel for the AF mode, we propose an integrated iter-
ative minimum mean square error (MMSE)-FDE-IC-aided
transmission combining scheme where reception over multi-
ple slots is viewed as virtual antennas. We also derive the
joint combining scheme in the case of ACK/NACK-aided
DF. Block error rate (BLER) performance is evaluated for
different system settings.

Categories and Subject Descriptors
C.2.1 [Network Architecture and Design]: Wireless
communication.

General Terms
Algorithms, Performance.

Keywords
Cooperative relaying, multiple-antenna systems, joint equal-
ization and interference cancellation.
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Relaying is an efficient diversity technique that allows to
combat multi-path fading in wireless communications [1–3].
In a relay system, one or more relays assist the communica-
tion between the source and destination to form a multiple-
input multiple-output (MIMO) system array and exploit
space-time diversity. Several interesting relaying schemes
have been proposed, among which are two basic modes:
amplify-and-forward (AF) and decode-and-forward (DF).
The AF strategy represents the simplest way that a relay
may cooperate with the source and destination. Under this
scheme, the relay simply amplifies the received signal and
forwards it towards destination. However, in the DF mode,
the relay first decodes the signal received from the source, re-
encodes and retransmits it to the destination. This approach
suffers from error propagation when the relay transmits an
erroneously decoded data block [2, 4]. Selective protocols,
where the relay transmits only when it can reliably decode
the data packet, have been introduced as an effective method
to reduce error propagation [5–7]. In [8], the authors pro-
posed a ACK/NACK-aided selective DF protocol where the
relay transmits only if it correctly decodes the packet, oth-
erwise, it sends back a NACK message to the source that
directly transmits the frame to the destination. In this pa-
per, we refer to this scheme as ACK/NACK-aided DF.

To improve spatial diversity of a relay system, signals
received over the source–destination and relay–destination
links are combined at the receiver side. Most of the research
work in this area focused on flat fading channels. However,
in practical systems, channels connecting the source, relay
and destination may suffer from inter-symbol interference
(ISI) caused by frequency-selective fading. Block equaliza-
tion was proposed in [9–11] for the so-called protocol III [12]
where the source sends to the relay during the first slot and
both the source and relay send to the destination in the sec-
ond slot. In [13], the authors introduced a maximum ratio
combining (MRC)-aided strategy for protocol I [12], i.e., a
scheme similar to protocol III except that the destination
receives direct signal from the source in the first slot, under
the AF mode and operating over a frequency-selective relay
channel.

In this paper, we consider a single carrier (SC) broadband
coded relay system where the source, relay, and destination
are equipped with multiple antennas. The system is sup-
posed to operate under the so-called protocol II [12], where
the source sends to both the relay and destination in the
first slot, and the relay sends to the destination in the sec-



ond slot. This protocol scheme presents a generalization of
automatic repeat request (ARQ) mechanisms. We consider
both AF and DF modes. In the case of AF, the system el-
ements communicate using protocol II, while in the case of
DF, either the source or relay transmit to the destination
depending on the ACK/NACK feedback from the relay, i.e.,
ACK/NACK-aided DF. We focus on joint iterative (turbo)
frequency domain equalization and interference cancellation
(FDE-IC) with diversity combining at the destination. We
propose an integrated iterative minimum mean square error
(MMSE)-FDE-IC-aided transmission combining strategy for
both AF and DF modes, where multiple slot receptions are
viewed as virtual antennas. Performance of the proposed
combining scheme is evaluated via computer simulations for
many relay configurations.

The remainder of the paper is organized as follows: Sec-
tion ?? presents the considered relaying schemes and their
corresponding communication models. Section ?? details
the proposed turbo equalization-aided combining strategy.
Numerical results are provided in Section ??. The paper is
concluded in Section ??.
Notations

• diag {x} and diag {X1, · · · ,Xm} denote the diagonal
matrix and the block diagonal matrix constructed from
x ∈ Cn and from X1, · · · ,Xm ∈ Cn1×n2 , respectively.

• (.)> and (.)H are the transpose and the transpose con-
jugate of the argument, respectively.

• UT is a unitary T × T matrix whose (m,n)th element

is (UT )m,n = 1√
T
e−j(2πmn/T ), and j =

√
−1.

• UT,N = UT ⊗ IN , where IN is the N × N identity
matrix and ⊗ denotes the Kronecker product.

• For x ∈ CTN , xf denotes the Fourier transform of x,
i.e., xf = UT,Nx.

2. RELAYING SCHEMES AND COMMUNI-
CATION MODELS

2.1 Relay System
We consider a system with M antenna source, N an-

tenna destination and K antenna relay to assist the com-
munication between the source and the destination, where
N ≥ K ≥M . The source-relay (S → R), source-destination
(S → D), and relay-destination (R → D) channels are
frequency selective and have LSR, LSD, and LRD symbol-
spaced taps, respectively. Cyclic prefix-aided transmission
is assumed. The channel matrices corresponding to the three

links are H
(SR)
0 , · · · ,H(SR)

LSR−1 ∈ CK×M , H
(SD)
0 , · · · ,H(SD)

LSD−1 ∈
CN×M , and H

(RD)
0 , · · · ,H(RD)

LRD−1 ∈ CN×K . Their entries
are zero-mean circularly symmetric complex Gaussian and
satisfy the following normalizations,

E

[
diag

{
LSR−1∑
l=0

H
(SR)
l H

(SR)H

l

}]
= MIK ,

E

[
diag

{
LSD−1∑
l=0

H
(SD)
l H

(SD)H

l

}]
= MIN ,

E

[
diag

{
LRD−1∑
l=0

H
(RD)
l H

(RD)H

l

}]
= KIN .

(1)

The average energies of the three links are ESR, ESD and
ERD, and take into account the path-loss and shadowing
effects of each link.

We consider two relaying schemes: i) amplify-and-forward
(AF), and ii) ACK/NACK-aided decode-and-forward (DF).
Both schemes use two time slots for sending one information
block from the source to the destination, where each slot
spans T channel uses (c.u). First, the source encodes its data
block using a space-time bit interleaved coded modulation
(STBICM) encoder. The resulting symbol vector is given
by,

s =
[
s>0 , · · · , s>T−1

]>
∈ STM , (2)

where si ∈ SM is the M × 1 symbol vector at c.u i =
0, · · · , T − 1, and S is the symbol constellation. During
the first slot, the source inserts a cyclic prefix (CP) symbol
word of length TS→DCP ≥ max (LSR, LSD), then transmits
the resulting symbol frame to both the relay and destina-
tion. After CP deletion, the N × 1 signal obtained at the
destination is,

y
(1)
i =

√
ESD

LSD−1∑
l=0

H
(SD)
l s(i−l) modT + n

(1)
i , (3)

where n
(1)
i ∼ N

(
0N×1, σ

2IN
)

is the thermal noise. During
the second slot, the transmission strategy depends on the
considered relaying scheme. In the case of AF mode, the
relay amplifies and sends the block of received signals to the
destination. When ACK/NACK-aided DF is considered, the
symbol packet is sent to the destination either by the source
or the relay depending on the ACK/NACK feedback. In
other words, the relay sends back a NACK message to the
destination if the decoding outcome at the relay is erroneous
then the source directly sends the symbol frame to the des-
tination, while the relay transmits the symbol frame to the
destination if it correctly decodes the packet. In the fol-
lowing, we provide communication models for both relaying
schemes.

2.2 AF Scheme
After CP removal at the relay side, the K × 1 received

signal is expressed as,

y
(SR)
i =

√
ESR

LSR−1∑
l=0

H
(SR)
l s(i−l) modT + n

(SR)
i , (4)

where n
(SR)
i ∼ N

(
0K×1, σ

2IK
)

is the thermal noise at the
relay. During the second time slot, the relay first normalizes

received signals y
(SR)
i as,

ỹ
(SR)
i =

1√
MESR + σ2

y
(SR)
i , (5)

then inserts a CP signal word of length TR→DCP ≥ LRD and
transmits the resulting signal packet to the destination. Af-
ter CP deletion, the N ×1 received signal during the second
slot is

y
(RD)
i =

√
ERDESR
MESR + σ2

LSRD−1∑
l=0

H
(SRD)
l s(i−l) modT +

ñ
(SRD)
i , (6)



where

ñ
(SRD)
i =

√
ERD

MESR + σ2

LRD−1∑
l=0

H
(RD)
l n

(SR)

(i−l) modT + n
(RD)
i

(7)
is the effective zero-mean Gaussian noise at the destination
side and has conditional covariance matrix,

Θ|H(RD) = σ2

(
IN +

ERD
MESR + σ2

LRD−1∑
l=0

H
(RD)
l H

(RD)H

l

)
.

(8)

H
(SRD)
0 , · · · ,H(SRD)

LSRD−1 ∈ CN×M is the equivalent multipath
channel corresponding to link S → R→ D, and has LSRD =
LSR +LRD − 1 symbol-spaced taps. The lth equivalent tap
channel matrix is expressed as,

H
(SRD)
l =

min(l,LRD−1)∑
n=max(0,l−LSR+1)

H(RD)
n H

(SR)
l−n , if LRD ≥ LSR

H
(SRD)
l =

min(l,LSR−1)∑
n=max(0,l−LRD+1)

H
(RD)
l−n H(SR)

n , Otherwise. (9)

To perform joint equalization over signal packets received
over links S → D and R → D, the destination proceeds by
a whitening of the effictive noise using the Cholesky Factor-

ization of 1
σ2 Θ|H(RD) = LL

H

, where L is a N × N lower
triangular matrix. This yields signal vector,

y
(2)
i =L

−1
y

(RD)
i

=
√
E2

L2−1∑
l=0

H
(2)
l s(i−l) modT + n

(2)
i , (10)

where 
H

(2)
l = L

−1
H

(SRD)
l ,

L2 = LSRD,

E2 = ERDESR
MESR+σ2 ,

(11)

and n
(2)
i ∼ N

(
0N×1, σ

2IN
)

is the whitened effictive noise
at the destination side.

2.3 ACK/NACK-Aided DF Scheme
After CP deletion, the N × 1 received signal at the desti-

nation side during the second slot is expressed as,

y
(2)
i =

√
E2

L2−1∑
l=0

H
(2)
l s(i−l) modT + n

(2)
i , (12)

where{
L2 = LRD, E2 = ERD, H

(2)
l = H

(RD)
l , if ACK

L2 = LSD, E2 = ESD, H
(2)
l = H

(SD)
l , if NACK.

(13)

3. JOINT TURBO EQUALIZATION
Considering the second time slot as a set of N virtual

receive antennas, the two-time slot system (Source, Relay,
and Destination) can be viewed as a point to point MIMO
link with M transmit and 2N receive antennas, where the
2NT × 1 block received signal vector y is constructed as,

y ,
[
y>

0
, · · · ,y>

T−1

]>
∈ C2NT , (14)

and

y
i
,

[
y

(1)
i

y
(2)
i

]
∈ C2N (15)

is the signal received over the 2N virtual antennas. The
block communication model corresponding to this two-slot
scheme is given as,

y = Hs + n, (16)

where H ∈ C2NT×MT is a block circulant matrix whose first
2NT ×M column matrix is[

H>0 , · · · ,H
>
L−1,0M×(T−L)2N

]>
with L = max(LSD, L2), (17)

and

Hl ,

[ √
ESD H

(SD)
l√

E2 H
(2)
l

]
∈ C2N×M (18)

is the channel matrix correspoding to the lth (l = 0, · · · , L− 1)
virtual MIMO tap. Vector

n =
[
n>0 , · · · ,n

>
T−1

]>
∈ C2NT (19)

where

ni ,

[
n

(1)
i

n
(2)
i

]
∼ N

(
02N×1, σ

2I2N

)
(20)

denotes the thermal noise of the two-slot equivalent MIMO
system.

Note that the block circulant matrix H can be block diag-
onalized in a Fourier basis. Therefore, applying the discrete
fourier transform (DFT) on the two-slot received block sig-
nal vector (14) yields the following frequency domain block
communication model,

y
f

= Λsf + nf , (21)

where

H = UH
T,2NΛUT,M , (22)

with {
Λ , diag

{
Λ0, · · · ,ΛT−1

}
∈ C2N×MT ,

Λi ,
∑L−1
l=0 Hle

−j(2πil/T ) ∈ C2N×M .
(23)

The proposed receiver iteratively performs (over slots)
transmission combining and SISO decoding through the ex-
change of soft information in the form of Log-Likelihood
Ratio (LLR) values between the joint (over slots) equalizer
and the soft decoder. Let s̃ denotes the conditional estimate
of s and σ2

t,i denotes the conditional variance of st,i, the
symbol at c.u i transmitted over the jth antenna. As pre-
sented in [14], the soft interferences cancellation and MMSE
filtering can be implemented in the frequency domain using
a forward and a backward filters. The MMSE estimate zf
on sf can be expressed as,

zf = Φy
f
−Ψs̃f , (24)



where Φ = diag {Φ0, · · · ,ΦT−1} is the forward filter given
by,


Φi , 1

σ2

{
ΛH
i −DiC

−1
i ΛH

i

}
,

Ci = σ2Ξ̃
−1

+ Di,
Di = ΛH

i Λi,

(25)
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Figure 1: BLER versus SNRSD for K = M = N = 2,
all links have the same number of paths L = 3 and
SNRSD = SNRSR.

where Ξ̃ is an unconditional covariance matrix computed
as the time average of conditional covariance matrices Ξi

defined as,

Ξi , diag
{
σ2

1,i, · · · , σ2
M,i

}
, (26)

and Ψ = diag {Ψ0, · · · ,ΨT−1} is the backward filter given
by,


Ψi , Γi −Υ,
Γi = 1

σ2

{
Di −DiC

−1
i Di

}
,

Υ = 1
T

T−1∑
i=0

Γi.

(27)

After computing (24), the inverse DFT (IDFT) is then ap-

plied to z
(k)
f to obtain the equalized time domain sequence,

z = UH
T,Mzf . (28)

the MMSE estimate zt,i corresponding to antenna t and c.u.
i can be simply extracted from z as zt,i = eH

t,iz, with et,i
denotes the (Mi + t)th vector of the canonical basis. The

extrinsic LLRs value φ
(e)
t,i,m corresponding to coded and in-

terleaved bit bt,i,m are then produced by the demapper using
the max-log simplification,
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Figure 2: BLER versus SNRSD for K = M = N = 2,
all links have the same number of paths L = 3 and
SNRSD = SNRSR = SNRRD.

φ
(e)
t,i,m = min

s∈Sm
0

 |zt,i − gt,is|2θ2t,i
−
∑
j 6=m

φ
(a)
t,i,jλj {s}


− min
s∈Sm

1

 |zt,i − gt,is|2θ2t,i
−
∑
j 6=m

φ
(a)
t,i,jλj {s}

, (29)

where gt,i and θt,i denote, respectively, the equivalent chan-
nel gain at the output of equalizer and the residual interfer-
ence variance corresponding to discrete time j, and transmit

antenna t. φ
(a)
t,i,j is the a-priori LLR for coded bit bt,i,j ob-

tained from the decoder in the previous iteration, λj {s} is
an operator extracting the jth bit labeling the symbol s ∈ S
and Smβ is the set of symbols having the mth bit set to β,
i.e., Smβ = {s : λm {s} = β}. The LLRs calculated by the
demapper are then de-interleaved and fed back to the soft-
input–soft-output (SISO) decoder.

4. NUMERICAL RESULTS
The system configuration used for performance evalua-

tion has K = M = N = 2, quadrature phase shift keying
(QPSK) modulation, and a 16 state convolutional encoder
with polynomial generators (35, 23)8. The length of the code
frame is 2048 bits including tails. All links (S → D, S → R,
R → D) have the same frequency-selective fading channel
profile, i.e., L = 3 equal power paths. The CP length is
TCP = 3. We use the Max-Log-MAP algorithm for SISO
decoding. The iterative MMSE receiver at the destination
node runs three turbo iterations. In all figures, AF denotes
joint FDE-IC using the AF mode, while ACK/NACK-DF
(Static Ch) and ACK/NACK-DF (Dynamic Ch) denote the
ACK/NACK-aided DF operating over a two and one-slot
static fading S → D link, respectively.

First we consider a scenario where the S → D, S → R,
R→ D links are balanced. As expected, the DF mode out-
performs the AF mode. However, when joint MMSE-FDE is
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Figure 3: BLER versus SNRSD for K = M = N = 2,
all links have the same number of paths L = 3 and
SNRSR = SNRSD + 5dB.

able to collect the maximum achievable diversity gain (DF
mode operating over one-slot static fading S → D link), the
gap between the two modes is less than 2dB at 10−2 BLER
as it can be seen from Fig. 2. When the ACK/NACK-aided
DF operates over a two-slot block static fading S → D link,
the AF and DF modes have similar performance. For in-
stance, the gap is only about 0.3dB at 10−2 BLER. We also
investigate the performance of the studied modes when the
three links are unbalanced. From Fig. 1 and Fig. 3, we
can see that the DF mode is relatively insensitive to the
pathloss of the R→ D link for SNRRD ≥ SNRSR, while the
AF mode is greatly affected (see Fig.4 and Fig. 5). Fig. 4
illustrates the performance of the studied modes when the
S → D and S → R links are balanced and the R → D link
experiences better quality (i.e., SNRRD = SNRSD + 5dB,
10dB and 15dB). In the case of DF mode with no diver-
sity gain, it is seen that the gap between the two modes
is eliminated at 10−2 BLER. However, in the case of DF
operating over a one-slot block static fading S → D link,
the AF mode presents a performance degradation compared
with the DF mode. For instance, the gap is about 1dB at
10−2 BLER when SNRSR = SNRSD + 15dB. Fig. 5 reports
the performance of the studied modes when the S → R and
R → D links experience better quality than the S → D
link (i.e., SNRSR = SNRSD + 5dB, SNRRD = SNRSD + 5dB,
10dB, and 15dB). For this scenario, the AF mode clearly
outperforms the DF mode with no diversity gain, and the
gap reaches 1.1dB for SNRSR = SNRSD + 15dB at 10−2

BLER. Moreover, in the case of DF mode operating over a
one-slot block static fading S → D link, the AF mode per-
forms better when SNRSR = SNRSD + 10dB and SNRSR =
SNRSD +15dB. However, when SNRSR ≤ SNRSD +5dB, AF
has degraded performance compared with DF, and the gap
is less than 2dB at 10−2 BLER.

5. CONCLUSION
In this paper we have proposed a joint turbo equalization-

aided combining scheme for both AF and ACK/NACK-aided
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Figure 4: BLER versus SNRSD for K = M = N = 2,
all links have the same number of paths L = 3 and
SNRSD = SNRSR. ACK/NACK-aided DF curves are
still the same for SNRRD = SNRSD + 5dB, 10dB and
15dB

DF relaying protocols operating over a multiple-antenna
frequency-selective fading relay channel. Simulation results
have shown that both modes have similar performance and
only a small gap is observed for some specific scenarios.
As AF relaying presents less implementation requirements
and computational complexity than DF, the proposed turbo
combining scheme with AF is attractive for practical relay
systems.
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