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Abstract—This paper considers the ergodic non-coherent ca-
pacity of a multiple-input multiple-output frequency-flat block
Rayleigh fading relay channel. It is shown that for this channel
restricting the input distribution to be isotropic on a compact
Grassmann manifold maximizes an upper bound on the cut-
set bound at high signal-to-noise ratios (SNRs). Furthermore,
Grassmannian signalling at the source achieves this bound
within an SNR-independent gap. For moderate-to-high SNRs,
a Grassmannian decode-and-forward (DF) relaying scheme is
devised, and the optimal signalling dimensionality that minimizes
the gap to the upper bound is obtained.

I. INTRODUCTION

One of the classifications of multiple-input multiple-

output (MIMO) communication systems depends on the avail-

able channel state information (CSI). For instance, when CSI

is available at the receivers, the MIMO channel is said to be

coherent, whereas when no CSI is available at any of the com-

municating terminals, the channel is said to be non-coherent.

To establish coherent operation, the transmitter typically sends

pilot symbols, which, upon reception, are used by the receivers

to learn the channel [1], [2]. Sending pilot symbols consumes

valuable communication resources and can be quite inefficient

when the channel undergoes frequent variations [2]. In contrast

with coherent systems, in non-coherent ones, no pilot symbols

are used and the transmitted channel symbols are structured in

such a way that enables detection without CSI being available;

see e.g., [3] for high SNR communication scenarios and [4]

for low SNR ones. Since non-coherent systems dispose of the

channel learning phase, these systems will be more suited

to future wireless networks, wherein the topology and the

physical channels may undergo rapid variations.

In this paper, we consider a non-coherent full-duplex MIMO

relay system in which the transmitter, the relay and the receiver

have multiple antennas but no CSI is available. We invoke

the channel non-coherence in deriving an expression for an

upper bound on the cut-set bound. It is shown that when the

coherence time during which the channel remains essentially

constant exceeds a certain threshold, the input distribution

that maximizes this bound is the isotropic distribution on a

compact Grassmann manifold [3]. Furthermore, Grassmannian

signalling at the source achieves this bound within an SNR-

independent gap. This implies that the gap between the rate

obtained by the Grassmannian scheme and the ergodic non-

coherent capacity of the MIMO channel becomes negligible

as the SNR increases. For moderate-to-high SNRs, the insight

drawn from the cut-set bound is used to devise a Grassmannian
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Fig. 1. A full-duplex MIMO relay channel.

decode-and-forward (DF) relaying scheme, and to obtain the

number of relay transmit antennas that minimizes the gap to

the upper bound.

Notation: Random and deterministic matrices will be

denoted by uppercase boldface and regular face, respectively.

The Stiefel and the Grassmann manifolds of n × m complex

matrices, will be denoted by Vn,m and Gm(Cn), respectively,
and the direct sum operation will be denoted by ⊕.

II. SYSTEM MODEL AND PRELIMINARIES

A. System Model

We consider the non-coherent MIMO communication sys-

tem model shown in Figure 1. In this model the physical

channels are assumed to be frequency-flat block Rayleigh

fading with coherence time T , that is, each channel remains

essentially fixed during T channels uses and then takes on

an independent realization. The number of transmit antennas

at the source and the relay is denoted by M1 and M2,

respectively, and the number of receive antennas at the relay

and the destination is denoted by N1 and N2, respectively. The

source-destination and the source-relay channels are denoted

by
√

ρ0H0 ∈ C
M1×N2 and

√
ρ1H1 ∈ C

M1×N1 , respectively,

and the relay-destination channel is denoted by
√

ρ2H2 ∈
C

M2×N2 , where
√

ρi, i = 0, 1, 2, are scaling parameters that

represent the relative strength of the MIMO channels with

respect to noise. The additive noise at the relay and the

destination is denoted by V 1 ∈ C
T×N1 and V 2 ∈ C

T×N2 ,

respectively. The entries of Hi, i = 0, 1, 2 and V i, i = 1, 2 are

independent identically distributed Gaussian random variables

with zero mean and unit variance. The received signals at the

relay and the destination, Y 1 and Y , are given by

Y 1 =
√

ρ1X1H1 + V 1, (1)

Y =
√

ρ0X1H0 +
√

ρ2X2H2 + V 2, (2)



where X1 ∈ C
T×M1 and X2 ∈ C

T×M2 are the signals

transmitted by the source and the relay, respectively.

The signals of the source and the relay are subject to the

following independent average power constraints:

E{Tr(X†
1X1)} ≤ Ps, E{Tr(X†

2X2)} ≤ Pr. (3)

B. Preliminaries

1) The Stiefel manifold: The p×q Stiefel manifold, denoted

by Vp,q when p > q and by Vp when p = q, is the set of

p × q matrices with orthonormal columns, i.e., Vp,q = {Q ∈
C

p×q|Q†Q = Iq}. The volume of Vp,q is given by [3] |Vp,q| =
∏p

i=p−q+1
2πi

(i−1)! .

2) The Grassmann manifold: The Grassmann manifold is

the set of equivalence classes of matrices with orthonormal

columns that span the same subspace. In particular, denoting

the equivalence class of Q ∈ C
p×q by [Q], the Grassmann

manifold can be expressed as Gq(C
p) = {[Q]|Q ∈ Vp,q},

where [Q] = {Q̂|Q̂ = QP,P ∈ Vq, PP † = P †P = Iq}. The
volume of Gq(C

p) is given by |Gq(C
p)| =

|Vp,q|
|Vq|

.

3) Isotropically distributed matrices: A random matrix

Q ∈ C
p×q , p ≥ q, is said to be isotropically distributed if the

probability distribution p(Q) = p(UQ), for any fixed U ∈ Vp.

4) The cut-set bound: The cut-set bound is a generic outer

bound on the set of all the rates that can be simultaneously

achieved by a general network with multiple input and output

terminals [5, Theorem 14.10.1]. Applying this bound to the

considered full-duplex single relay channel yields [6]

R ≤ 1

T
max

p(x1,x2)
min{I(X1,X2;Y ), I(X1;Y ,Y 1|X2)}, (4)

where R is the source transmission rate, and the division by

T is because X1,X2,Y and Y 1 span T channel uses.

III. MAXIMIZATION OF THE CUT-SET BOUND

To maximizes the right hand side of (4), we will begin

by considering the maximization of each expression in the

minimization separately. It will then be seen that both ex-

pressions are maximized by input signals that possess the

same Grassmannian structure, which implies that restricting

the input signal to this structure incurs no loss of optimality.

A. Maximizing I(X1,X2;Y )

In this section we will show that, at high SNR, Grassman-

nian signalling maximizes I(X1,X2;Y ). To do so, we begin

by showing that [X1,X2] that maximizes I(X1,X2;Y ) is

isotropically distributed. We revisit the results in [7].

Conditioned on X1 and X2, the received signal matrix Y

is zero mean Gaussian distributed with covariance

E{Y Y †|X1,X2} = ρ0N2X1X
†
1 + ρ2N2X2X

†
2 + N2IT .

Defining

X =
[√

ρ0X1
√

ρ2X2

]

, (5)

we can write

p(Y |X1,X2) =
exp

(

−Tr
(

Y †(N2XX† + N2IT )−1Y
)

)

πTN2 detN2(N2XX† + N2IT )
.

Hence, p(Y |X1,X2) = p(Y |X), where X is given in (5).

Since this distribution depends on the transmitted signals only

through the T × T matrix XX†, it follows that increasing

M1 + M2 beyond T does not yield an additional rate gain.

We will later obtain stricter constraints on T , but for now, it

suffices to see that the matrix X is either “tall” or “square”,

but not “fat”. In addition, let Ψ ∈ C
(M1+M2)×(M1+M2) and

Φ ∈ C
T×T be any two deterministic unitary square matrices,

then in correspondence with properties 3 and 4 in [7], we have

p(Y |X1,X2) = p(Y |X) = p(Y |XΨ†) (6)

p(ΦY |ΦX1,ΦX2) = p(ΦY |ΦX) = p(Y |X). (7)

A direct consequence of these properties is given in Lemma 1

in [7], which asserts that if some p0(X) achieves the maxi-

mum of I(X1,X2;Y ), then this maximum is also achieved

by p0(Φ
†XΨ), where Φ and Ψ are arbitrary deterministic

unitary square matrices with dimensions T × T and (M1 +
M2) × (M1 + M2), respectively. This result together with

Lemma 3 in [7], yield the counterpart of Theorem 2 therein

for I(X1,X2;Y ). In particular, the signal matrix X in (8)

that maximizes I(X1,X2;Y ) can be expressed as

X = QXD, (8)

where QX = [QX1
QX2

] ∈ VT,M1+M2
is isotropically

distributed and D = D1 ⊕ D2 is independent of QX , where

D1 and D2 are diagonal matrices with non-negative entries.

B. Maximization of an upper bound on I(X1;Y ,Y 1|X2)

The second argument of the minimization in (4) is given by

I(X1;Y ,Y 1|X2). Finding an input distribution that maxi-

mizes this expression appears to be difficult. This is because,

with X2 fixed, the matrix
√

ρ2X2H2+V 2 resembles additive

Gaussian noise with potentially high power and a non-isotropic

distribution. Hence, we circumvent this difficulty by deriving

a bound on this expression. To find such a bound, we invoke

the non-coherence of the channel to show that

I(X1;Y ,Y 1|X2) ≤ I(X1;Y ,Y 1|X2,H2). (9)

This inequality is proved in [8].

Our goal now is to determine the structure of the distribution

that maximizes I(X1;Y ,Y 1|X2,H2).
Using (1) and (2) it can be seen that

I(X1;Y ,Y 1|X2,H2)

= I(X1[
√

ρ1H1
√

ρ0H0] + [V 1 V 2];X1). (10)

This expression is equivalent to the mutual information of a

channel with input X1, channel matrix [
√

ρ1H1
√

ρ0H0],
and additive noise [V 1 V 2]. Applying the techniques in [7]

to this channel and using the counterparts of properties in (6)

and (7), it can be readily concluded that the signal matrix,

X1, that maximizes can be written in the form

X1 = QX1
D1, (11)

where QX1
∈ VT,M1

is isotropically distributed and D1 is an

independent diagonal matrix with non-negative entries.



Comparing (11) with (8), it can be seen that for the matrix

X in (5) to be in the form in (8), with QX isotropically

distributed and independent of D, the matrix X1 must be in

the form in (11), with QX1
isotropically distributed and inde-

pendent of D1; see Appendix A in [9]. Conversely, when X1

assumes the form in (11) with QX1
isotropically distributed

and independent of D1, choosing the matrix QX2
to be

isotropically distributed in the null space of QX1
and indepen-

dent of D2 does not affect I(X1;Y ,Y 1|X2,H2), and max-

imizes I(X1,X2;Y ). Hence, it can be concluded that choos-

ing QX to be isotropically distributed and independent of D

maximizes both I(X1,X2;Y ) and I(X1;Y ,Y 1|X2,H2).
Therefore, the structure of X in (8) also maximizes

min{I(X1,X2;Y ), I(X1;Y ,Y 1|X2,H2)}. We will refer

to this quantity as the cut-set-based bound to distinguish it

from the cut-set bound given in (4).

IV. THE CUT-SET-BASED BOUND AT HIGH SNR

In the previous section we showed that the matrix X that

maximizes the cut-set-based bound,

min{I(X1,X2;Y ), I(X1;Y ,Y 1|X2,H2)}, (12)

has the form in (8). We will use this and the results in [3]

to evaluate (12) at high SNR. The analysis in [3] indicates

that efficient high SNR non-coherent communication can be

achieved if the number of transmit antennas does not exceed

that of receive antennas and the coherence time, T , exceeds

a certain threshold. Applying these results to the multiple

access channel corresponding to I(X1,X2;Y ) and the broad-
cast channel corresponding to I(X1;Y ,Y 1|X2,H2) in (12)

yields the following constraints on M1,M2, N1, N2 and T ,

which will be assumed to hold throughout.

M1 + M2 ≤ N2, and (13)

T ≥ M1 + N2 + max{M2, N1}. (14)

A. Computing a high SNR bound on I(X1,X2;Y )

To compute I(X1,X2;Y ) at high SNR, we compute

h(Y |X1,X2) and h(Y ). Conditioned on X1 and X2, the

matrix Y is Gaussian distributed. Defining J1 ,
√

ρ0IM1
⊕√

ρ2IM2
, it can be shown that

h(Y |X1,X2)

= N2T log πe + N2 E{log det(J2
1D2 + IM1+M2

)}, (15)

Computing h(Y ) is significantly more difficult than com-

puting h(Y |X1,X2). This difficulty is circumvented in [3]

by noting that h(Y ) = h(XH02 + V 2) ≈ h(XH02 + V ⊥
2 ),

where H02 =
[

H
†
0 H

†
2

]†
and V ⊥

2 = Q⊥
X(Q⊥

X)†V 2 is the

noise component in the null space of X , spanned by Q⊥
X . To

proceed with the analysis, we will use the following lemma.

Lemma 1: For any isotropically distributed Ξ ∈ C
ℓ×n, any

deterministic unitary matrix, Φ ∈ Vℓ, and any arbitrarily

distributed random matrix G ∈ C
n×m with n ≤ m and G

almost surely full row rank,

p(ΦΞG) = p(ΞG).

Proof: See Appendix A in [8].

This lemma says that the isotropic distribution of X induces an

isotropic distribution on XH02. Hence, invoking the change

of variables in Lemma 6 and Appendix E in [3], yields

h(XH02 + V ⊥
2 )

≈ h(ZDJ1H02) + log |GM1+M2
(CT )|

+ (T − M1 − M2) E{log det(H02H
†
02)}

+ (T − M1 − M2) E{log det(J2
1D2 + IM1+M2

)}
+ (N2 − M1 − M2)(T − M1 − M2) log πe, (16)

where Z ∈ C
M1+M2×M1+M2 is an isotropically distributed

unitary matrix. The approximation follows from the high

SNR assumption, which implies that E{log det(J2
1D2)} ≈

E{log det(J2
1D2 + IM1+M2

)}. This approximation is only

valid when D is full rank; a condition which we will show

later to be satisfied by the optimal D for M1,M2, N1, N2 and

T satisfying (13) and (14).

To bound h(ZDJ1H02), we use a result from [10], [11]

pertaining to isotropically distributed matrices to show that

h(ZJ1DH02) ≤ N2(M1+M2) log
πeTr

(

J2
1 E{D2}

)

M1 + M2
. (17)

This upper bound on h(ZDJ1H02) is maximized by

choosing D to be deterministic; i.e., D = D. Furthermore, the

concavity of the log det(·) function and Jensen’s inequality im-

ply that E{log det(J2
1D2+IM1+M2

)} ≤ log det
(

J2
1 E{D2}+

IM1+M2

)

, with equality if and only if D is deterministic.

Since T satisfies (14), it can be shown that the coefficient of

the log det(·) function in the expression of I(X1,X2;Y ) is

non-negative. Hence, maximizing the bound on I(X1,X2;Y )
requires the matrix D to be deterministic. We will later show

that setting D = D also maximizes the second term in the

minimization in (12).

Substituting from (17) and setting D = D yields

I(X1,X2;Y ) ≤ N2(M1 + M2) log
(Tr

(

J2
1D2}

)

M1 + M2

)

+

log |GM1+M2
(CT )|+ (T −M1 −M2) E{log det(H02H

†
02)}

+ (T − M1 − M2 − N2) log det(J2
1D2 + IM1+M2

)

− (M1 + M2)(T − M1 − M2) log πe. (18)

B. Computing a high SNR bound on I(X1;Y 1,Y |X2,H2)

To compute the desired expression, we note that the expres-

sions in (1) and (2) can be compactly written as

[Y 1 Y ] = X1 [H1 H0]J2 +
√

ρ2X2 [0H2] + [V 1 V 2] ,

where J2 =
√

ρ1IN1
⊕ √

ρ0IN2
. Conditioned on

(X1,X2,H2), the entries of the matrix (Y 1,Y ) are Gaussian
and hence it can be shown that

h(Y 1,Y |X1,X2,H2) = N1 E{log det(ρ1D
2
1 + IM1

)

+ N2 log det(ρ0D
2
1 + IM1

)} + T (N1 + N2) log πe. (19)

Now, the high SNR assumption implies that

h(Y 1,Y |X2,H2) ≈ h
(

X1 [H1 H0]J2 + [V 1 V 2]
⊥

)

,



where [V 1 V 2]
⊥

= Q⊥
X1

(Q⊥
X1

)† [V 1 V 2] is the component

of the noise matrix [V 1 V 2] in the null space of X1. Using

Lemma 1 and the change of variables lemma from [3] yields

h(X1 [H1 H0]J2 + [V 1 V 2]
⊥

) = h(WD1 [H1 H0]J2)

+ log |GM1
(CT )| + (T − M1) E{log det(D2

1)}
+ (T − M1) E{log det(ρ1H1H

†
1 + ρ0H0H

†
0)}

+ (N1 + N2 − M1)(T − M1) log πe, (20)

where W ∈ C
M1×M1 is an isotropically distributed unitary

matrix independent of D1 and [H1 H0]. Defining λ =
max{M2,N1}

N2+max{M2,N1}
and invoking (14) and the concavity of the

log det(·) function yields

λ(T − M1) E{log det(ρ1D
2
1 + IM1

)}
+ (1 − λ)(T − M1) E{log det(ρ0D

2
1 + IM1

)} ≤
λ(T − M1) log det(ρ1 E{D2

1} + IM1
)

+ (1 − λ)(T − M1) log det(ρ0 E{D2
1} + IM1

).

The above inequality holds with equality if and only if

E{D2
1} = D2

1 , i.e., D1 is deterministic. Using the corollary

of Theorem 9.6.4 in [5], and applying an approach similar to

the one used in deriving (17), it can be shown that

I(X1;Y 1,Y |X2,H2) ≤ M1(N1 + N2) log
(Tr(D2

1)

M1

)

+
(

λ(T − M1) − N1

)

log det(ρ1D
2
1 + IM1

)

+
(

(1 − λ)(T − M1) − N2

)

log det(ρ0D
2
1 + IM1

)

+ (T − M1) E{log det(ρ1H1H
†
1 + ρ0H0H

†
0)}+

M1

(

(

N1−λ(T−M1)
)

log ρ1+
(

N2−(1−λ)(T−M1)
)

log ρ0

)

− M1(T − M1) log πe + log |GM1
(CT )|. (21)

C. Maximization and tightness of bounds

For Jensen’s inequality used in deriving the above bounds

to hold, the matrix D must be deterministic, i.e., D = D.

The bound in (18) is maximized by D1 =
√

Ps

M1
IM1

and

D2 =
√

Pr

M2
IM2

, and the bound in (21) is maximized by

D1 =
√

Ps

M1
IM1

. Since both bounds are maximized by the

same choice of D, this choice maximizes their minimum.

Substituting this choice in (18) yields

I(X1,X2;Y ) ≤ N2(M1 + M2) log
(ρ0Ps + ρ2Pr

M1 + M2

)

+ M1(T − M1 − M2 − N2) log
(ρ0Ps

M1
+ 1

)

+ M2(T − M1 − M2 − N2) log
(ρ2Pr

M2
+ 1

)

+(T −M1−M2) E{log det(H02H
†
02)}+log |GM1+M2

(CT )|
− (M1 + M2)(T − M1 − M2) log πe , φ1. (22)

This bound is generally loose unless Ps = Pr and ρ0 = ρ2.

It is only in that special case that the bound in (22) approaches

holding with equality as the SNR increases.

Substituting for D1 =
√

Ps

M1
IM1

in (21) yields

I(X1;Y 1,Y |X2,H2) ≤ M1(N1 + N2) log
( Ps

M1

)

+ M1

(

λ(T − M1) − N1

)

log
(ρ1Ps

M1
+ 1

)

+

M1

(

(1 − λ)(T − M1) − N2

)

log
(ρ0Ps

M1
+ 1

)

+

(T−M1) E{log det(ρ1H1H
†
1+ρ0H0H

†
0)}+log |GM1

(CT )|
− M1(T − M1) log πe + M1

(

N1 − λ(T − M1)
)

log ρ1

+ M1

(

N2 − (1 − λ)(T − M1)
)

log ρ0 , φ2. (23)

Unlike the bound in (22), this bound can be shown to be

asymptotically tight for any ρi, i = 0, 1, 2 and Pr.

D. A lower bound on maxp(x1,x2) I(X1,X2;Y )

To analyze the degrees of freedom, we derive a lower bound

on I(X1,X2;Y ). We will show that both the upper bound

in (22) and the lower bound obtained below yield the same

number of degrees of freedom, which implies that the bound

in (22) is asymptotically tight, up to an SNR-independent term.

The looseness of the bound in (22) follows from the loose-

ness of the upper bound on h(ZJ1DH02) in (17). Hence, to

derive a lower bound on maxp(x1,x2) I(X1,X2;Y ), we will

derive a lower bound on h(ZJ1DH02). Using the fact that

conditioning reduces entropy, it can shown that

h(ZJ1DH02) ≥ N2(M1 + M2) log πe + N2M1 log ρ0

+ N2M2 log ρ2 + 2N2 E{log detD}. (24)

Substituting from (24) yields the following bound:

max
p(x1,x2)

I(X1,X2;Y ) ≥ log |GM1+M2
(CT )|

+ (T − M1 − M2) E{log det(H02H
†
02)}

+M1(T−M1−M2−N2) log
(ρ0Ps

M1
+1

)

+N2M1 log
(Psρ0

M1

)

+M2(T−M1−M2−N2) log
(ρ2Pr

M2
+1

)

+N2M2 log
(Prρ2

M2

)

− (M1 + M2)(T − M1 − M2) log πe , φ3. (25)

E. A degrees of freedom view on the cut-set bound

Let Pr/Ps be finite, and let χf = limPs→∞
f(Ps)
log Ps

be the

number of degrees of freedom of a function f(Ps). Then,

χφ1
= χφ3

= (M1 + M2)(T − M1 − M2),

χφ2
= M1(T − M1),

where φ1 is defined in (22), φ2 in (23), and φ3 in (25). Using

the bounds on N2 in (13) and T in (14), we have

χφ1
− χφ2

= M2 max{M2, N1} > 0.

In other words, at sufficiently high SNRs, the broadcast cut,

corresponding to I(X1;Y ,Y 1|H2,X2), is the constraining

cut in (12). Using Grassmannian signalling at the source, i.e.,

with X1 isotropically distributed on GM1
(CT ), suffices for



the maximum degrees of freedom of the cut-set bound to be

achieved and hence, for (23) to hold with equality.

V. GRASSMANNIAN DECODE-AND-FORWARD

While Grassmannian signalling at the source suffices for

achieving the maximum degrees of freedom of the non-

coherent relay channel, using Grassmannian DF relaying can

be shown to be more beneficial at moderate-to-high SNRs.

A. Codebook structure, encoding and decoding

The proposed codebook structure is motivated by the struc-

ture that maximizes the bounds on the cut-set-based bound

in the previous section. The main features of this structure

are: 1) The relay codewords are isotropically distributed on

GM2
(CT ); and 2) Given a relay codeword, the source code-

words corresponding to it are isotropically distributed in its

T ×M1 null space. This space can be shown to be isomorphic

to GM1
(CT−M2). We will now derive a lower bound on the

rate that can be achieved by the Grassmannian DF scheme.

B. Evaluation of the DF rate

The achievable rate of the general DF scheme is given by [6]

RDF = max
p(x1,x2)

min{I(X1,X2;Y ), I(X1;Y 1|X2)}

≥ 1

T
min

[X1 X2]∈F

{I(X1,X2;Y ), I(X1;Y 1|X2)}, (26)

where the set F is defined as:

F ,

{

[X1 X2] = QXD|QX isotropically distributed on

GM1+M2
(CT ),D =

√

Ps/M1IM1
⊕

√

Pr/M2IM2

}

. (27)

The first term in the minimization in (26) is the same as the

corresponding term in (4). Using the Grassmannian structure

in Sections IV and V-A, and the definition of φ3 in (25) yields

I(X1,X2;Y )
∣

∣

∣

[QX1
QX2

]∈GM1+M2
(CT )

≥ φ3.

To evaluate the second term in the minimization (26), we

note that the encoding procedure implies that X2 → X1 →
Y 1. Hence, we have

h(Y 1|X1,X2) = TN1 log πe + N1M1 log
(ρ1Ps

M1
+ 1

)

.

To compute h(Y 1|X2), note that by construction, QX1
lies

in the null space of QX2
. Hence, QX1

can be expressed as

QX1
= Q⊥

X2
Ω, (28)

where Q⊥
X2

∈ VT,T−M2
is any representative of the null space

of QX2
, and Ω ∈ VT−M2,M1

. Computing a lower bound

on h(Y 1|X2) when N1 > M1 is more involved. Hence,

herein, we restrict ourselves to the case of N1 = M1. The

more general case will be considered later. Using the structure

in (28) and the change of variable lemma in [3] we obtain

I(X1;Y 1|X2) ≥ M1(T − M1 − M2) log
ρ1Ps

M1

− M1(T − M1 − M2) log πe + log |GM1
(CT−M2)|

+ (T − M1 − M2) E{log detH1H
†
1} , φ4. (29)

C. Optimizing M2 for the Grassmannian DF scheme

Comparing χφ4
with χφ2

, it can be seen that χφ2
−

χφ4
= M1M2. Hence, at asymptotically high SNRs, choos-

ing M2 = 0 is optimal. At moderate-to-high SNRs, either

I(X1,X2;Y ) ≤ I(X1;Y 1|X2), or if I(X1,X2;Y ) >
I(X1;Y 1|X2) the SNR-independent terms of φ2 and φ4

are not negligible. In the first case, the optimal M2 satisfies

M1 + M2 = ⌊T/2⌋, whereas in the second case, it can

be shown that φ2 − φ4 can be expressed as the difference

between two monotonically increasing functions. In that case,

the optimal M2 can be computed by rounding the solution of
∂(φ2−φ4)

∂M2
= 0.

VI. CONCLUSION

In this paper, it was shown that, in the high SNR regime,

using isotropically distributed Grassmannian symbols at the

source achieves an upper bound on the capacity of the non-

coherent MIMO relay network withing an SNR-independent

gap. In that case, it was also shown that the rate provided

by the bound is constrained by the broadcast cut, rather than

the multiple access one. For moderate-to-high SNR operation,

a Grassmannian DF scheme was devised and its optimal

signalling dimensionality was obtained.
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