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Abstract— Fixed relays are expected to be a part of future
infrastructure-based wireless networks. Besides coverage extension, such relays can form advanced architectures due to the
flexibility in their power expenditure and physical size. This
paper explores the potential benefits of multi-antenna relays for
spatial multiplexing of independent data sources sending data to
a common multi-antenna destination such as a base station or an
access point. Overall, the system resembles a horizontally coded
layered space-time architecture.
In particular, we consider zero forcing decision feedback (ZFDF) type MIMO receivers and study their outage performance
under various (non-selective and selective) digital relaying protocols. For diversity relaying protocol, we propose two schemes,
Joint ZF-DF and Parallel ZF-DF, for joint processing (combining
and decoding) of the direct user signals and the signal from the
relay. We show that with the proposed selective diversity relaying
protocols and joint ZF-DF processing, the outage probability of
the system can be decreased significantly.

I. I NTRODUCTION
A significant increase in the capacity of wireless channels
is possible by deploying multiple antennas at both transmitter
and receiver sides if the channel has rich scattering [1], [2].
By spatial multiplexing on the transmitter side, even practical
architectures with certain constraints, such as V-Blast [3], can
bring much higher spectral efficiencies than the conventional
systems. Multiple antennas, either on the transmitter or the
receiver side, can also improve link reliability through spacetime coding [4] or receive diversity.
Mounting multiple antennas at mobile user terminals might
be impractical due to space and cost constraints. However, if
the receiver has multiple antennas, it is still possible to obtain
multiplexing gains by allowing multiple users to transmit
simultaneously. In such a distributed multiplexing scheme,
the diversity benefits of space-time coding are not available
due to the lack of coordination among user antennas. A
straightforward way of increasing diversity is to reduce the
number of simultaneously transmitting users in order to have
extra degrees of freedom at the receiver. For instance, in a VBLAST system, each extra receive antenna will increase the
diversity order of all users by one. This will, of course, require
more bandwidth, since reducing the number of simultaneously
transmitting users decreases the effective rate.
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User cooperation was also shown to increase diversity in
wireless networks. Several protocols in which users act as relays for each other are proposed in [5], [6]. Diversity obtained
this way is usually referred to as cooperative diversity. In
practice, user cooperation puts a burden on cooperating users
in terms of power. It can also create security vulnerabilities
in wireless networks, whose security mechanisms are not
designed with peer cooperation in mind. A practical alternative
to user cooperation is deploying fixed relays as a part of the
infrastructure. Originally proposed for coverage extension by
decreasing effective path-loss [7], [8], fixed relays can can
take the burden of cooperation from mobile users. They are
provisioned to have direct access to the power line. Hence their
operation is not limited by battery lifetime [9]. Moreover, they
will have less severe constraints for cost and size. Hence, they
can easily accommodate multiple antennas.
According to the signal processing performed by the relay,
relaying schemes can be classified as analog and digital. In
analog relaying the relay terminal amplifies the received signal
and then retransmits. One disadvantage of analog relaying is
the noise and interference enhancement. In digital relaying,
the relay detects and possibly decodes the source signal and
then regenerates and retransmits it, requiring more processing
compared to analog relaying. On the other hand, digital
relaying is more suitable for block based processing, which
is common in many communication systems, since it is much
easier to store digital data compared to analog data.
Diversity relaying capitalizes on independent fading at
source-destination and relay-destination channels. The destination is required to combine signals from different channels.
In digital diversity relaying, if the relay transmits a data block
that is incorrectly detected/decoded, it is likely that there will
be an error at the destination. This problem, usually called
error propagation, limits the diversity order of digital relaying
[5], [10], [11]. However, selective protocols that allow the
relay to transmit only when it can detect/decode the source
signal reliably can be designed with the help of error detection
mechanisms at the relay [5], [12], [13]. In this way, error
propagation can be significantly reduced and digital relaying
can provide full diversity order.
Deploying multi-antenna relays has many advantages. Relay
antennas can be used to increase the reliability source-relay
channel, which mitigates error propagation in digital relaying
[12]. It is also possible to increase relay-destination channel

reliability through space-time coding. However, in this paper
we are more interested in “multi-stream” relaying, where more
than one user streams are relayed simultaneously by forming
MIMO channels between the source(s), the relay and the
destination.
Most work on relaying is confined to single-antenna terminals. Some multi-stream relaying protocols were recently proposed in [14] and [15]. In [14], authors studied the asymptotic
behaviour of the capacity of a network with a multi-antenna
source and destination, and a large number of relays. Outage
capacities of multi-stream relaying protocols with a multiantenna source, a multi-antenna relay and a multi-antenna
destination were considered in [15]. However, neither of these
papers included the direct link from source to destination in
their analysis. Combining source and relay signal, where both
signals are spatially multiplexed but have different average
SNRs, seems to be a new problem that appears only in multistream diversity relaying. We reported some simulation results
in a limited scope in [16].
In this paper, we analyze three multi-stream digital relaying
protocols for the spatial multiplexing of M mobile users. Conventional Digital Relaying (CDR) is digital relaying without
diversity combining at the destination. Non-selective Digital
Relaying (NDR) and Selective Digital Relaying (SDR) are
extensions of well-known decode-and-forward and selective
decode-and-forward [5] to spatially multiplexed signals. In
NDR, the relay retransmits, regardless of the quality of userrelay channels. In SDR, the relay is allowed to transmit
only when it can decode all the user streams without error.
We analyze the impact of these strategies on the outage
performance of the system.
We first investigate ways of combining such signals using
a V-Blast receiver. We define two methods based on Zero
Forcing with Decision Feedback (ZF-DF). In Joint ZF-DF,
two output signals are stacked and ZF-DF is applied to this
equivalent system. In the second method, which we call
Parallel ZF-DF, the data of a user is estimated independently
from the direct and relay output signals. These two estimates
are combined to detect and decode the stream.
We show that, in accordance with the results for singlestream relaying [5], selective diversity relaying combined with
joint ZF-DF detection can improve the outage performance
significantly, even if the direct signals have lower average
SNRs than the relayed signal.

Fig. 1. M × K × N system: M single antenna users, a relay with K
antennas and a destination with N antennas.

Gaussian vector with zero mean and identity covariance matrix
is called standard Gaussian random vector. A central chisquare random variable with n degrees of freedom is denoted
by χ2 (n).

A. Notation

II. S YSTEM MODEL
We consider a system with M mobile users, each with
a single antenna and a destination with N antennas (N ≥
M ). A fixed relay with K antennas (K ≥ M ) assists the
communication between the users and the destination. We
call such a system as an M × K × N system. All channels,
User-Relay channel (B), User-Destination channel (A), and
Relay-Destination channel (G), are assumed to experience
independent Rayleigh fading. We also assume slow block
fading, which implies that all channels stay unchanged for
two block durations, where each block duration is equal to
L symbol periods. The channel state information is available
only at the receiver side for all three links.
We assume that user i has a fixed target rate Ri and encodes
its data independently using a single input single output (SISO)
encoder whose rate depends on Ri but its codeword length
is fixed and equal to L. The block length L is assumed to
be large enough so that a decoding error occurs if and only
if log2 (1 + SN R) < Ri . Users transmit synchronously but
without any cooperation. Both the relay and the destination use
ZF-DF receivers. The system is similar to a horizontally coded
point-to-point MIMO system, which is sometimes referred to
as H-blast [17]. To simplify the analysis, we assume that the
order of decoding is the same at the relay and the destination
and it is independent of the channel realizations.

Superscripts T and H are used for transpose and Hermitian conjugate of matrices, respectively. diag{x1 , x2 , . . . , xn }
stands for an n × n diagonal matrix with given elements on
its diagonal. In and 0m,n denote the n × n identity matrix
and m × n zero matrix, respectively. A(i1 : i2 , j1 : j2 ),
with i1 ≤ i2 and j1 ≤ j2 , represents the submatrix of
A composed of rows i = i1 , i1 + 1, . . . , i2 and columns
j = j1 , j1 + 1, . . . , j2 . A(i, j) denotes the element at the i-th
row and the j-th column of A. A real Gaussian vector with
zero mean and identity covariance matrix is called a standard
real Gaussian random vector. A circularly symmetric complex

III. M ULTI - STREAM R ELAYING P ROTOCOLS
We consider three digital relaying protocols: Conventional
DR (CDR), Non-selective DR (NDR), and Selective DR
(SDR). In all protocols, transmission takes place in two equal
time slots, each having L symbol periods. During the first
time slot, M active mobile users transmit simultaneously in
a synchronous manner. Then, in the second slot, the relay
transmits using at most M antennas.
In all protocols, relay decodes the signals from the users,
and then reencodes its estimates and retransmits the resulting

block X̂ in the second slot. It uses the same SISO encoder
as user i for regenerating this user’s signal. The streams of
different users are spatially multiplexed and transmitted from
randomly assigned antennas.
•

Conventional Digital Relaying (CDR): In CDR, the
destination decodes based on only the relay signal.

•

Non-Selective Digital Relaying (NDR): In this protocol,
relay retransmits regardless of the outcome of the transmission in the first time slot. The destination decodes
based on the direct and the relayed signals.

diagonal elements are positive. Then, RA (M, M )W(M, M )
corresponds to the output SNR of the first stream decoded.2 .
Moreover, the output SNRs obtained by this procedure are
independent, given that the decoding order is independent of
matrix A [21].
We define the system outage event as the union of individual
user outages. From the independence of output SNRs, we can
write:
Pou→d (M, N, Wd )

=

1−

= 1−
•

Selective Digital Relaying (SDR): The relay transmits
only if it can decode all M streams reliably. Otherwise,
it remains silent1 .
IV. O UTAGE A NALYSIS

For completeness, let us first review the outage probability
of the direct transmission from users to the destination, which
uses a Zero Forcing-Decision Feedback (ZF-DF) receiver.
A. Direct Transmission
The system is described by
Yd = AWd X + N,

(1)

M ×L

where X ∈ C
is the transmit signal block of M
users, Yd ∈ CN ×L is the received block. A is the channel
matrix with independent, circularly symmetric complex gaussian elements representing i.i.d. Rayleigh fading, CN (0, I).
N ∈ CN ×L is Gaussian noise with temporally and spatially
independent elements having distribution N(i, j) ∼ CN (0, 1).
√
√
Wd = diag{ η1,d , . . . , ηM,d } and ηi,d is the average SNR
of user i’s direct signal at the destination.
We assume that the user streams are decoded according to
their indices. Each time, the total received signal is projected
onto a subspace orthogonal to the streams that are yet to be
detected. From [18], the resulting output SNR for the i-th user
detected can be obtained as:
1
ρi = ηi,d z(2(N − M + i)),
(2)
2
where z(m) is a chi-square random variable with m degrees
of freedom. After all the data block is projected, user i is
decoded. Then, its codeword is regenerated and its effect is
cancelled from the total signal. It is well known that this procedure is equivalent to Gram-Schmidt orthogonalization of the
channel matrix [19]. Assuming that A has linearly independent
columns, which happens with very high probability, it can be
uniquely decomposed as [20]:
A = QA RA
where QA ∈ CM ×M is unitary, satisfying QH
A QA = IM
and RA ∈ CM ×N is an upper triangular matrix whose
1 This second slot can be used by the users to transmit their next data
blocks. Here, however, for simplicity, we assume that if relay cannot decode,
the second time slot is not used by any of the terminals.

M
Y
i=1
M
Y

P r{log(1 + ρi ) > Ri }
£
¤
1 − F2(N −M +i) (γi ) ,(3)

i=1

where Ri is the target rate of user i. Fk (.) denotes the cdf of
the chi-square distribution with k degrees of freedom. Using
(2), γi is obtained as γi = 2(2Ri − 1)/ηi,d .
Having noted that all the relay protocols use twice the
bandwidth used by direct transmission, we define the following
protocol to enable a fair comparison between relaying and
direct transmission [16]: In Time-Division Direct Transmission (TDDT), users are divided into two sets of equal size.
Assuming M is even, each set has M/2 users. In the first
time slot, the first set of streams are transmitted from their
assigned antennas and the second set follows in the second
slot. The system outage of this protocol is given by:
µ
¡
¢
T DDT
Po
= 1 − 1 − Pou1 →d (M/2, N, Wd1 )
¶
¡
¢
u2 →d
× 1 − Po
(M/2, N, Wd2 ) (4)
where Wd1 and Wd2 are the M/2 × M/2 weight matrices
for the two groups.
B. Relaying Protocols
Let Yd1 and Yd2 be the received signals at the destination
in the first and second time slots, respectively. These received
signals can be represented as
Yd1
Yd2

=
=

AWd X + Nd1
GWr X̂ + Nd2 ,

(5)
(6)

where Wr is a diagonal matrix whose entries depend on the
average SNR at the destination due to the relay transmission.
We assume that the relay allocates the power uniformly for
√
all active antennas. Hence, Wr is given by Wr = ηr IM .
Similarly, we represent the user-relay channel as:
Yr = BWur X + Nr ,

(7)

where Wur depends on the average received SNRs.
If the user-relay channel is in outage, i.e. at least one of
the users is in outage in this channel (X̂ 6= X), we assume
that data of some users will be decoded incorrectly at the
destination, causing a system outage.
2 In this representation decoding order is decreasing user index, user M is
decoded first.

We denote the outage probabilities of user-relay channel and relay-destination channel as Pou→r (M, K, Wur ) and
Por→d ((M, N, Wr )), respectively. These can be computed as
in (3). Pou,r→d (M, N, Wr , Wd ) denotes the outage probability after combining at the destination, given that the relay
decoded all the streams correctly. Then, the outage probability
of the three protocols are given by:
PoCDR
PoN DR
PoSDR

= Pou→r + (1 − Pou→r ) Por→d ,
(8)
= Pou→r + (1 − Pou→r )Pou,r→d ,
(9)
u→r u→d
u→r
u,r→d
= Po Po
+ (1 − Po )Po
, (10)

where all the arguments are dropped to simplify notation.
V. C OMBINING M ETHODS FOR D IVERSITY R ELAYING
P ROTOCOLS
In this section we investigate the outage at the destination,
given that the relay decodes all the users correctly. We propose
two methods for detecting X based on Yd1 and Yd2 : Joint
ZF-DF (JZF-DF) and Parallel ZF-DF (PZF-DF).
A. Joint ZF-DF (JZF-DF)
Assuming correct decoding of all M streams at the relay,
the equivalent system is given by:
Ye = He X + Ne
where

·

AWd
He =
GWr

(11)

¸
(12)

and Ye = [Yd1 T Yd2 T ]T , Ne = [Nd1 T Nd2 T ]T . Then, the
destination decodes the equivalent M × 2N system based on
(11).

R

R

drd

d
D

D
M users
U

…

Case 1

dud

M users
U…

d

Case 2

Fig. 2. Illustration of case 1 and case 2 assuming that the average channel
gain is a function of the distance between the transmit antenna and the receive
antenna. In case 1, |Ui D| = d for all i = 1, 2, . . . , M . In case 2, in addition
to this condition, |RD| = d. However, in both cases, the users can have
arbitrary distance to the relay.

H
where Ỹ1 = QH
A Yd1 , Ỹ2 = QG Yd2 and Ñ1 , Ñ2 are
statistically equivalent to Nd1 and Nd2 . In this notation,
decoding order is in terms of decreasing user index. ZF-DF
decoding corresponds to decoding the last stream first and
cancelling the effect of this codeword from all upper streams.
To decode user j, destination combines j-th row of Ỹ1 and
Ỹ2 using maximal ratio combining:

Yc (j, :) = RA (j, j)Wd (j, j)Yd1 (j, :)
+ RG (j, j)Wr (j, j)Yd2 (j, :).

(15)

Then, stream j is decoded based on Yc (j, :) and its effect
on Ỹ1 (1 : j − 1, :) and Ỹ2 (1 : j − 1, :) are cancelled. By
continuing this process for all the streams, output SNR for
user j, which is decoded as the i-th stream (j = M − i + 1)
is given by:
´
1³
ρi =
ηj,d z (1) (2(N − M + i)) + ηr z (2) (2(N − M + i))
2
(16)
where z (1) (m) and z (2) (m) are i.i.d. with χ2 (m) distribution.

B. Parallel ZF-DF (PZF-DF)
This detection method is based on parallel zero forcing
and per stream combining. Let i be the index of the stream
to be detected. First, the outputs Yd1 and Yd2 are filtered
independently to nullify the interference of the streams yet to
be detected. Next, the filtered signals are combined using maximal ratio combining, which is the optimal combining, since
ZF filtering suppresses all inter-stream interference. After the
stream is detected and decoded based on the combined output,
the contribution of stream i is subtracted both from Yd1 and
Yd2 .
This procedure can be mathematically represented as follows. After the QR decomposition, we have
A = QA RA and G = QG RG ,
where QA , QG ∈ CM,M are unitary matrices satisfying
H
M,N
QH
are upper
A QA = QG QG = IM and RA , RG ∈ C
triangular matrices whose diagonal elements are positive.
Then, we can write:
Ỹ1
Ỹ2

=
=

RA Wd X + Ñ1
RG Wr X + Ñ2 ,

(13)
(14)

C. Outage Performances of JZF-DF and PZF-DF
Here, we analyze the performances of JZF-DF and PZFDF under the assumption that the relay decoded all the users
correctly. We introduce two special topologies for which the
performance comparison of JZF-DF and PZF-DF is easier.
In case 1, it is assumed that all the users have the same
√
average SNR to the destination. Hence, Wr = ηr IM and
√
Wd = ηd IM . In case 2, which is a special case of case 1,
the relay signal and the direct channel have the same average
√
SNR, Wr = Wd = η IM . Fig. 2 illustrates these special
topologies.
1) JZF-DF: We note that, unlike individual channel matrices A and G, for general diagonal Wd and Wr , He is not
a normal data matrix3 . Thus, many useful results on normal
data matrices do not apply to this problem.
Hence, for JZF-DF, only two special cases introduced above
will be considered. Clearly, in case 2, JZF-DF is equivalent
to direct transmission with 2N receive antennas instead of N .
3 A random matrix is a normal data matrix if all of its row vectors are
i.i.d. complex normal random vectors with arbitrary covariance matrix. Each
column vector, however, must have identity covariance matrix [22].

Hence, output SNR for the ith stream is chi-square distributed
with 2(2N − M + i) degrees of freedom and diversity order
is increased by N for all streams compared to the direct
transmission.
In case 1, we can represent the equivalent channel as a
Rayleigh channel with receive correlation [23] [24]:

·√
Hr =

ηd I N
0

√

0
ηr IN

(17)
¸
(18)

and Hw ∈ C2N ×M is a Rayleigh channel, whose elements are
i.i.d. and distributed as Hw (i, j) ∼ CN (0, 1). Exact CDF of
output SNR for ZF receiver in a correlated Rayleigh MIMO
channel is given in [25]4 .
2) PZF-DF: In case 2, (16) simplifies to
1
ρi =
η z (4(N − M + i))
(19)
2
where z(m) ∼ χ2 (m). Hence, it is clear that, PZF-DF
combining at the destination doubles the diversity order at each
stage and the diversity order for the i-th user is 2(N − M + i),
which is smaller than or equal to the one achieved by JZF-DF
(2N − M + i), for all i = 1, 2, . . . , M for any M ≥ 2.
From (16), we observe that output SNR is a weighted
sum of two chi-square random variables with even degrees
of freedom. Theorem 2.4 of [26] gives the exact CDF of the
weighted sum of an arbitrary number of chi-square random
variables in terms a finite sum of chi-square CDFs. Applying
this theorem to our case, we obtain:
½
¾
gi
2 X
X
x
αjs P r χ2 (2s) >
P r{ρi > x} = 1 −
(20)
λj
j=1 s=1
where

µ

α1s

=

f (gi , s)
µ

α2s

=

f (gi , s)

λ2
λ1
λ1
λ2

f (gi , s) = (−1)gi −s

¶gi −s µ
¶gi −s µ

λ1 − λ2
λ1
λ2 − λ1
λ2

−2

10
Pout

where

= Hr Hw ,
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Fig. 3. System outage probability for a 2 × 2 × 2 system as a function of
average direct link SNR. Markers show simulation results while dashed lines
show analytical results.
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η
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gi = N − M + i, λ1 = ηd /2 and λ2 = ηr /2. Note that
(20) gives the exact outage probability for the i-th user (given
cooperation) for general Wr and Wd .
VI. R ESULTS
We compare system outage of all protocols and combining
methods. All terminals transmit with the same power per antenna in each protocol. A topology as in case 1 is considered.
ηrd is 9.03 dB worse than the ηur and ηud is 14.31 dB worse
than ηur . The x-axis shows the SNR of the user-destination
H
4 The derivation in [25] assumes that R
has distinct
RX = Hr Hr
eigenvalues and its final results do not apply to our problem. Hence, for
the numerical results we present in this paper, we derived the CDF of output
SNRs for a system with channel matrix given in (17) and (18).

20

25

30

(dB)

Fig. 4. System outage probability for a 2 × 4 × 2 system as a function of
average direct link SNR.

channel for direct transmission. For other protocols we plot the
outage for the same total energy as the direct transmission. We
considered path-loss and Rayleigh fading only. Target SNR γi
is taken as 10 dB for all users.
In Fig. 3, we plot the system outage probability for all protocols. Here, we plot both analytical and Monte Carlo simulated
system outage curves. Analytical curves are obtained from (3),
(4), (8)-(10) and the derivations in Section V-C. In simulations,
output SNRs and outage rates are calculated based on a
large number of randomly generated channel matrices. Having
validated the analytical expressions in Fig. 3, in Fig. 4 we plot
(analytical) system outage probability for a 2 × 4 × 2 system.

As expected, conventional relaying provides only a constant
SNR gain over direct transmission. In Fig. 3, we observe
that NDR is limited by the source-relay channel, regardless
of the combining method used at the destination and it is
outperformed by TDDT at high average SNRs. For this system,
we can conclude that the relaying protocol (NDR vs. SDR)
is the dominant factor that determines outage performance.
In Fig. 4, however, we see that NDR and SDR have almost
identical outage performance and the outage probability is
mostly determined by the combining scheme.
VII. D ISCUSSION AND C ONCLUSIONS
This paper discusses the potential benefits of using a multiantenna relay in the spatial multiplexing of independent single
antenna users communicating with a common multi-antenna
destination. Digital relaying protocols of fixed vs. selective
and conventional vs. diversity kind were considered. For
diversity relaying, which has not been tackled so far in the
context of multiple users/streams, we proposed two ZF-DF
type combiners/decoders (JZF-DF and PZF-DF) to be used
at the destination. We derived outage expressions, in closedform for some special cases, and evaluated the performance
for selective and fixed relaying protocols.
Our study indicates that under Rayleigh fading and path
loss, diversity relaying has significant advantages over conventional relaying, as in single antenna relaying. Selective diversity relaying is crucial when the user-relay channel has lower
diversity than the cooperative channel from users & relay to the
destination, which is expected in most practical configurations.
When user-relay channel is sufficiently reliable, which, for
example, happens if the relay has a large number of antennas,
diversity protocols are the most advantageous compared to
conventional relaying. In this case, the performances of NDR
and SDR for the same combining method are very close. Then,
the outage probability is determined by the combining method
used by the destination rather than the protocol used by the
relay and JZF-DF has a considerably better performance than
PZF-DF.
Once the relay decodes the user signals, it can encode them
jointly using a space-time code. However, we do not expect
this strategy to improve the overall system outage unless userrelay channel is very reliable and the second hop (or the
cooperative hop) is the dominant cause of outage.
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