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Abstract— The importance of characterizing the aggregate sum of the individualmth cumulants [11]. Combining this
interference power generated by a wireless network has ineased property with the independence property of disjoint Paisso

with the emergence of different types of wireless networksuch fields provides a powerful tool in characterizing the agat
as ad-hoc networks, sensor networks, and cognitive radiosA . P - p_ 9 gateg
interference in a wireless network.

cumulant-based characterization of this aggregate intedrence is oo
an attractive approach. A number or recent papers in literature To the best of our knowledge, few papers in literature have
have dealt with cumulants of the aggregate interference but dealt with cumulants of the aggregate interference power.
under specific scenarios. In this paper, we introduce a simpl These papers focus on specific scenarios. For example, [4]
yet comprehensive method to determine the cumulants of the and [5] deal with cumulants for non-fading scenarios; [2]
aggregate interference power originating from a wireless at- . . ’
work. This method is quite general and applicable for finite and prov_ldes an |nteg_ral form to compute the cumulants fqr dut-o
infinite network sizes, and it is flexible to encompass diffent Cell interference in a CDMA networks; and [6] considers an
system and propagation parameters such as large-scale fadj, infinite field with an exclusion region. Extending these t&su
small-scale fading or even composite fading. We also invégate and generalizing them for a wide range of scenarios are among
the behavior of these cumulants with respect to changes in & the contributions of this paper.

twork si d fading distributions. . . .

nelngéx S-Il-ze?n?srLAgngggats nln?elr(f)grsence Cumulants, Fading We characterize the distribution of the aggregate interfer

Poisson Point Process. ence using cumulants. We provide a very simple yet powerful
method to determine the cumulants. The method is flexible

. INTRODUCTION enough to be applicable to a wide range of scenarios includ-

The importance of characterizing the aggregate intertarer{1d: but not limited to, the following: finite fields, infinite
generated by a wireless network has some history dating bads. different fading distributions (e.g., Rayleigh,chn,
at least to packet radios [1]. This importance has increasetidowing, generalizel-), and variations in power levels.
with the emergence of different types of wireless networkdOreover, we investigate the behavior of cumulants, andéen
over the past two decades, e.g., CDMA [2], ad-hoc and send3¢ @9gregate interference power, with respect to chamges i
networks [3], spectrum sharing and cognitive radio networkh® Network size and for various fading distributions.
[4]-[6]. Further history and references are provided in [8]. The rest of the paper is organized as follows. Section Il

Many papers investigate the characterization of the aggf.ge_scribes the system model and provides some background in-

gate interference power by modeling the wireless network aformation on cumulants. Section Ill presents a simple nettho

Poisson field of independent interferers. They reach teedes [0 calculate the cumulants of the aggregate interferenaepo

form expressions for the characteristic function. Howetree 1he effects of the network size and fading distributions on
inversion of this characteristic function into a closedrio CUMulants are investigated in Section IV and Section V,

probability density function (PDF) or cumulative distritan '€SPectively. Section VI discusses the cumulants-based ap

function (CDF) is not achievable, except for a few cases. Aloximations of the distribution of the aggregate intezfere

viable option to overcome this inversion problem is to abtaiPOWer- Finally, Section VII concludes the paper with some

moments (or cumulants) of the aggregate interference and tfiemarks.

to apply moments-based (or cumulants-based) approxim&atio ||  gysTeEM MODEL AND STATISTICAL PRELIMINARIES

or bounds [2], [4]-[6], [9], [10]. o . . . .
While the moments and cumulants are closely related, e analysis in this paper is based on modeling a wireless

cumulants have some properties making them more attractRFWork as a two—d|men§|onal field of interferers deplqyed

for characterizing the aggregate interference of a Poifistth over a region of areal ‘_N'th an annular sector s_hap_e_ (ring

of interferers. Among these properties is that:thth cumulant or disk shapes are special cases). The set of active integfer

of the sum of independent random variables is equal to tH@nsmitters (nodes) is assumed to follow a Poisson pot pr
cess with a homogeneous densityBased on this assumption,
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variable with a parameter specified by the multiplicatiom\of consider the use of a non-singular model, specifically (3 wi
by the area of that region. Moreover, the number of interferen > 2. Without loss of generality, we take= 1 assuming its
in disjoint regions are independent Poisson random vasabkffect is absorbed by;.
[12]. The field of interferers is assumed to have an inneusdi
of r,. We call exclusion region the digKO, r,,) of radiusr, ]
and centered at the origin. The field has a radial depthi,of 1he mth cumulant of a random variableX whose
making the outer radius of the field, + L. The field spans characteristic function igx (w) can be obtained by [11]
over an angle of as seen by the victim receiver at the origin, 1 |:dm ln(gé(w))} @
w=0

as illustrated in Fig. 1. Km = —
The individual interference power received by a victim )

receiver at the origin due to the transmission of nadis Cumulants have some properties that make them more attrac-

denoted byl;. Under the assumption of incoherent addition dive for the problem considered in this paper. Among these

interfering signals, the aggregate interference powegived Properties are the following:

B. Satistical Preliminaries on Cumulants

dw™

by the victim receiver can be expressed as o Themth cumulant of the sum of two independent random
variables is equal to the sum of the individuaith
Iy = ZL‘ = ZXig(ri)a (1) cumulants of these independent random variables [11].
ieA ieA « If Y = 2-£ whereji ando are the mean and the standard
whereA is a set of interfering nodes; is a positive random deviation of the random variabl& respectively, then
variable that can be modeled as the multiplication of deter- k1(Y) =0, and
ministic quantities and various random variables reflectire Em(Y) = ki (X)o™™ = k(X )r2(X)™™/2 for m > 2
transmit power, antenna gain, channel attenuation (ifotud [17] wherek,, (V') denotes thenth cumulant ofY".

multipath and shadow fading) and other factors. In anatyzin « Cumulants can be used to obtain some important mea-
the aggregate interference of a Poisson field, it is common to sures of the distribution, like meam(), variance ),
assume thafX;s are independent and identically distributed ~ Skewness{x, */%) and kurtosis excessi{x; %) [17].

(i.i.d.) random variables [4], [6], [7], [13]. In this papewe o The cumulants of a random variable are closely related

follow the same assumption. The functigrir;) represents to its moments. For example; = ji1, k2 = p2 = 07,
a path-loss model (or more precisely the distance-dep¢nden k3 = w3, and ky = g — 3p3 where ji,, is the mth
attenuation), discussed in the following subsection. raw moment,u,,, is mth central moment, and? is

the variance. General expressions relating cumulants to
A. Path-Loss Models central or raw moments are provided in [17].

The most common path-loss model used in literature is « Cumulants of a random variable can be used to ap-
proximate the distribution function of that random vari-
g(ri) = kr; ™, 1 20, (2) able through some approaches like an Edgeworth series
expansion [2]. Alternatively, cumulants can be used to
determine the moments, and then moments-based approx-
imations can be applied [17].

wherek is a constant; is the distance between the interfering
node: and the victim receiver, and s the path-loss exponent.
This model is commonly used in contexts similar to the one

we consider in this paper due to its mathematical tractgbili [1l. CUMULANTS OF 14

[14]. However, this model suffers from a singularityrat= 0. The main contribution of this paper is stated in the follogvin
Therefore, it is known as a singular (or unbounded) patb-logyoposition. To value this proposition, it is helpful to igiae
model [14], [15]. that the field of interferers would virtually collapse to a

There are non-singular (bounded) path-loss models usgthfield with an effective ared.q, an inner radius-,, and

in literature as well, e.g., [6], [10], [15], [16]. These nongn guter radius.s. The average number of interfering nodes
singular models are similar, with some variations. Follogvi \yithin this subfield iSN,g.

is an example: Proposition 1. Themth cumulant of the distribution of the
e g > aggregate interference power received by a victim receiver
g(r;) = { oot Ee (3) at the origin from an annulus-shaped Poisson field of i.i.d.
kre™, 1 <re interferers is
wherer. > 0 is the radius at which the slope of the model Kkm(Ia) = Negt(m)fim (I,,), (5)

starts changing. . . .
It is indicated in [15] that the selection of the path—los\év.he.re Neff(m) Is the average num_bgr of mtgrfermg nodes
ithin a radius ofr.s(m) from the victim receiverf,, (I,)

model has_a significant impact on the qharac_tenzatlon of t|H;/ethemth raw moment of the distribution of the interference
aggregate interference. Authors in [14] investigated tifece

of the unbounded model on the performance analysis of wirgower received by the victim receiver from an interferinglao

less networks and indicated that more realistic pen‘orrean"?l:t distancer,. We then have

figures are obtained by using bounded models. We therefore Negg(m) = Mg (m), (6)



where If there is an exclusion region, e.gr,=10m, then the
N ' 102 2 convergence value will be almost reached witenr 1Km for
Actr(m) = {b(0, renr(m)) N A} = 30 [rg(m) = 75] . () g first cumulant and. > 20m for the second cumulant. A
and smallerZ will be required to closely approach the convergence
level for higher cumulants, as seen in Fig. 3.
9 poo]mn—2 Interestingly, the value of r.g converges to
- [ ] )

resi(m) =F, | 1+ max(re, 7o) /1 + —2= as L — oo. From this, we

mn — 2 To+ L mn—2
. . may conclude thats,, is controlled mainly by the region
7 =max(min(re, 7o + L), 7). which is close to the victim receiver. The dominant region
Note thatjin, (Ir,) = fim(X)[g(ro)]™ where fi,,(X) is the for x1 (the average) is wider than that fep (the variance).
mth raw moment ofX; . It shrinks asm increases. On the other hand, this dominant
Proof: Using Campbell's theory for a Poisson Poinf€gion expands as, (the exclusion region) increases.
Process [7], [12], it can be shown that: The exclusion region has an effect ehg of an order of

r2 (provided thatr, > r.). Moreover,r, affects the value
, of i (I,) by an order ofr,™". Therefore, the net effect
¢14(w) = exp [ —OA / /[1 - e'wwg(r)} fx(@)rdedr |, of T, ON K, is in the order ofr2=™" which suggests that
o 0 increasing the value of, is an effective way to lower the
, - ) (9) aggregate interference. However, increasingnay contradict
where ¢, (w) is the characteristic function ofs, fx () IS the herformance objectives of the wireless network [5]][18
the PDF of X;, andj = y/—1. Denoting the characteristic 1 g) Therefore, an optimal tradeoff is to be found.
function of X; by ¢x (w), (9) can be rewritten as Regarding the effect of the active node density, (t has
) (10) a linear effect on all cumulants. Therefore, it is one of the
10

ro+L 0o

important parameters that could be used to control the level
of interference at the victim receiver.

ro+L
¢1,(w) =exp (—9)\/ [1— ¢x(wg(r))]rdr

o

From (4) and (10), Similarly, 6 has a linear effect on the cumulants. However,
rot+L it is limited to the rangeé0, 2x]. It may reflect the effectiveness
Em(Ia) = 9/\[Lm(X)/ g™ (r)rdr. (11) of using a directional antenna at the victim receiver.
o The effect of the increase in the network size (spatial size
Then, the proof follows directly from (11) with some matheand node density) on the average of the aggregate intecieren
matical manipulations and arrangements. B is considered in [3] and [20]. Moreover, the effect on the

Equation (5) is simple yet flexible in the sense that itariance is discussed in [21]. However, to the best of our
can be applied to a wide range of scenarios such as finkieowledge, this paper is the first to address the effect of the
fields, infinite fields (see Section V), and to different fagli spatial size on all cumulants of the aggregate interference
distributions (see Section V). Moreover, (5) is applicafae

o S . - I, V. EFFECT OF THEDISTRIBUTION OF X ON CUMULANTS
many field’s topologies, including when the victim receiiger )
in the middle of the field or away from it. The random variableX encompasses many system and

channel parameters. It might be modeled as the multipdinati
IV. EFFECT OFSPATIAL SIZE OF THEFIELD AND of some deterministic and random variables reflecting the
INTERFERERSDENSITY ON CUMULANTS effect of different parameters, such as fluctuations in gowe
The spatial size of the field is controlled By r,, andd. The level and antenna gains, multipath fading, and shadow ¢adin
changes in. affectr.¢, and hencel.g¢ andx,,. However, this
effect is limited. AsL increasesy.g increases but it converges X; = H Xil, (12)
to a finite value regardless of the further increasé irAs m _ o : ] o
or n increases, this convergence occurs faster. The effectVyiereXi, is a deterministic or a random variable. (A similar
changes irl. is significant only for lower-order cumulants and €Presentation is used in [7].)

for L closer to or less thamax(re, ). As L approaches the = From (5) andiin(1y,) = fin(X)lg(ro)I™, it is clear that
value ofmax(r.,7,), its effect becomes weaker and it will pethe distribution ofX; has a major influence om,,, and hence
negligible When(max(rc,ro) )2 &« 1, the distribution of the aggregate interference power. Allaim

As an example FTgL 2 shows that the convergence valfservation on the influence of the fading distribution, iequ
for k1 is almost reached wheh > 100m for a field wit

p alently of the distribution ofX;, on the aggregate interference
no exclusion regionr{, = 0). However, ko is almost at the

appears in [15].
convergence value wheh > 2m. The higher-order cumulantsIO F_oIIong arehs_lome exan};ples af, under Idl;‘]fere_nt df'sg_"
converge faster (at lower values bj. Therefore, doubling. utions o X?' While ; can beé more genera 1 an Just fading,
or even expanding it to infinity has a negligible (or pradtica examples given here consider fading distributions only.
no) effect onx,,, provided thats,, is almost at the convergence lEquation (12) is general enough to account for the adjademtnel
value. interference. However, it is not discussed here due to sfiradation.



A. Multipath Fading discussion of the Edgeworth expansion for approximating a

A general model that could be used to reflect the multipaftPF is provided in [17]. _ _
fading on the interference power is the Gamma distribution It IS important to highlight that while the Edgeworth series

(under the assumption of Nakagami fading for the interfegen€XpPansion is an asymptotic expansion for the PDF, the finite
signal). The PDF of the Gamma distribution is Edgeworth series should be applied with some caution: it is

applicable for moderately-skewed distributions only. @en
tions under which the Edgeworth finite approximation can be
used are discussed in [23].

wherev is the shape parametdi(.) is the Gamma function, If the distribution of the agg_regate interference has atpesi
and Q) is the average power, i.eE[X], which is commonly Skewness/l, can be approximated by a lognormal random
assumed to be equal to unity [22]. Theth raw moment of variable. An enhanced version of the lognormal approxima-

the Gamma distribution witl2 = 1 can be expressed as tion, called shifted lognormal approximation, is proposed
[24], and used in [6] to approximate the distribution of the

v l,xufl

fx(@) = (5) T(v)

e 9% 1 >0,v>

(13)

1
92

fim (X)) = —WM_ (14) aggregate interference power. The shifted lognormal agpro
L(v) mation is a three-parameter approximation. These parasnete
Therefore, are obtained from the first three cumulants. Figure 4 shows
(v + m) an example of approximating the PDF bf by an Edgeworth
Km(Ia) = Nege(m)[g(ro)]" v " —=~— (15) series expansion and a shifted lognormal PDF. A Gaussian

L) PDF is included in the figure as a reference.

The exponential distribution (corresponding to Rayleiagdhifig As an alternative, cumulants can be used to calculate the
for the interference signal) is a special case of the Gammements. Then, moments-based approximations or bounds
distribution, whenv = 1. can be applied to approximate the distribution/af[17].

B. Shadow Fading VIl. CONCLUSIONS

Shadow fading is usually modeled by a lognormal ran- In this work, we characterized the aggregate interference
dom variable whose mean and standard deviation in the @8wer generated by a wireless network through the approach
domain are zero andqgp, respectively. LetY; = 10%/10, of cumulants. We introduced a simple yet comprehensive
representing the shadowing effect in the linear domainrashenethod to calculate the cumulants. Our method is applicable
S; ~ N(0,02%5). After a proper normalization o, it can for finite and infinite networks, and is flexible to encompass
be shown that different system and propagation parameters includingelar
scale fading, small-scale fading, and composite fading. We

inl0 )2

fim (X) = e3(mioan)” (16) also discussed the behavior of these cumulants with respect
and to changes in the network size and fading distributions.evlor
Ko (14) = Neﬂ(m)[g(ro)]meé(mlqg%@)f (17) Over,we highlighted some cumulants-based approximatibns

the distribution of the aggregate interference power.
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