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Performance Analysis of Soft-Bit Maximal Ratio Combining in
Cooperative Relay Networks
Akram Bin Sediq and Halim Yanikomeroglu

Abstract—In digital cooperative relaying, signals from the
source-destination and relay-destination links are combined at
the destination to achieve spatial diversity. These signals may
not necessarily belong to the same modulation scheme due to
the varying channel qualities of the two links. Recently, we have
proposed the “soft-bit maximum ratio combiner” (SBMRC) as
a low complexity diversity combining scheme for signals with
different modulation levels. SBMRC exhibits BER performance
that is very close to the optimal maximum likelihood detector
(MLD), but with much reduced complexity. In this paper, we
revisit SBMRC and provide tight lower bound for the BER
performance. Since SBMRC has BER performance slightly
inferior to MLD, the derived lower bound can also be used as a
good approximation for the BER performance of MLD.
Index Terms—Cooperative diversity, diversity combining, diversity analysis, relay networks.

I. I NTRODUCTION

N

EXT generation wireless networks target to provide high
data coverage to meet the demand for emerging applications. The use of digital relays in the wireless network was
shown to be a key technology to achieve these requirements
[1].
Two key strategies proposed for increasing the data rate in
relay networks are cooperative relaying [2], [3], and adaptive
modulation and coding (AMC). While the former is used to
improve the quality of the links by combining the signals
received from the base station (BS) and the relay station(s),
the latter is used to optimize the transmission rate according
to the channel conditions. In [4], [5], it is shown that the
average throughput of the wireless network can be significantly increased by combining the two strategies. When AMC
is utilized, the signals reaching the user terminal (UT) from
BS and relay station (RS) do not necessarily belong to the
same modulation, yet they contain the same information bits.
In order to achieve spatial diversity for signals with different
modulation levels, selection combining, rather than maximal
ratio combining (MRC), has been proposed to be utilized
because it has not been known yet how to do MRC for signals
with different modulation levels [4], [5]. Beside selection
combining, a trivial solution is to force the modulation levels
to be the same in all the links, and optimally combine at
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UT using MRC. However, this solution reduces the benefit
of AMC as the performance will be limited by the link which
suffers from the most unfavourable channel conditions.
The need for such a technique arises from the nature of
relay networks that impose different channel conditions on
different links. For example, since the relays are fixed and
can be installed at strategic locations, reliable line-of-sight
link(s) can be established between BS and RSs, and hence,
larger constellations can be used to achieve high data rates.
However, because of the mobility of the users, the link(s)
from RSs to UT are not necessarily as reliable, so smaller
constellations can be used to ensure reliable transmission. In
order to achieve spatial diversity at UT, it is imperative to
establish an optimal diversity combining scheme for different
modulations. Recently, we have proposed soft-bit maximum
ratio combiner (SBMRC) in [6] as a low complexity scheme
for diversity combining of signals with different modulation
levels. SBMRC is in essence identical to log-likelihood ratio (LLR) combining (sometimes also referred to as softcombining or Chase combining) used in Hybrid Automatic
ReQuest (HARQ), although the norm in HARQ is to use the
same modulation level in all the retransmissions, as far as we
know. In this paper we revisit SBMRC in more details and
derive tight lower bound for the BER performance. The main
focus of the paper will be on fixed-relay networks, where the
links from BS to RSs are assumed to be error-free.
Notation: 𝐶𝑁 (0, 𝜎 2 ) represents a circular symmetric complex Gaussian random variable with zero mean and variance
¯ = 𝐸{𝑋}
𝜎 2 per dimension; for a random variable 𝑋, 𝑋
denotes its mean; 𝑓𝑋∣𝑦=𝑐 (𝑥) is the conditional probability
density function of 𝑋 evaluated at 𝑥 given that 𝑦 = 𝑐;
for a complex number 𝐶, ℛ{𝐶} and ℐ{𝐶} denote the real
and imaginary parts of 𝐶, respectively; 𝐶 ∗ is the complex
conjugate of 𝐶; for integer numbers 𝐷 and 𝐸, 𝑟𝑒𝑚(𝐷, 𝐸)
denotes the remainder of dividing 𝐷 by 𝐸; 𝑔(𝑥; 𝜇, 𝜎 2 ) denotes
the Gaussian probability density function (PDF)
with mean
√
𝜇 and variance 𝜎 2 , i.e., 𝑔(𝑥; 𝜇, 𝜎 2 ) = (1/𝜎 2𝜋) exp(−(𝑥 −
𝜇)2 /(2𝜎 2 )); G𝑁 (𝑥,𝝁, 𝜎 2 ) denotes the PDF of a Gaussian
mixture random variable that consists of 𝑁 equally-probable
Gaussian random variables with the same variance and differ𝑁
∑
𝑔(𝑥, 𝜇𝑖 ,𝜎 2 ), where 𝝁
ent means, i.e., G𝑁 (𝑥,𝝁, 𝜎 2 ) = 𝑁1
𝑖=1

= [𝜇1 , 𝜇2 , ..., 𝜇𝑁 ].

II. S YSTEM M ODEL
We consider a multihop network of 𝐿 transmitting nodes,
(comprising of 𝐿 − 1 RSs and a BS), and a receiving UT, all
having a single antenna. This layout is shown in Fig. 1. The
RSs are used to assist a UT which suffers from poor channel
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T0 symbols=C bits

Ti symbols=C bits

M0
M0
S0,0
, S0,1
, ..., S0,MT00 −1

SiM,0i , SiM,1 i ,..., SiM,Tii −1

Sub-frame "0"
BS → {UT, RSi }iL=−11

Fig. 1.

Sub-frame "i"
RSi

TL −1 symbols=C bits

S LM−L1−,10 , S LM−L1−,11 ,..., S LM−1L−,T1 L−1 −1
Sub-frame "L-1"
RSL-1

System model and the corresponding frame structure.

conditions. The RSs decode the signals they receive from BS
and forward them to the UT.
The transmitting nodes transmit on 𝐿 orthogonal channels,
i.e., they do not interfere with each other. For simplicity,
we consider time-division multiple access (TDMA) to insure
orthogonal transmission from all the nodes. The transmitting
node 𝑖, (BS or RS𝑖 ) where 𝑖 ∈ {0, 1, ..., 𝐿 − 1}, uses square
𝑀𝑖 Quadrature Amplitude Modulation (𝑀𝑖 -QAM) with Gray
coding. Each 𝑀𝑖 -QAM symbol carries 𝐾𝑖 bits, where 𝐾𝑖 =
log2 (𝑀𝑖 ) and 𝑀𝑖 is the 𝑖th modulation level. Without loss of
generality, the 𝑀𝑖 -QAM constellation has an average energy
per bit equal to unity.
The frame is divided into 𝐿 sub-frames, i.e., one sub-frame
for each transmitting node. All sub-frames contain the same
sequence of bits, denoted by {𝑠0 , 𝑠1 , ..., 𝑠𝐶−1 }. The 𝑖th subframe consists of 𝑇𝑖 𝑀𝑖 -QAM symbols, each denoted by
𝑀𝑖
𝑀𝑖
𝑆𝑖,𝑗
, where 𝑗 ∈ {0, 1, ..., 𝑇𝑖 − 1}. The symbol 𝑆𝑖,𝑗
contains
the bit sequence {𝑠𝑗𝐾𝑖 +0 , 𝑠𝑗𝐾𝑖 +1 , ..., 𝑠(𝑗+1)𝐾𝑖 −1 }. Note that
different nodes will be assigned different number of symbols,
depending on their modulation schemes, i.e., 𝑇𝑖 = 𝐶/𝐾𝑖 .
Since 𝑇𝑖 is an integer, 𝐶 must be a common multiple of
{𝐾0 , 𝐾1 , ..., 𝐾𝐿−1 }. Without loss of generality, the Least
Common Multiple (𝐿𝐶𝑀 ) will be used.
In the zeroth sub-frame, BS broadcasts 𝑇0 𝑀0 -QAM symbols to all RSs and the UT. Since the RSs can be installed
at strategic locations, the BS to RSs links can be made very
reliable as it is possible in most of the cases to have line-ofsight transmission in these links. Thus, the RSs can decode
the signals with negligible errors [5]. In the 𝑖th sub-frame,
RS𝑖 forwards 𝑇𝑖 symbols to UT using 𝑀𝑖 -QAM modulation.
The frame structure is depicted in Fig. 1.
In the 𝑖th sub-frame and the 𝑗th symbol, the received signal
𝑀𝑖
𝑀𝑖
𝑀𝑖
at UT is 𝑟𝑖,𝑗
and given by 𝑟𝑖,𝑗
= 𝛼𝑖 𝑆𝑖,𝑗
+𝑛𝑖,𝑗 . The complex
additive white Gaussian noise (AWGN) is represented by 𝑛𝑖,𝑗 ,
and it is modeled as 𝐶𝑁 (0, 𝑁0 /2) . The channel coefficient
between the transmitting node 𝑖 and UT is denoted by 𝛼𝑖
and it captures both path-loss distant dependant attenuation
and small scale fading due to multipath propagation. The
multipath fading is assumed to be slow, i.e., the channel
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does not change for the duration of a whole sub-frame. It is
assumed that 𝛼𝑖 ’s are known at the receiver and are modeled
as independent 𝐶𝑁 (0, 𝜎𝑖2 ), with 𝜎𝑖2 = 𝐸{∣𝛼2𝑖 ∣}. If full channel
state information (CSI) is available at BS, deciding whether
to communicate through relays or directly, and optimizing the
modulation levels for all the transmitting nodes, can improve
the end-to-end throughput drastically. Such optimization is
studied extensively (for instance, [4], [5]) and will not be
repeated here. We emphasize that relays are used opportunistically, i.e., whenever the end-to-end throughput using the relays
is larger than that of the direct link. In this work, we focus
only on the cases when the relays are used. The instantaneous
signal-to-noise ratio (SNR) per bit of the link from node 𝑖
to UT is 𝛾𝑖 = ∣𝛼𝑖 ∣2 SNR, and the average SNR is denoted
as 𝛾¯𝑖 = 𝜎𝑖2 SNR, where SNR is a reference SNR equal to
SNR = 𝐸𝑏 /𝑁0 .
After receiving all the sub-frames, UT can utilize the signals
received from 𝐿 independent branches, and achieve spatial
diversity.
We remark that the most general case of 𝐿 − 1 relays is
considered for mathematical completeness. However, given
that each relay requires an orthogonal channel, it will be
difficult in practice to have more than two relays due to the
limited radio resources.
III. T HE O PTIMAL D ETECTOR : T HE M AXIMUM
L IKELIHOOD D ETECTOR (MLD)
For additive white Gaussian noise, the MLD reduces to
a minimum distance classifier [7]. Consequently, the MLD
decides on the sequence {ˆ
𝑠0 , ..., 𝑠ˆ𝐶−1 } that satisfies the following criterion:
[ˆ
𝑠0 , ..., 𝑠ˆ𝐶−1 ] = arg


𝐿−1
𝑖 −1
∑ 𝑇∑
𝑖=0 𝑗=0

min

𝑠0 ,...,𝑠𝐶−1

2
 𝑀𝑖

𝑀𝑖
(𝑠𝑗𝐾𝑖 , 𝑠𝑗𝐾𝑖 +1 , ..., 𝑠𝑗𝐾𝑖 +(𝐾𝑖 −1) )
𝑟𝑖,𝑗 − 𝛼𝑖 𝑆𝑖,𝑗

(1)
𝑀𝑖
(𝑠𝑗𝐾𝑖 , 𝑠𝑗𝐾𝑖 +1 , ..., 𝑠𝑗𝐾𝑖 +(𝐾𝑖 −1) ) represents the bit
where 𝑆𝑖,𝑗
to symbol mapping for square M-QAM with Gray-coding. The
followings are examples of 4-QAM, 16-QAM, and 64-QAM
Gray coded symbols [6]
𝑆 4 (𝑠0 , 𝑠1 ) = 𝑠0 𝑑4 − 𝑗𝑠1 𝑑4 ,
𝑆 16 (𝑠0 , 𝑠1 , 𝑠2 , 𝑠3 ) = 𝑠0 (−𝑠1 + 2)𝑑16 − 𝑗𝑠2 (−𝑠3 + 2)𝑑16 ,
𝑆 64 (𝑠0 , 𝑠1 , 𝑠2 , 𝑠3 , 𝑠4 , 𝑠5 ) = 𝑠0 (−𝑠1 (−𝑠2 + 2) + 4)𝑑64
− 𝑗𝑠3 (−𝑠4 (−𝑠5 + 2) + 4)𝑑64 ,
(2)
where 𝑑𝑀 is a constant used to fix the energy per bit to unity
and it is given by
√
3 log2 𝑀
.
(3)
𝑑𝑀 =
2(𝑀 − 1)
For example, 𝑑4 = 1, 𝑑16 = 0.6325, and 𝑑64 = 0.378.
Although MLD achieves the optimum performance (in
minimizing the sequence error rate), it has exorbitant computational complexity. In general, the MLD requires 2𝐶 computations which means that its complexity grows exponentially
with 𝐶. For this reason, we are motivated to investigate
practical schemes with much reduced complexity and with
performance comparable to that of the MLD.
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IV. S OFT-B IT M AXIMAL R ATIO C OMBINER (SBMRC)
In the MLD, the complexity arises from the fact that different modulation schemes carry different number of bits per
symbol. As a result, bit-by-bit (or symbol-by-symbol) decoding is not possible. In order to avoid such high complexity, the
received 𝑀𝑖 -QAM soft symbol, 𝑟𝑖,𝑗 , is mapped into 𝐾𝑖 softbits. Then, decoding can be preformed on the soft-bits, which
results in bit-by-bit detection, rather than detecting a sequence
of bits jointly. To extract soft-bits from a soft-symbol, the LLR
can be used. The LLR is a well known technique and it is
being used in many channel coding schemes (see for example
[8] and [9]). It is also used in [10] for diversity combining
of signals that belong to the same modulation level, but with
different bit to symbol mapping. Combining was preformed
by adding the soft-bits. In this work, we use the same LLR
concept and explain how to use this concept to get close
to optimum performance in combining signals with different
modulations levels.
For the Gray coded 𝑀𝑖 -QAM schemes described by (2),
the LLR can be well approximated by the following recursive
expression [8], [9], [11]
𝑠˜𝑖,𝑗𝐾𝑖 +𝑘 =
⎧
𝑀𝑖

},
𝑑𝑀𝑖 ℛ{𝛼∗𝑖 𝑟𝑖,𝑗

 𝐾𝑖
⎨
−𝑘
2
2
22
𝑑𝑀𝑖 ∣𝛼𝑖 ∣ − ∣˜
𝑠𝑖,𝑗𝐾𝑖 +𝑘−1 ∣,
∗ 𝑀𝑖

ℐ{𝛼
𝑟
−𝑑
𝑀𝑖

𝑖 𝑖,𝑗 },

⎩ 𝐾𝑖 −𝑘 2
𝑑𝑀𝑖 ∣𝛼𝑖 ∣2 − ∣˜
𝑠𝑖,𝑗𝐾𝑖 +𝑘−1 ∣,
2

𝑘 = 0,
0 < 𝑘 ≤ 𝐾2𝑖 − 1,
𝑘 = 𝐾2𝑖 ,
𝐾𝑖
2 < 𝑘 ≤ 𝐾𝑖 − 1,

(4)
where 𝑠˜𝑖,𝑗𝐾𝑖 +𝑘 is the (𝑗𝐾𝑖 + 𝑘)th soft-bit generated from
𝑀𝑖
the received soft symbol 𝑟𝑖,𝑗
. In other words, 𝑘 denotes the
position of the soft-bit in the soft-symbol. As it will be shown
later, the approximation given by (4) results in negligible
degradation in the BER performance, as compared to that of
the MLD.
The SBMRC adds the soft-bits in a way similar to MRC,
hence the name SBMRC. In other words, the SBMRC decides
on the bit 𝑠ˆ𝑙 , for 𝑙 ∈ {0, 1, ..., 𝐶 − 1}, according to the
following criterion
{
if 𝑠¯𝑙 > 0,
𝑠ˆ𝑙 = 1,
(5)
𝑠ˆ𝑙 = −1, otherwise,
where 𝑠¯𝑙 is a sum of the soft-bits received from different links
and is given by
𝐿−1
∑
𝑠¯𝑙 =
𝑠˜𝑖,𝑙 .
(6)
𝑖=0

The block diagram of this scheme is shown in Fig. 2.
Since calculating the soft-bits costs one simple computation per bit, the SBMRC requires 𝐿𝐶 computations. This
means that the SBMRC’s complexity grows linearly with
𝐶 as opposed to the MLD which has complexity growing
exponentially with 𝐶.

T0 soft-symbols
M0
r0,0
,..., r0,MT00 −1

C soft-bits

soft-symbol to
soft-bit mapping

s0,0 ,..., s0,C −1

soft-symbol to
soft-bit mapping

si ,0 ,..., si ,C −1

soft-symbol to
soft-bit mapping

sL −1,0 ,..., sL −1,C −1

Ti soft-symbols
Mi
i ,0

Mi
i ,Ti −1

r ,..., r

C soft-bits

TL −1 soft-symbols
L −1
rLM−1,0
,..., rLM−1,L−T1L−1 −1

Fig. 2.

¦

s0 ,..., sC −1

C soft-bits

sˆ0 ,..., sˆC −1

The SBMRC block diagram.

The structure of SBMRC does not only reduce detection
complexity, but also makes it mathematically tractable to find
a closed-form approximation of the BER, unlike the MLD.
V. BER PERFORMANCE ANALYSIS OF SBMRC
To find the average BER, we start in Section V-A by finding
𝑓𝑠¯𝑙 ∣𝑠𝑙 =±1 (𝑥). Then, in Section V-B we develop tight bounds
on the instantaneous BER. Finally, in Section V-C we develop
tight bounds on the average BER by averaging over the PDFs
of the SNRs.
A. Obtaining 𝑓𝑠¯𝑙 ∣𝑠𝑙 =±1 (𝑥)
To find 𝑓𝑠¯𝑙 ∣𝑠𝑙 =±1 (𝑥), we need first to find the conditional
PDF of the soft-bits 𝑓𝑠˜𝑖,𝑘𝑖 ∣𝑠𝑘𝑖 =±1 (𝑥). From (4), it is easy to see
that the marginal conditional PDFs of 𝑠˜𝑖,𝑗𝐾𝑖 +𝑘 are the same
as those of 𝑠˜𝑖,𝑘 , for 𝑗 = 0, 1, ..., 𝑇𝑖 − 1. Furthermore, from the
similarity of the expression of the bits in the real and imaginary parts, it can be easily shown that the conditional PDF
expression of the soft-bit 𝑠˜𝑖,𝑘 is the same as that of 𝑠˜𝑖,𝑘−𝐾𝑖 /2 ,
for 𝑘 ≥ 𝐾𝑖 /2. Thus, it suffices to provide the conditional
PDFs expression of 𝑠˜𝑖,𝑘𝑖 for 𝑘𝑖 ∈ {0, 1, ..., 𝐾𝑖/2 − 1}, where
𝑘𝑖 = 𝑟𝑒𝑚(𝑙, 𝐾𝑖 /2).
The conditional PDFs of the soft-bits are given by (7) at the
𝐾𝑖
bottom of the this page [6]. In (7), 𝜂𝑖,𝑘𝑖 = 2 2 −𝑘𝑖 𝑑2𝑀𝑖 ∣𝛼𝑖 ∣2
and 𝑛 ∈ {0, 1, ..., 𝐾𝑖 /2 − 1}. The vector 𝝀±
𝑛 contains all the
possible values of ℛ{𝑆 𝑀𝑖 } given that 𝑠𝑛 = ±1.
For high SNR, where ∣𝛼𝑖 ∣2 /𝑁0 >> 1, the truncated
part of the PDF (caused by the absolute value operation in
(4) where 𝑠˜𝑖,𝑘𝑖 > 𝜂𝑖,𝑘𝑖 ) becomes negligible. Applying this
approximation and evaluating the recursive expression in (7)
yields the following approximation
𝑓𝑠˜𝑖,𝑘𝑖 ∣𝑠𝑘𝑖 =±1 (𝑥) ≈ G𝑁𝑖,𝑘𝑖 (𝑥; ±𝝁𝑖,𝑘𝑖 , 𝑑2𝑀𝑖 ∣𝛼𝑖 ∣2 𝑁0 /2).

(8)

In (8), the 𝑚th element of the vector 𝝁𝑖,𝑘𝑖 is given by
(9)
𝝁𝑖,𝑘𝑖 (𝑚) = (2𝑚 + 1)∣𝛼𝑖 ∣2 𝑑2𝑀𝑖 ,
√
where 𝑚 ∈ {0, ..., 𝑁𝑖,𝑘𝑖 − 1} and 𝑁𝑖,𝑘𝑖 = 𝑀𝑖 /2𝑘𝑖 +1 .
Equation (8) shows that the conditional PDF of the soft-bits
is well approximated by a Gaussian mixture and the number

𝑓
(𝑥) =
⎧𝑠˜𝑖,𝑘𝑖 ∣𝑠𝑛 =±1 √𝑀 /2
2 2
2
G 𝑖 (𝑥; 𝝀±
𝑘𝑖 = 0,
⎨
𝑛 𝑑𝑀𝑖 ∣𝛼𝑖 ∣ , 𝑑𝑀𝑖 ∣𝛼𝑖 ∣ 𝑁0 /2),
𝑓𝑠˜𝑖,𝑘𝑖 −1 ∣𝑠𝑖,𝑛 =±1 (𝑥 − 𝜂𝑖,𝑘𝑖 ) + 𝑓𝑠˜𝑖,𝑘𝑖 −1 ∣𝑠𝑖,𝑛 =±1 (−𝑥 + 𝜂𝑖,𝑘𝑖 ), 0 < 𝑘𝑖 ≤ 𝐾2𝑖 − 1, 𝑥 ≤ 𝜂𝑖,𝑘𝑖 ,
⎩
0,
0 < 𝑘𝑖 ≤ 𝐾2𝑖 − 1, 𝑥 > 𝜂𝑖,𝑘𝑖 .
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of components of the mixture 𝑁𝑖,𝑘 depends on the position
of the soft-bit 𝑘𝑖 and the modulation level 𝑀𝑖 . The high
accuracy of (8) is demonstrated in [12, pp. 36-40]. Using the
approximation given by (8), it can be shown that 𝑓𝑠¯𝑙 ∣𝑠𝑙 =±1 (𝑥)
can be expressed as follows
(10)

the modulation levels of the signals to be combined. This
again shows the similarities between conventional MRC and
SBMRC. It is important to note that the argument of the 𝑄
function is independent of the index 𝑙.
By substituting (15) and (13) in (12), we get
√
√
(17)
𝜏 𝑄( 2𝛾𝑜𝑢𝑡 ) < 𝐵𝐸𝑅𝑖𝑛𝑠𝑡 < 𝑄( 2𝛾𝑜𝑢𝑡 ),

𝑑2𝑀𝑖 ∣𝛼𝑖 ∣2 𝑁0 /2, and 𝝁𝑠¯𝑙

where 𝜏 is a constant that is related to the modulation levels
of the signals to be combined and it is given by

𝑓𝑠¯𝑙 ∣𝑠𝑙 =±1 (𝑥) ≈ G𝑁𝑠¯𝑙 (𝑥, ±𝝁𝒔¯𝒍 , 𝜎𝑠2¯𝑙 ),
where 𝑁𝑠¯𝑙 =

𝐿−1
∏
𝑖=0

𝑁𝑖,𝑘𝑖 , 𝜎𝑠2¯𝑙 =

𝐿−1
∑
𝑖=0

is a 1 × 𝑁𝑠¯𝑙 vector that consists of the 𝑁𝑠¯𝑙 summands in the
𝑁∑
𝑁∑
𝐿−1
0 −1
expression
...
𝜋𝑗0 ,𝑗1 ,...,𝑗𝐿−1 where 𝜋𝑗0 ,𝑗1 ,...,𝑗𝐿−1 =
𝐿−1
∑
𝑖=0

𝑗0 =0

limitation and can be found in [12, pp. 42-43].
B. Finding the instantaneous 𝐵𝐸𝑅
Assuming an equiprobable source (i.e., 𝑝(𝑠𝑙 = 1) = 𝑝(𝑠𝑙 =
−1) = 12 ), the instantaneous BER can be written as
𝐵𝐸𝑅𝑖𝑛𝑠𝑡 =

𝐶−1
1 ∑
𝑝(¯
𝑠𝑙 < 0∣𝑠𝑙 = 1).
𝐶

(11)

𝑙=0

∫0

𝑝(¯
𝑠𝑙 < 0∣𝑠𝑙 = 1) =
=

−∞

𝑁𝑠¯𝑙 −1

∑

𝑖=0

−∞

G𝑁𝑠¯𝑙 (𝑥, 𝝁𝑠¯𝑙 , 𝜎𝑠2¯𝑙 )
= 𝑁1𝑠¯
𝑙

𝑔(𝑥, 𝜇𝑠¯𝑙 ,𝑖 ,𝜎𝑠2¯𝑙 )

𝑁𝑠¯𝑙 −1

∑

𝑖=0

𝜇
𝑄( 𝜎𝑠¯𝑠¯𝑙 ,𝑖 )
𝑙

.

(12)
Because the 𝑄 function is a positive monotonic decreasing
function, the previous expression can be bounded as follow
min(𝝁𝑠¯𝑙 )
min(𝝁𝑠¯𝑙 )
1
𝑄(
) < 𝑝(¯
𝑠𝑙 < 0∣𝑠𝑙 = 1) < 𝑄(
).
𝑁𝑠¯𝑙
𝜎𝑠¯𝑙
𝜎𝑠¯𝑙
(13)
Since the 𝑄 function dies out exponentially, the lower bound
becomes very tight for high 𝛾𝑖 . Note that in the previous bound
we only need to evaluate min(𝝁𝑠¯𝑙 ), rather than evaluating all
the elements of 𝝁𝒔¯𝒍 .
It is not difficult to find that
min(𝝁𝑠¯𝑙 ) =

𝐿−1
∑

∣𝛼𝑖 ∣2 𝑑2𝑀𝑖 .

(14)

𝑖=0

Using the previous expression, the argument of the 𝑄 function
in (13) can be written as
√
𝐿−1
∑

min(𝝁𝑠¯𝑙 )/𝜎𝑠¯𝑙 =

√

𝑖=0

𝐿−1
∑

∣𝛼𝑖 ∣2 𝑑2𝑀

𝑖

∣𝛼𝑖 ∣2 𝑑2𝑀 𝑁0 /2

𝐿−1
∑

=

𝑖=0

∣𝛼𝑖 ∣2 𝑑2𝑀

𝑖

𝑁0 /2

𝑖
√𝑖=0
𝐿−1
∑ 2
√
= 2
𝑑𝑀𝑖 𝛾𝑖 = 2𝛾𝑜𝑢𝑡 ,

𝑖=0

where
𝛾𝑜𝑢𝑡 =

𝑑2𝑀𝑖 𝛾𝑖 .

(18)

𝑙=0

For example, 𝜏 = 0.75 for combining QPSK and 16-QAM,
𝜏 = 0.5833 for combining QPSK and 64-QAM and 𝜏 = 0.5
for combining 16-QAM and 64-QAM or for combining QPSK,
16-QAM and 64-QAM.
From the bounds on the 𝐵𝐸𝑅𝑖𝑛𝑠𝑡 given by (17), we can
make the following observations:
1) Recall that 𝐵𝐸𝑅𝑖𝑛𝑠𝑡 for MRC, where the signals to
be combined have√the same modulation level 𝑀 , is
𝐿−1
∑
𝛾𝑖 ) [7], which means that
proportional to 𝑄( 2𝑑2𝑀
both the SBMRC and MRC achieve the same postprocessing SNR in this case.
2) Let 𝛾(𝑖) denotes the 𝑖th smallest 𝛾𝑖 , i.e., 𝛾(0) ≤ 𝛾(1) ≤
... ≤ 𝛾(𝐿−1) . If {𝛾(𝑖) }𝐿−1
𝑖=0 are known at the BS,
then, to maximize the post-processing SNR at UT,
the modulation levels should be assigned such that
𝑑𝑀(0) ≤ 𝑑𝑀(1) ≤ ... ≤ 𝑑𝑀(𝐿−1) , which means that
𝑀(0) ≥ 𝑀(1) ≥ ... ≥ 𝑀(𝐿−1) . In other words,
lower modulation levels should be used in the links that
experience better channel conditions, and vice versa.
Note that this rule is reversed in conventional AMC
without diversity combining.
C. Finding the average 𝐵𝐸𝑅
To get bounds on the average BER, the expression in (17)
is averaged over the PDF of 𝛾𝑜𝑢𝑡 . Because of the similarity
between the output SNR expression for SBMRC and for
classical MRC, the same procedure for finding the average
BER (when MRC is employed) can be used. The details of
this procedure are given in [7], and only the final result is
shown here. The average BER can be bounded as
√
[
]
𝐿−1
∑
𝑑2𝑀 𝛾
¯𝑖
1
𝑖
𝜋𝑖 1 − 1+𝑑2 𝛾¯𝑖 ,
𝐵𝐸𝑅 > 2 𝜏
𝑀𝑖
𝑖=0 [
√
]
(19)
𝐿−1
2 𝛾
∑
𝑑
¯
𝑀𝑖 𝑖
𝜋𝑖 1 − 1+𝑑
𝐵𝐸𝑅 < 12
,
2 𝛾
¯𝑖
𝑀𝑖

𝑖=0

where 𝜋𝑖 =
(15)

𝐿−1
∑

𝐶−1
1 ∑ 1
.
𝐶
𝑁𝑠¯𝑙

𝑖=0

Using (10), 𝑝(¯
𝑠𝑙 < 0∣𝑠𝑙 = 1) can be expressed as

1
𝑁𝑠¯𝑙

𝜏=

𝑗𝐿−1 =0

𝜇𝑖,𝑗𝑖 . The derivation of (10) is omitted due to space

∫0
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(16)

𝑖=0

This suggest that the output SNR of the SBMRC is a weighted
sum of the individual SNRs, and these weights depend on

𝐿−1
∏
𝑗=0,𝑗∕=𝑖

¯𝑖
𝑑2𝑀𝑖 𝛾
𝑑2𝑀 𝛾
¯𝑖 −𝑑2𝑀 𝛾
¯𝑗
𝑖

.

𝑗

These bounds can be approximated for 𝛾𝑖 ≫ 1 as
(
) 𝐿−1
∏
2𝐿 − 1
1
𝐵𝐸𝑅 > 𝜏
(
)SNR−𝐿 ,
4𝑑2𝑀 𝜎𝑖2
𝐿
𝑖
𝑖=0
(
) 𝐿−1
∏
2𝐿 − 1
1
𝐵𝐸𝑅 <
(
)SNR−𝐿 .
4𝑑2𝑀 𝜎𝑖2
𝐿
𝑖
𝑖=0

Authorized licensed use limited to: Carleton University. Downloaded on October 28, 2009 at 12:22 from IEEE Xplore. Restrictions apply.

(20)

4938

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 8, NO. 10, OCTOBER 2009

TABLE I
LOSS IN SNR (dB) AT BER=10-3 FOR SC AND SBMRC
IN COMPARISON TO THE OPTIMUM MLD.

(M0=4,M1=4)

−1

10

(M =4,M =16)
0

(M =16,M =16)

−2

Scheme

SC

1

(M0=4,M1=64)
0

10

SBMRC

1

(M0=16,M1=64)
(M =64,M =64)
0

Scenario
2.30

0.02

M0=4, M1=64

4.10

0.09

M0=16, M1=64

2.73

0.08

M0=4, M1=4, M2=16

3.49

0.07

M0=4, M1=4, M2=64

6.48

0.27

M0=4, M1=16, M2=16

3.36

0.09

M0=16, M1=16, M2=64

3.93

0.13

M0=16, M1=64, M2=64

3.63

0.09
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Fig. 3. BER performance of diversity combining using SBMRC, for 𝐿 = 2.
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The upper bound in (20) gives an explicit proof that the
SBMRC achieves a diversity order of 𝐿, i.e., full diversity
(as expected). As stated earlier, the lower bound is very tight
for high SNR and can be used as a very good approximation
of BER.
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0
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10

0

1

2

Lower Bound

VI. A NALYTICAL AND S IMULATION R ESULTS
To compare the performance of conventional selection combining (SC), SBMRC, and MLD, we consider relay networks
with 𝐿=2 (single relay) and 𝐿=3 (two relays). For the sake of
presentation, we assume the average channel conditions to be
the same in all the links, i.e., 𝛾¯𝑖 = 𝛾¯ for 𝑖 ∈ {0, 1, ..., 𝐿 − 1}.
Table I shows the loss in SNR of all schemes compared to the
optimum MLD scheme for different scenarios. The SC suffers
from high performance loss that ranges from 2.3 to 6.48 dB
depending on the scenario. On the other hand, SBMRC has
very close performance to the MLD scheme (degradation is
less than 0.3 dB). Note that the loss in SNR is measured
at a BER of 10−3 which is a reasonable value for uncoded
schemes. Nevertheless, it is observed that the loss in SNR
for SBMRC vanishes at very low BER. For these reasons,
SBMRC is the most attractive scheme from the practical
point of view; it is very simple to implement, with negligible
performance degradation compared to the MLD scheme.
Fig. 3 and Fig. 4 show the simulation results for the BER
performance of SBMRC for combining signals with different
modulation levels, for one and two relays, respectively. The
lower bound given by (19) is evaluated for each scenario and
plotted in the same figure. It is clear that the lower bound
is very tight for all scenarios and it can be used as a very
good approximation for evaluating the BER for SBMRC. This
validates the accuracy of approximating the conditional PDF
by a Gaussian mixture.
It is also clear that all curves in Fig. 3 decay two orders of
magnitude per decade (diversity order of 2) and all curves in
Fig. 4 decay three orders of magnitude per decade (diversity
order of 3). Consequently, SBMRC achieves full diversity, as
proven by (20).

−5

10

−6

10

0

5

10

15

20

25

30

35

γ̄ (dB)

Fig. 4. BER performance of diversity combining using SBMRC, for 𝐿 = 3.

In Fig. 5, we compare the BER performance of SBMRC
with SC , in single-relay and two-relay networks with {𝑀0 =
4, 𝑀1 = 64}, and {𝑀0 = 4, 𝑀1 = 16, 𝑀2 = 64},
respectively. We observe that both schemes achieve the same
diversity order. However, SBMRC achieves a higher SNR gain
(or coding gain) represented by a horizontal shift to the left
of the BER curve compared to SC. SBMRC has an SNR gain
of about 3.8 dB and 5.2 dB, over SC, in the first and second
scenarios, respectively.
VII. C ONCLUSIONS
In the recent literature, diversity combining of signals with
different modulation levels in cooperative relay networks has
been addressed by means of selection combining, which is far
from optimal. SBMRC is a low complexity scheme for diversity combining of signals with different modulation levels.
SBMRC exhibits BER performance that is very close to that of
the optimal MLD, with much reduced complexity. In addition
to presenting simulation results of the BER performance of
SBMRC, a very tight lower bound is derived for the BER
expression of SBMRC. Since SBMRC has BER performance
slightly inferior to that of the MLD, the derived lower bound
can also be used as a very good approximation for the BER
of MLD.
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