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Abstract—This paper studies selective relaying schemes based
on signal-to-noise-ratio (SNR) to minimize the end-to-end (e2e)
bit error rate (BER) in cooperative digital relaying systems using
BPSK modulation. In the SNR-based selective relaying, the relay
either retransmits or remains silent depending on the SNRs of
the source-relay, relay-destination, and source-destination links.
Different models assuming the availability of different sets of
instantaneous and average SNR information at the relay are
studied. For each model, the optimal strategy to minimize the e2e
BER is a different threshold rule on the source-relay SNR, if the
link SNRs are uncorrelated in time and space. Approximations
for the optimal threshold values that minimize the e2e BER and
the resulting performance are derived analytically for BPSK
modulation. Using the derived threshold the e2e BER can be
reduced significantly compared to simple digital relaying. By
studying the performance under different models, it is shown
that knowledge of the instantaneous source-destination SNR at
the relay can be exploited. The gain from this knowledge is higher
when the average source-destination SNR is large. However,
knowledge of the instantaneous relay-destination SNR at the
relay does not change performance significantly.

Index Terms—Multihop communication, cooperative diversity,
threshold based digital relaying, selective digital relaying, SNR
based selective relaying.

I. INTRODUCTION

N wireless networks, multihop relaying improves average

link SNRs by replacing longer hops with multiple shorter
hops. Relay transmissions are also used to induce coopera-
tive diversity, which can increase system reliability without
relying on multiple antennas. Several relaying schemes to
realize cooperative diversity have been proposed in [1] and
[2]. Cooperative relaying schemes are classified as digital or
analog depending on the level of signal processing performed
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at the relay. In digital relaying the relay detects and then
retransmits the detected signal, whereas in analog relaying the
relay amplifies and retransmits the received signal. This work
focuses on digital cooperative relaying.

In digital cooperative relaying, if the relay detection is cor-
rect, the destination receives the signal through two branches
(from the source and the relay) thereby achieves diversity by
combining them. However, if the relay has a detection error,
the effective SNR at the destination after combining is signifi-
cantly reduced. This phenomenon is called error propagation.
The e2e performance of simple digital relaying, where the
relay always retransmits, is limited by error propagation.

The relay can forward the data selectively in order to reduce
the probability of error propagation. One measure that can be
used for forwarding decisions is the link SNR. If the received
SNR at the relay is low, the data is likely to have errors and
hence the relay discards the data. In many wireless appli-
cations, relaying schemes might incorporate channel coding
techniques. In this case, other measures of reliability that are
extracted from the received signal at the relay can be used in
conjunction with SNR [3].

If the reliability information is extracted from the received
data, the relay is required to perform channel estimation,
demodulation, and then error detection for each data block
before making a forwarding decision. These operations cause
additional delay and extra power consumption even if the
relay eventually decides not to transmit. In cellular systems,
the amount of power consumed by the terminals in receive
mode is less significant compared to that in transmit mode.
However, these two power levels are comparable in low power
devices such as battery powered sensor nodes [4]. In SNR-
based selective relaying, the relaying decisions are simpler
and remain the same for a time duration in the scale of the
channel coherence time in the network. Thus, when the source-
relay SNR is low, the relay can be put into sleep mode. More
importantly, sensor networks can adopt uncoded transmission
or avoid decoding at the relay due to resource constraints [5],
[6]. Hence, in networks that include nodes with a wide range
of computation and communication capabilities, SNR-based
relaying can be desirable in order not to isolate the nodes
with scarce power and limited computational capability. SNR-
based selective relaying is especially suited for applications
where either uncoded transmission is used, or the relaying
and channel coding are required to be transparent to each
other, or the delay and the power consumption incurred for
extracting the reliability information from the received data
are significant.
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In this paper we address the design of SNR-based relaying
policies for cooperative two-hop networks employing uncoded
BPSK signaling. These polices minimize the e2e BER and
lead to threshold rules for the source-relay link. The relay
transmits only if the source-relay SNR is above this threshold.
The choice of the threshold has considerable impact on the
e2e performance of the cooperative diversity schemes. For
instance, consider a relay detection threshold value of zero.
This protocol is akin to simple digital relaying and its diversity
order is equal to one [7]. On the other hand, for a very high
threshold setting, the system degenerates to one path channel,
which is the source-destination channel and dual diversity is
not realized.

We formulate the selection of the optimal threshold as
a simple decision problem from the relay’s point of view.
Four models that differ in the amount of SNR information
available at the relay are considered. In the first model,
Model 1, the relay makes decisions based on the instantaneous
source-relay SNR, the average relay-destination SNR, and the
average source-destination SNR. Model 2 assumes that the
instantaneous SNR of source-relay and relay-destination links
are available to the relay while Model 3 assumes that the
instantaneous SNR of the source-relay and source-destination
links are available to the relay. Finally, Model 4 assumes
that the relay knows the instantaneous SNRs of all three
links. Expressions for the optimal threshold values® and the
minimum e2e BER are derived for Rayleigh fading and BPSK
modulation.

For all the models considered, although the e2e BERs
depend on the average SNR of all three links, the optimal
threshold values that minimize the e2e BER are functions
of the relay-destination and source-destination link SNRs
only. For all the models, it is shown that using the derived
threshold values results in significant improvement of the e2e
BER compared to simple digital relaying. By analyzing the
performance under four different models, we observe that
having the instantaneous source-destination SNR information
for relaying decisions reduces the e2e BER. The gain from
this information is higher when the source-destination link
is stronger. However, the gain from instantaneous relay-
destination SNR is negligible in most cases. We also compare
the performance of the SNR based selective relaying to a per-
formance upper bound that assumes perfect error detection for
each symbol, which is not necessarily achievable in practice.
The gap between the performance of selective relaying and
this upper bound suggests that hybrid schemes that incorporate
selective relaying at the relay and smarter detection methods
at the destination could provide for further improved e2e BER
performance.

The rest of this paper is organized as follows: In Section I,
related literature is discussed. The system model is presented
in Section 11l and the optimal threshold and the e2e BER for
selective relaying schemes are analyzed in Section IV. In Sec-
tion V, performance benchmarks are described and numerical
examples on the e2e BER performance are presented. The
paper concludes with a summary of our findings.

LFor the first three models we derive approximations to the optimal
thresholds and for Model 4 we derive an exact expression for the optimal
threshold.
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Il. RELATED WORK

The trade-off between creating the required diversity
branches to the destination and minimizing the risk of error
propagation has motivated research on SNR-based threshold
relaying [1], [8]-[10]. Some studies considered a system with
ideal coding, where no error occurs at the relay as long as
source-relay SNR is larger than a target SNR which depends
on a specified target rate [1], [11]. This assumption implies
that the SNR threshold for relaying must be equal to the target
SNR. Herhold et al. studied SNR-based threshold relaying for
an uncoded system [8]. In this work, the authors formulate
the power allocation and threshold selection jointly. They
numerically obtain power allocation fraction and threshold
pairs that minimize the e2e BER for a given modulation
scheme used by the source and the relay. Based on these
numerical results, they also provide empirical rules to ap-
proximate the optimal parameters. In [9], the performance of
threshold relaying in a multi-antenna multi-relay architecture
is studied. It is shown that threshold relaying is essential
in uncoded systems when the relay has a small number of
receive antennas. In [8], the threshold — if used jointly with the
optimal power fraction — is a function of the average SNRs of
the source-relay, relay-destination and source-destination links
while in [9] the threshold depends on the average SNR of the
source-relay link only. Our analytical formulation shows that
for arbitrary network configurations and given fixed transmit
powers used by the source and the relay, the optimal threshold
is independent of the average source-relay SNR.

In [10], the authors derive the BER of threshold-based
relaying for an arbitrary threshold value and obtain the optimal
threshold and power allocation by minimizing the BER numer-
ically. However, their assumption that the channel coefficients
are real Gaussian random variables does not apply to practical
wireless scenarios.

Lin et al. [12] study the relay selection problem in the
context of coded cooperation. The authors derive the criteria
for selecting one of the available relays. If none of the relays
is selected, the system reduces to direct transmission from the
source. The relay selection is valid for a long period of time,
which is longer than the duration of small scale fading. Hence,
the relay selection is made based on the average link SNRs.

The idea of selective relaying, or on-off relaying, can be
generalized to the adaptation of relay transmit power. In [13]
and [14], the authors consider a scheme to control the relay
power adaptively based on the link SNRs in order to mitigate
error propagation. They propose a scaling factor for relay
power that is based on the source-relay and relay-destination
SNRs. In these papers, it is reported that if the relay power
can be controlled continuously, the proposed scaling factor
achieves full diversity. It is also claimed that the proposed
scheme has no diversity gain if the relay can only perform
on-off power control, i.e., selective relaying. The numerical
results of our present paper hints that the latter conclusion is
due to the particular choice of the scaling factor rather than
the limitation of on-off power control; we observe that, if it is
done intelligently, on-off power control can increase the slope
of the e2e BER curve, (i.e., the diversity order) compared to
simple digital relaying. In [15], it is shown that the SNR-based
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selective relaying achieves dual diversity.

An alternative approach to mitigate error propagation is to
design the destination receiver by taking error propagation
into account. In [16], cooperative demodulation techniques
for a two-hop parallel relaying system are considered. In this
system, the relays always retransmit, which would result in a
diversity order of 1 under simple maximal ratio combining
(MRC) at the destination. The authors propose maximum-
likelihood combining and demodulation at the destination
assuming that the destination knows the average bit error
probability at each relay during the first hop. They derive
ML receivers and piecewise linear approximations to ML
receivers for different relaying schemes. They show that in
digital relaying systems these receivers can achieve a diversity
order of (M +1)/2 = d = M/2 + 1 for M even and
d = (M +1)/2 for M odd, where M — 1 is the number
of relays. In addition, it is shown that with a single relay
diversity order of 2 can be achieved.

Wang et al. [17] propose a novel combining scheme that can
be employed at the destination for digital parallel relaying.
This scheme, which is called Cooperative-MRC (C-MRC),
exploits the instantaneous BER of source-relay links at the
destination. The C-MRC can achieve full diversity in uncoded
digital relaying systems. However, it requires the relays to send
their instantaneous BER values to the destination.

The models used by [16] and [17] both place the computing
burden on the destination while keeping the relays relatively
simple. In our model, however, the relay implicitly participates
in combining the two branches; the relay assigns weight
zero to the relay-destination signal by remaining silent. Then,
the destination performs MRC. Avoiding transmissions from
branches that make little contribution to the post-processing
SNR can reduce interference in the network. Furthermore,
in threshold relaying the instantaneous source-relay SNR is
exploited at the relay while C-MRC needs the instantaneous
source-relay SNR at the destination, which requires additional
signaling.

I1l. SYSTEM MODEL

The network model is shown in Fig. 1. It includes a source
node S, a destination node D, and a relay node R that assists
the communication between S and D. For clarity of exposi-
tion, it is assumed that all the links use BPSK modulation.
Appendix C provides a sketch for the extension of some of
the analysis to MPSK. S and R work in time division mode
in accordance with the half-duplex constraint. This constraint
prohibits most practical relay terminals from transmitting and
receiving simultaneously on the same channel. The protocol
has two phases: In phase 1, S transmits and R and D listen. In
phase 2, R detects the signal and either retransmits, in which
case S is silent, or declares that it will remain silent and S
starts phase 1 with the next data. If R retransmits in phase 2,
D combines the signals received in phase 1 and phase 2 using
MRC and performs detection based on the combined signal.

Let the signal received at the destination from the source
be denoted by ysq.

Ysd = Osd g,sxs + Ngq, ®
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Fig. 1. The system model.

where xs  {+1,—1}, Eps is the energy per bit spent by
the source, 0gq is the fading coefficient and ngq is a complex
Gaussian random variable with zero mean and a variance of
No/2. Similarly, the signal received at the relay is equal to
Ysr = Osr  Ep s Xs + Ngr. If the relay transmits, the received
signal at the destination as a result of this transmission is given

by

Yrd = Ord  Ep,r Xr + Npg, 2

where X,  {+1, —1} is the symbol sent by the relay based on
its detection of xs and Ep, ¢ is the energy per bit spent by the
relay. The noise components nsy, Ny, and Ngg are assumed
to be i.i.d. random variables. The instantaneous link SNRs are
equal to ysy = |asr|2Eb,s/N0y Yrd = |ard|2Eb,r/N0: and
Ysd = |0sd|>Eb,s/No. All the links are assumed to exhibit flat
fading with Rayleigh envelope distribution. However, some of
the analysis in the paper is general and not limited to Rayleigh
distribution. We assume that both E, s and E,  are fixed,
predetermined values. Hence, the instantaneous link SNRs can
be expressed as yij = of; X7, where X7 is an exponential
random variable and o 'is the average SNR. All X3’s are
independently and identically distributed with unit mean. The
pdf of yij is then given by py,; (vij) = (1/0%;) exp(—vij/05;)
for yij = 0. The average SNR oizj, incorporates the energy
per bit spent by node i and the path loss between node i
and node j. Hence, the average SNR of S-R, R-D, and S-D
links, denoted by 02, 02,, and 02, respectively, are known
parameters that are not necessarily identical but constant for
at least the duration of the two phases.

The channel states remain constant during phase 1 and
phase 2. The two phases constitute one block. We assume
that the channel states are either independent from block to
block or their correlation is not exploited. We assume that the
CSl is available at the receiver side for all three links and the
signal is demodulated coherently. We consider various models
with different levels of adaptation in relaying decisions. In
these models, the relay makes use of either the mean or the
instantaneous SNR for each link. In Model j, the relay uses
the set of parameters denoted by S;, where j = 1,2,3,4, to
make relaying decisions. The following sets are considered:

S = {Vsry Ofd, Ogd}y Sy = {ysr: Yrd, Ogd},
Sz = {Ysr, 0%, Ysa}» and Sz = {Ysr, Yrd, Ysd}-

How well a relaying configuration can adapt to varying
channel conditions depends on the information used by the
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relay. In general, the average SNR values change much
more slowly than the instantaneous values. Although a more
adaptive scheme is expected to perform better, a system using
average channel characteristics is easier to implement since it
requires less frequent updates to resource allocations. Another
challenge is to acquire the necessary channel state information
(CSI) at the relay. Since the relay is the receiver in the S-R
link, it can estimate ys, and additional CSI overhead of Model
1 is minimal. Model 2 requires the relay to make decisions
based on the instantaneous SNR of its forward channel yrq.
Thus, a feedback channel from D to R might be necessary.
Similarly, Model 3 requires ysq, Which can be estimated in
the first phase at D and can be sent to R through the same
feedback channel. Model 4 has the highest complexity since
it requires that both yrq and ysq are sent to R by D. The
analysis in this paper focuses on the best possible performance
under the different models. Therefore, we assume that the CSI
required by each model is available at the relay.

In the rest of the paper we use the following definitions
and notation. The error events in the S-R and S-D links are
denoted by Es, and Egq, respectively. The event that an error
occurs after the destination combines the source signal and the
incorrectly regenerated relay signal is referred to as error prop-
agation and is denoted by Eprop. We use the term cooperative
error for the event that an error occurs after the destination
combines the source signal and the correctly regenerated relay
signal. The cooperative error event is denoted by Ecoop. The
BERs for BPSK in point-to-point links conditioned on the
instantaneous link SNR and average link SNR are denoted by
BERawgn (Yij) and BERray(oizj), respectively, and are given
by [18, pp. 817-818]

P(EijlYij) = BERawgn(Yij) = Q( 2yij) and
1o %
1+o0;

P(Eijl05) = BERray(05) = )

T2
where the Q function is defined as Q(x) = .~ x%e_zz/zdz.

The function used to calculate the optimal threshold value
for Model j is denoted by f;; the policy used by the relay to
make forwarding decisions is denoted by 1; and the e2e bit
error probability calculated at the relay based on the link SNR
observations Sj when the relay follows policy 1 is denoted
by P{Ec2¢|Sj, m(Sj)}. The average e2e BER of the optimal
relaying under Model j is denoted by BERSZ)E.

IV. ANALYSIS OF THE SNR-BASED SELECTIVE RELAYING

There are two actions that can be taken by the relay node:
ap, Which represents remaining silent and a1, which represents
detecting and retransmitting the source signal. In this work,
we focus on analyzing the potential of selective relaying to
prevent error propagation and to decrease e2e BER. The relay
makes decisions to minimize the expected e2e error probability
with given SNR observations.?

2If the relay retransmits in phase 2, the overall transmission uses more
bandwidth and more power compared to direct transmission. To keep the
analysis tractable these factors are not taken into account in relaying decisions.
However, any selective relaying scheme compares favorably to simple relaying
in terms multiplexing loss and total average power.
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Then, the relaying policy that minimizes the e2e BER is
given by

m (Sj) = arg N r{glor’]al} P{Ee2¢lS;j. ai},
which can be expressed as
P{EeZelsj ,ao} a0 P{EeZelsj ,ar}. 4

This policy is optimal for minimizing the e2e BER for mem-
oryless fading channels. The result could be different if link
SNRs were correlated in time and the previous instantaneous
SNR values were fed back to the relay.

If the relay does not forward the signal received in the first
hop, the e2e bit error probability for the block depends only
on the S-D channel: P{Ee2¢|Sj, a0} = P{Esa|Sj}. If the relay
does forward, we can express the e2e bit error probability as

F){Ee2e|sj ) al}zp{Esr|Sj } F){Eprop|sj }
+(1 - P{Esr|Sj }) P{Ecoop|Sj } (5)
By substituting (5) into (4), we obtain
a0 P{Esdlsj} - P{Ecooplsj }
P{Esr|S; . 6
{ sr| J}al P{Eprop|sj} - P{Ecoop|sj} ( )

The derivation up to this point is not specific to Rayleigh
channels and is valid under any SNR distribution.

A. Probability of Cooperative Error

Since the destination employs MRC, the SNR after com-
bining the two signals is the sum of the SNRs of the S-D and
the R-D channels. If the relay has S4 = {Ysr,Yrd,Ysd}, the
probability of cooperative error calculated at the relay is equal
to

P{Ecoop|S4}:P{Ecoop|Vrdy Ysd} = BERawgn(yrd + VYsd)
=Q 2(Yrd + Ysd) - )

The cooperative error probability given Sz = {ysr, 024, YsdJ},
is equal to

P{Ecoop|83} = P{Ecoop|0$d, Ysd}

=Eyq Q  2(Ysd * Yrd) (8)
[ee] 1 _ -
S-eVr/%Q  2(yra *+Ysa) yra  (9)
0 0-rd \/
= g¥sd/0%g %e_t/f’?—dQ 2t dt
vsa Ord

= eYsa/%ah(ysq, 0%y), (10)

where we use change of variables to,gbtain (10) from (9) and
define h(.,.) as h(x,y) = . 1Q( 2t)e*¥dt. This func-
tion can be calculated in terms of Q function (See Appendix A
for the derivation.) :

h(x,y)=e Y Vax - Yy 1
M=ZETTRE 2= 5 Q. X 1+ 7

(11)
Similarly, the cooperative error for S = {Ysr, Yra, 034}
is equal to P{Ecoop|S2} = Eyeq Q  2(Ysd +Yra) . Since
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this expression is the same as (8) with yr4 and ysq exchanged,
P{Ecooplsz} is given by

P{Ecooplsz} = P{Ecooplyrd, O'Sd}
=Byoy Q  2Ysa*+Yra) = eV h(yra, 0%)(12)

If the relay utilizes only S; = {ysr, 024, 0%} to make
decisions, then the probability of cooperative error is equal
to the BER of a 2-branch MRC receiver in Rayleigh fading,
which is given as [18, pp. 846-847]

P{Ecooplsl} = P{Ecooplcgd: Ogd}

= Eyeayra Q 2(Ysd + Yrd)
2 2 2
l — Ord l Ord 2 = 2 .
;1 1+02, 1+3 16k + Ora = Osa;
= 1 — 1 2 04 _ 42 g
2 1 0%4—0rq Osd 1+, Ord 1+0py

2 — 2
Org = Ogg-

B. Approximate Expression for the Probability of Error Prop-
agation

Without loss of generality, we assume that the source sends
the symbol xs = +1 and the relay sends the symbol x, =
—1. The error occurs if the destination decides that —1 was
sent by the source. The decision variable after the destination
combines the received signals (given in (1) and (2)) using
MRC is given by:

a E a E
sd b,s rd b,r
= d+ d
y No Ys No Yr
_ |asd|2Eb,s _ |ard|2Eb,r + Gsd Eb,s Neg
= s
No No No
a Ep
+ rd ,r Nrd
No

=(Ysd — Yra) + 1, (13)
where N is the effective noise. The mean and the variance
of fi are equal to E[A] = 0 and E[|fi|?] = 2(Ysa + Vra).
The decision rule at the destination is to declare +1 if
y = 0. Then, the probability of error propagation under
S4 = {V¥sr, Yrd, Ysd} is equal to

P{Eprop|S4}=P{Eprop|Vrd, Ysd} = P{y <Ol|Yrd, Ysa}
=P {1 > (Ysd — Yrd)IYrd: Ysd}
Ysd — Yrd
(Ysd + Yrd)/2

The probability of error propagation under S; =
{Ysr. 024, Ysa} can be found by averaging (14) with
respect t0 Yrqg

P{Eprop|53}=P{Eprop|0$dy Ysd} = Eyra [P{Eproph/sd, Yrd}]

— < ySd - Vrd 1 -y d/0'2
0 © (Vsd + Yra)/2  Opq M)
Similarly
P{Eprop|82}=P{Eprop|yrd, 0§d}
_ * Ysd — Yrd 1 —Vsa/ G2
= - = @ ¥Ysd/Osd( , 16
0o O GmrvaZ % Vea (19)
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and

P{EproplS1} = P{Epropl0Zy, 024}

— < Ysd — Yrd 1 —ysa/02,
o 0 (Ysd + Vra)/2 02407
xg~Yrd/o%g dysqdyrg.
17)

Due to the complexity of the exact expressions given in
(15)-(17), we provide approximate expressions for calculating
the probability of error propagation for these models. Equation
(13) shows that, if relay forwards an incorrect signal, this has
a strong impact on the decision variable y. For instance, for
Yrd = Ysd, the post-combining SNR is close to zero even if
both yrq and ysq are large. Assuming that the incorrect relay
signal - not the noise term - is the dominant factor that causes
the decision variable y to be negative, we approximate the
probability of error by the probability of {ysq — Yra < 0}.

For Sz, using the fact that y,q is an exponential random
variable with mean 02, we obtain the approximate probability
of error as

P{EproplS3}=P{Ysd — Yra < 0|0’?d, Ysd}

1 . 2 — 2
—-e7Yra/%d dy,q = e V=d/%ra_ (18)
Ysd Ord

Similarly for S,

P{Eprop|52}:P{ysd = ¥Yrd < 0]Yrd, 0§d}
Yrd 1
= e YOl dygy = 1— e Vra/%% (19)
0 Osd

For S1, since ysqg and yrq are independent, we obtain

— 2 2
P{Eprop|S1} = P{Ysd — Yra < 0074, 054}
Yrd 1 /o2 /62
= > @ Ysd/Osgp~™Yrd Urddysd dyrd
0 0 0O540rq
2
— Ord
2 2
0sd + 0rd

(20)

To check the accuracy of these approximations at practical
SNR values, we compare them with the exact values obtained
through the numerical integration of (15)-(17). Fig.s 2-4 show
that all three approximations are reasonably accurate for a
large range of SNR values.

C. Optimal Threshold Functions and Average e2e BER for
SNR-based Selective Relaying

In this section, the optimal decision rule given in (6) is
evaluated for all the models using the probability of er-
ror propagation and cooperative error expressions derived in
Section IV-A and Section IV-B. All the rules simplify to a
threshold on the instantaneous SNR of the S-R link.
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P{€prop|S3}

10 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16

y,, (dB)

Fig. 2. Comparison of P{Eprop|S3} values obtained from the approximation
in (18) and from the numerical integration of (15) as a function of ygsq for
different ofd values. Exact values are shown in solid lines and approximate
values are shown in dashed lines.

10°
10°
~
% —— 0 =5dB
5 —a— Gsd: 10dB
o _ 2 _
10 —h— 0= 20dB ]
10° ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30
Y4 (dB)

Fig. 3. Comparison of P{Eprop|S2} values obtained from the approximation
in (19) and from the numerical integration of (16) as a function of y,q for
different ogd values. Exact values are shown in solid lines and approximate
values are shown in dashed lines.

1) Relaying based on Model 1: From (6) we obtain the
relaying pollcy for Model 1 as

P{Esrlysr} 51(0rd, o d) where 6, is defined as

P{ESdlsl} - P{Ecooplsl}
P{Eproplsl} - P{Ecoop|sl}

2 2\ —
al(ordi 0sd) -

1 o2 02 o2
[e} sd — 0-2 rd sd
02,—02, ~sd  I+o0Z, rd  I+oZ, 1+02,
= 1
2 2 2
2o 1- —2—2—1 o2 %— —0? %—
ord+0 d 9547 Ord sd  1+0Z, rd  1+oZ,

(21)
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P{€proplS1}

10_ I I I I I
0 5 10 15 20 25 30

0%, (dB)

Fig. 4. Comparison of P{Eprop|S1} values obtained from the approximation
in (20) and from the numerical integration of (17) as a function of 02 for
different 02d values. Exact values are shown in solid lines and apprOX|mate
values are shown in dashed lines.

where (3), (13) and (20) have been used to arrive at (21).
If 81(0%,02%,) > 1/2, the relay should always transmit
since P{Esr|ysr} is always less than 1/2. On the other hand,
if 81(024,02,) < 1/2, the relaying policy can be further
simplified to

(22)

a1 2 2
Ysr a T1(0rg, 054),

where

1(61(0rd1 osd)) 6l(o—rdv osd) = 1/21

2 2 —
f1(07g, 05q) = otherwise

(=N

and Q1(z) denotes the inverse of the Q function, which is
defined for0 <z < 1.

The average e2e BER for Model 1 is derived in (26) (See
Appendix B for all average e2e BER derivations.):

BER(Ze(Gsw Ords sd)

= P{Esdlcsd} 1- exp(_fl(crgd' 0§d)/0§r)

+P{Ecoop|07a, 054} exp(—F1(0%g, 053)/0%,)

+(P{Eprop|0|%d- 0gd} - P{Ecooplogdv ogd})h fl(ogd- Ogd)- Ogr
(23)

An approximate closed-form expression for
BERGL(02,,02,,02,) can be found by substituting (11),
(13), and (20) into (23).

2) Relaying based on Model 2: The optimal decision rule
for the case_ of S, is equal to

P{Esrlysr} 62(\/rd, 02,), where &, is found as

P{Esdlo 4} — P{EcooplYrd, sd}
P{Eproph/rd-csd} P{Ecoop|yrd- sd}

62 (Vrd ’ O-gd):

1 _ _ /02 2
3 1 1+;d§d e¥ra?%sah(yrq, 054)

1 — e Vra/0%y — g¥ra/92ah(y,q, 02,)
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by using (12) and (19). This rule can be expressed as

Ysr a 2(Yrd, Osd),

where

% Q_l(BZ(yrdy ng)) 62(yrd, sd) = 1/2
0, otherwise.

The average e2e BER for Model 2 is given by (28):

BER(Ze(Osr’ gdi sd)
<1

o 2

f2 (YI'd! 0-gd) =

02
1-—- sd 1— —f 02.)/02
T+ 02, (1 — exp(—Ta(yrd, 054)/05r))

+ (1 —e7Vra/O%) — Vra/%%ah(y g, 02y)

*<N(F2(Yra, 024), 02r)

+(1 - e_Vrd/"gd) exp(—f2(Yrd, Ogd)/ogr) Giz
rd

Since the integrals to calculate the average e2e BERs of Model
2, Model 3, and Model 4 are intractable analytically, we use
numerical integration to evaluate them in Section V.

3) Relaying based on Model 3: For Model 3 the optimal
decision rule is given by P{Esr|ysr} 63(0 4+ Ysd), wWhere &3
is equal to

2
evra/%radyyg.

P{Esdlysd} - P{Ecooplogd: Vsd}
P{Ep oplo'.%d, Ysd} — P{Ecooplo'.%d, Ysd}
_ Q( 2ysa) — €¥=2/%a h(ysa, 02,)
eV0/% — e¥e/%a Ny, 02y)

63 (O-Ed ’ ySd)=

This rule is equivalent to

Ysr a T3 (Cﬁd ,Ysd),

where

Fo(@2ye) = 3 QG50 vsa) ©,

(@I

otherwise.

The average e2e BER is given by (29):
BER(ze(osri Ord» sd)
Q( 2ysa)(1 — exp(—Ta(0Zy, Ysa)/05,))

l

+ e7V=a/Ora — e¥=a/Trah(yeg, 0%5) h(Fa(0%, Ysa), 0%)
+est/G$d h(Ysd, ofd) exp(—fs(cfd, ysd)/ogr)

x ize_ysd’ 9% dysg.
Osd
4) Relaying based on Model 4: The optimal decision rule
in the case of Model 4 is P{Esr|ysr} 64(yrd Ysd), Where 84
is equal to

P{EsalYsd} — P{EcooplYrd; Ysd}
P{EproplYrd, Ysd} — P{EcooplYrd, Ysd}

34(Yrd, Ysd)=

QU V) —Q  2Vsa +Vra)
Ysd—VYr _ 7
Q Ml —Q  Vaa+ Vrd)

63(0%1 Ysd) = 1/2;
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and this rule can be expressed as Vsr f4(yrd Ysd), Where

da(Yrd, Ysd) = 1/2;
otherwise.

1 01 2
fa(Yrd, Ysa) = 5Q (®4(Yrd» Ysd))

The average e2e BER is derived in (30) and is equal to:

BER(Ze(Gsr1 Ord» sd)

= Q(  2ysa)(1 — exp(—Fa(Yrd, Ysa)/0%))

_ VYsd—VYra
(Ysd + Yra)/2
x<h(f4(Yra, Ysa), 02)

v
+Q( Yrd * Ysa) exp(—TFa(Yrd, Ysa)/0%)

v
—Q( Yrd + Ysd)

+

e_stlo'gd e_yrdlo'id

< dYrq dYsq-
> 2 rd sd
0sdord

V. RESULTS

In this section, we first describe two benchmark schemes:
simple digital relaying and genie-aided digital relaying. We
then present numerical examples comparing the e2e BER
of SNR-based selective relaying under the different models
presented in this paper to these benchmark schemes. All the
results are obtained from the analytical formulae derived in the
paper. We resort to numerical integration where it is required.

A. Benchmark Schemes

The descriptions and e2e BERs of the benchmark schemes
are given below.

1) Genie-aided digital relaying: Genie-aided digital relay-
ing is a protocol designed under the hypothetical assumption
that the relay has perfect error detection for each symbol.
In phase 2, the relay retransmits only those symbols received
correctly in phase 1. Since retransmitting a correctly detected
symbol decreases e2e BER while transmitting an incorrectly
detected symbol increases it, genie-aided protocol constitutes
a performance upper bound for any selective digital relaying
scheme. The e2e BER of genie-aided digital relaying is equal
to

BERS: (0%, 07q, 0%0)=P{Esr|0 YP{Esal 02}
+(1- P{Esrlogr})P{Ecooploﬁdy Ogd}y
which can be calculated by using (3) and (12).
2) Simple digital relaying: In simple digital relaying, the

relay always transmits in phase 2. The e2e BER of simple
digital relaying is equal to:

BERzizrenple(cér’ OEd, ogd)zp{Esr|0§r}P{Eprop|0$dv Ogd}
+(1 - P{Esr |0§r }) P{Ecooplosd ' Ogd}’

which can be calculated by using (3), (12), and (19).
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B. Numerical Results

In Fig. 5, we fix 02; = 15 dB and 62, = 0 dB and plot the
e2e BER as a function of ¢2,. In this case, f; (the optimal
threshold for Model 1) remains fixed as seen in (23). The
threshold is very low (f1 = 0.545), which can be attributed to
the poor quality of the direct link. We observe that when the
S-R link is favorable, selective relaying schemes have a small
SNR gain (only 1 to 2 dB) compared to simple relaying.

Fig. 6(a) shows the BER performance at 02, = 15 dB and
02, =5 dB as a function of 2. For simple digital relaying as
02,4 increases, on one hand the probability of error propagation
increases, on the other hand the probability of cooperative
error decreases. In Fig. 6(a), the decrease in the probability
of cooperative error is the dominant factor. In Fig. 7(a), we
plot the e2e BER at 03, = 15dB and 02, = 15dB as a
function of 02,. We observe that in Fig. 7(a) the e2e BER of
simple digital relaying increases as the R-D channel becomes
stronger. This is because in this case the increase in error
propagation dominates over the decrease in the cooperative
error. In Fig.s 6(a) and 7(a) for large 02, P{Eprop|0Z4, 024} =
1 and P{Ecoop|0Z4, 02,3 = 0. Thus, the performance of
simple digital relaying is limited by the S-R link and can
be approximated as BERGI™'®) = BER/ay(02,) for large
02,. Similarly, BERS:™® = BER(ay(0%) * BERray(0%,)
for large 02,. Model 1 has a significant performance gain over
simple digital relaying in both Fig. 6(a) and Fig. 7(a), since,
as shown in Fig. 6(b) and Fig. 7(b), it adaptively increases
threshold f; as 02, increases.

Finally, we study a scenario where all the average link SNRs
are varied simultaneously. In this scenario, the S-R and R-D
links have the same average SNR, while the S-D link has
a lower average SNR, which is a typical scenario when R
is located around the midpoint of S and D. Specifically, we
assume 02, = 024 = 1602, = 0. In Fig. 8(a), we plot e2e
BER as a function of 2. It is observed that simple digital
relaying and direct transmission (i.e., no relay) have the same
slope that is equal to 1, while the rest of relaying schemes
have a common slope larger than 1, indicating cooperative
diversity gains. The asymptotic diversity gains achieved by
SNR-based selective relaying is studied in [15]. Fig. 8(b)
depicts the behavior of the optimal threshold for Model 1.
It is observed that the threshold must be increased as the link
SNRs increases.

In all the numerical results, we observe that the performance
of SNR-based selective relaying under Model 2 is very close
to Model 1 and the performance under Model 4 is very close
to Model 3. These observations show that the benefit from
exploiting yrq at the relay is marginal. However, there is a
gain both from Model 1 to Model 3 and from Model 2 to
Model 4. Hence, it is useful to make use of ysq in relaying
decisions. The gain from adapting according to ysq increases
as the average SNR 02, increases.

Although SNR-based selection relaying improves the e2e
BER compared to simple digital relaying, it still has a signif-
icant performance gap compared to genie-aided digital relay-
ing. Therefore, there might be room for improvement through
hybrid methods combining SNR-based selection relaying with
other methods proposed in the literature such as power control
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Fig. 5. The e2e BER for different relaying schemes as a function of 02,
for 62, = 15 dB, 02, = 0 dB.

10 35

= b b= b b e o b b= =

—oe—simple DR
—&— Model 1
_3| —e— Model 2
—HE— Model 3
—¥— Model 4
—v— genie —aided DR
~4| - =P="no rela
10 5y 10 15 20 03 5 10 15 20

2 2
a’,(dB) o, (dB)

(threshold for Model 1)

f

@ (b)

Fig. 6. The e2e BER for different relaying schemes and the threshold for
Model 1 (obtained from (23)) as a function of 02, for 02, = 15 dB, 02, =
5 dB.

at the relay and better detection methods at the destination.

VI. CONCLUSIONS

In this paper, we proposed and analyzed SNR-based selec-
tive relaying schemes to minimize the end-to-end bit error rate
in cooperative digital relaying systems. We considered various
models for the knowledge of the relay on the link SNRs in
the network. For all the models, the optimal threshold for the
source-relay SNR below which the relay must remain silent
depends on the SNRs (average or instantaneous) of the relay-
destination and source-destination links. In contrast to the as-
sumption in the literature, the optimal threshold is independent
of the average source-relay SNR. For BPSK modulation, we
derived exact expressions and in some cases approximations
for these optimal thresholds and their corresponding average
BER. The average BER of the SNR-based selective relaying
with these thresholds is compared to the performance of
simple digital relaying. Studying the performance of different
models, it has been observed that the instantaneous source-
destination SNR information can be exploited while making
relaying decisions. However, the benefit from knowledge of
the instantaneous relay-destination SNR is marginal.
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Fig. 8. The e2e BER for different relaying schemes and the threshold for
Model 1 (obtained from (23)) as a function of 02, where 02, = 02, 02, =
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APPENDIX A
DERIVATION OF h(X,y) GIVEN IN (11)

Using integration by parts, the fynction h(x,y), which is
defined as h(x,y) = .~ %e_t’yQ( 2t)dt, can be expressed
as

Vo e e
h(x,y) =Q( 2t)(—=e™) -

1% X
From the definitjon of Q function (Q(t) = . %e_zz/zdz),
we have §Q( at) = —>A= Fe™a2 Hence,

v_
h(x,y)=Q( 2x)e™"
- %éait exp (—t(1 + 1/y)) dt.

x 4n
Rewriting the integral term in terms of the new integration
variable u =  2t(1 + 1/y), we obtain

v__
h(x,y)=Q( 2x)e™"
_ y _\/ &_e—u2/2du
1+y “oxawizy) 2m
y 1

=Q(\/§)G_X/y - 2x 1+ =
1+y y

which is the same as the expression given in (11). In [8], the
authors used a similar derivation to obtain Eqn. (15) of their

paper.

v_
(—e_Uy)%Q( 2t) dt.
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APPENDIX B
AVERAGE E2E BER CALCULATION

Conditioned on ysr, the e2e BER for Model 1 is equal to
1 )
BER«(ez)e(ysry CEd: ng) = P{Esd|0§d}, Ysr < fl(ng, ng),
and
1
BERz(ezl(Vsry Ofd, ng) = P{EsrlYsr} P{Epr0p|03d: ng}

—P{Ecoop|0Z4, 024}  + P{Ecoop|0Zy, 024}, oOtherwise.

The average e2e BER can be obtained by averaging the
conditional BER over yg:

1 1
BERgz)e(ogr, Ofd, Ogd) = By, BERéz)e(Vsr, dey Ugd)

2 2
1 (Grd ,O'Sd)

= P{Esd|0§d} Pyer (Ysr)dysr
0
+( P{Epropl074: 0243 — P{Ecoopl07q, 054}
x P{Esr|Ysr}Pye, (Ysr)dysr

f1(024,02y)
[ee]

+P{Ec00p|0|%d , ng} Pyer (Ysr)dysr (24)

F1(074,0%4)
= P{Esal0Zs} 1— exp(—F1(074,054)/0%,)
+P{Ecoop| 07, 0543 exp(—TF1(074, 024)/05,)
+(P£|§p"0p|0$d’ 024} — P{Ecoopl07a, 0543)

x Q(  2Ysr)Pys (Ysr)dysr (25)
f1(074.024)
= P{Esal0Zs} 1—exp(—F1(074,054)/0%,)
+P{Ecoop|O7, 0243 exp(—F1(074, 024)/05,)
+(P{Epropl0Za, 024} — P{EcooplT7a: 054}
xh f1(0fq,0%9), 05 - (26)

For Model 2 the e2e BER conditioned on ysr and yrq is
equal to

BERD, (Vr. Vra: 0%) = P{EsaloZs},  Yer < Falyra, 0%):
and
BERézz)e (Ysr Yra, ogd)zp{ESF IYsr} P{EproplYrd, ng}

—P{EcooplYrd, 024} + P{EcooplYrd, 024} Otherwise.

The average e2e BER for Model 2 is given by
2 2
BER((ez)e (02,074, 950) =Ever yra BER((ez)e (Ysr» Yrd: 0%g)
2
=Eyia Ever BER«(ezze(Vsr:Vrdaogd)

Then, Ey., BERG.(Ver,Vrd, 0%

the same steps as in (24), and BER$).(02., 62, 02,) is found

is calculated following
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as
BER(ze(Osri Ord» sd) Eyrd P{Esdlogd}

><(1 - exp(—fz (Vrd’ ng)/cgr))
+ P{EproplYrd, 0§d} — P{EcooplYrad; 0gd}
xh(f2(Yra, 0%;), 02,)

+P{EcooplYrd, 0§d} exp(—f2(Yrd, ng)/cgr) (27)

which is approximately equal to

2
BERY) (02,02, 02,)
_ 1 0% (1 — exp(—Fa2(Yrd, 024)/02,))
. 2 1 " O_Sd rd; Ysd Sr

+ (L— e Vra/%%a) — eVra/%%h(y,q, 6%5) h(fa(yra, 0%), 0% )

2
eyrd/crd dyrd )

(28)

- 1
+(1 = e7Yr/%%a) exp(—Fo(Vra, 0Z)/0%) 5
rd

after substituting (3), (12) and (19) into (27).
In a similar manner, the e2e BER for Model 3 and Model
4 are calculated as

BERY)

e2e
(o o]

2 2 2
(osri Org» Osd)

Q( 2ysa)(L — exp(—Ta(07y, Ysa)/0%))

i

+ g VYsa/O%a eys“/o'z"‘h(ysd, 0ra) N(F(07a Ysa). 04,
+est/0$d h(Ysd, ofd) exp(—fs(cgd, ysd)/ogr)

(29)

) (2 2 2
BEReZe(osr’ Ord» 0sd)

co oo

Q(  2ysa)(1 — exp(—Fa(yra, Ysa)/0%))

_ Ysd—Vrd
(Vsd + Vrd)/2
><h(f4(yrdy ysd)1 Ogr)

v
+Q( Yrd + Ysa) exp(—F4(Yra, Ysa)/02,)

v
+ —Q( VYrd +VYsd)

e—st/ng e_yrd/o',z-d
x

dyrq dysg. (30)

2
054024
APPENDIX C

THRESHOLD MINIMIZING E2E SYMBOL ERROR RATE FOR
MPSK MODULATION

Consider the case where the source and the relay modulate
their signals using MPSK. Let the symbols be denoted by
X0, . ., XM—1, Where x; = el2M/M The symbol sent by the
source and the relay are denoted by Xs and X, respectively.
The received signals are given by ysr = dsr  Es s Xs + Ngr,
Ysd = Osd EssXs + Nsg, and Yrg = Org  Esr Xr + Neq,
where Es s is the energy per symbol spent by the source and
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Es,r is the energy per symbol spent by the relay. Let y;; and
oizj denote the instantaneous and average SNR per symbol.

Consider Model 1, where the relay makes decisions based
on S; = {VYsr, rd,osd} The decision rule to minimize e2e
symbol error rate (SER) is P{Ee2e|81,a0} P{EeZelsl,al}
where Eepe represents the e2e symbol error event.
P{Ec2¢|S1, a0} P{Esal02,} and is given in [19,
Egn. (8.112)]. Without loss of generality, let us assume
that the source transmits Xo. Then the term P{Eecz¢|S1,a1}
can be decomposed as

P{Eec2¢|S1, a1}=P{Xr = Xo|xs = XO}P{Ecooplogd, ng}
M—-1
+ P{Xr = Xj|Xs = X0}
i=1

The term P{Ecoop|024, 02,4} is given in [19, Eqn. (9.14)]. The
term P{X, = Xj|Xs = X0} is obtained in integral form in [20,
Eqgn. (4.198.b)], and [19, Eqn. (8.29)]. We observe that in M-
ary modulation, unlike in BPSK, there are M — 1 ways of
making an incorrect decision and their impacts on detection
at the destination are not necessarily the same. After MRC
the decision variable is given by y = ysg + yrg&I?™M +fi
(derivation is given in Section IV-B). As in Section IV-B, we
assume that an incorrectly detected symbol sent by the relay
constitutes the dominant cause of detection errors at the desti-
nation. That is, the term P{Eprop|Xs = Xo, Xr = Xi, 024, 024}
can be approximated by the probability that ysg + yygel?™/M
falls in the decision region of symbol x;, denoted as R;.
Exploiting the geometry of the MPSK constellation, one can
easily derive that ysq + yrqed2™/M R; if and only if
Ysd = Ci,m Yra < 0, where

sin(m(2i—1)/M) . .
Ci.m WM)D/N;) i=12,..., M/2;
! sin(m(2i+ .

Then, as in (20), we can calculate an approximate expression

fOI' P{Eproplxo X|, rd' d}
P‘{Epr0p|X0th Zar 024}=P{Ysd — Ci,m Yra < 0|07y, 054}
oo Ci,MmYrd 1

e_ysdlosd e_yrdlord dySd dyrd

2
0o 0 034074

0Z4Ci,M

=t 32
024 + OpeCim 32

By substituting (32) and the other terms into (31), the decision
rule can be determined. Since P{E¢2¢|S1,a1} decreases with
Ysr, the decision rule is a threshold rule on YSr, where the
optimal threshold is a function of 02, and 02,. Obtaining
a closed-form expression for the optimal threshold is quite
difficult. However, bounds such as union bound, can be used
to derive approximations for P{Ec2¢|S1, a1}, thereby leading
to approximate closed-form expressions for the optimal thresh-
old.
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