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Abstract—Terminal relaying offers an effective means for
improving the performance of OFDMA-based wireless networks.
However, with the increase in the number of relaying termi-
nals (RTs), their coordination becomes a cumbersome task. To
address this drawback, in this paper an autonomous scheme
is proposed whereby the RTs assign resource blocks (RBs) to
incoming wireless terminals (WTs) in a way that minimizes the
number of hit occurrences at which the same RB is assigned to
multiple WTs. The proposed scheme uses cyclic group generators
to determine the sequence of RBs to be assigned by each RT. This
scheme is particularly beneficial in terminal relaying systems in
which the distribution of the WTs is nonuniform and the channel
quality indicators are not available. Simulation results show that
the proposed scheme performs significantly better than currently
available autonomous assignment schemes.

Index Terms—Terminal relaying, medium access control
schemes, distributed resource block coordination, cyclic groups.

I. INTRODUCTION

THE utilization of relays in wireless data networks en-
hances coverage [1] and has a significant impact on the

maximum data throughput that these networks can commu-
nicate. For systems in which the relays are fixed and their
number is small, it is plausible to assume that the locations of
the relays are chosen to provide good average performance [2]
and that the overhead required for their centralized coordina-
tion [3] at the base station (BS) is negligible.

Although fixed relays enhance the performance of cellular
networks, their efficacy becomes less pronounced with the
increase in the number of wireless terminals (WTs) with
high data rate requirements. This is because with the in-
crease in the number of WTs, maintaining a certain quality
of service requires increasing the number of fixed relays,
which subsequently increases the cost of the network and the
coordination overhead. These difficulties can be mitigated by
employing terminal relaying wherein idle terminals cooperate
with active ones to improve the performance of the network.
Since, at a given time instant, a considerable portion of WTs
is likely to be idle, the prospective increase in the overall
number of WTs will result in a large number of relaying
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terminals (RTs). However, the large number of these terminals
and the incidental manner in which they are likely to operate
render their coordination significantly more cumbersome than
the coordination of their fixed counterparts. Hence, it can
be seen that although terminal relaying overcomes some of
the limitations of fixed relaying, it requires significantly more
efficient coordination mechanisms.

A problem that arises in relay-assisted OFDMA-based com-
munication systems is how the resource blocks (RBs) are
assigned to the set of WTs that are assisted by a particular
relay. When the relays are fixed and the channel quality
indicators (CQIs) are available, the BSs can assign the RBs
in a way that optimizes the network performance. However,
this task becomes inefficient in terminal relaying scenarios
with a large number of RTs. A more practical approach is
to assign the RBs in a distributed manner whereby the RTs
autonomously select the RBs of the WTs that they assist.

Most of the existing resource assignment techniques are
extensible to relay-assisted communication scenarios. For in-
stance, for OFDMA-based systems with fixed relays, the net-
work throughput can be improved by using a static resource as-
signment technique known as Fractional Frequency Reuse [4].
Being static, this technique is not suitable for terminal relaying
schemes in which the number and location of RTs and the
distribution of the wireless terminals vary with time. A more
flexible resource assignment scheme is proposed in [3]. When
this scheme is applied in relay-assisted networks, each RT
chooses its initial assignments randomly and independently
of other RTs. Based on the CQIs of the wireless channel,
the assignments are updated, either in a centralized or a
distributed manner. In the absence of centralized coordination
and CQIs, this strategy may result in undesirable instances at
which one RB is used by many WTs while other RBs are
not used. Such instances result in high, yet avoidable, intra-
cell interference. In contrast with the OFDMA-based systems
in [3] and [4], Frequency Hopping (FH) systems in which
the WTs hop across frequency slots are considered in [5]–
[8]. In these systems, the frequency slot occupied by each
WT at a given dwell interval is determined by a prescribed
pseudonoise (PN) based hopping pattern. When the CQIs of
the WTs are available, the hopping patterns can be updated to
improve the network throughput; see e.g., [5]–[8].

In this paper we consider the problem of assigning RBs in
relay-assisted OFDMA-based cellular systems that do not em-
ploy hopping techniques. In particular, we propose a scheme
for minimizing intra-cell interference by reducing the number
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of hit occurrences; that is, occurrences at which an RB is
assigned to multiple WTs.

The scheme proposed herein is autonomous and hence,
particularly suited for terminal relaying systems. This is be-
cause, in these systems, rapid channel variations may cause
the WTs to frequently update their serving RTs, resulting
in rapid variations in the network topology. These variations
render timely acquisition of the CQI information difficult
and impede the implementation of centralized CQI-dependent
assignment schemes. Being autonomous, the proposed scheme
enables more efficient exploitation of the available spectrum
than centralized schemes.

In the proposed scheme, each RT is entitled to use as many
RBs as needed; a feature that enables the RTs to efficiently
adapt to bursty traffic and nonuniform WT distributions with-
out coordination. To achieve this goal, the set of available RBs
is endowed with a cyclic group structure whereby a single
group generator spans all possible RBs. Each RT generates
its distinct assignment sequence using a prescribed group-
generator-cyclic-shift pair. This feature relieves the computa-
tional burden and the communication overhead required for
finding and updating the RB assignments when new WTs
access the system. We will show that by careful selection of
the group generators and the cyclic shifts, we will be able to
obtain assignment sequences that yield a significant reduction
in the number of hit occurrences when compared with the
random assignment scheme in [3] and the assignment schemes
based on the PN sequences used in FH systems. We will show
that, when hit occurrences are detectable, using our sequences,
the hit sources can be identified and future hits can be avoided,
yielding further reduction in the number of hits.

This paper is organized as follows: In Section II relevant
facts about cyclic groups are reviewed. The system model is
presented in Section III. The proposed scheme for designing
the sequences is provided in Section IV, and a technique for
identifying the hit source and avoiding future hits is provided
in Section V. In Section VI numerical examples are provided
and Section VII concludes the paper.

II. PRELIMINARIES OF CYCLIC GROUPS

A group is a set 𝐺 on which a group operation (denoted
by juxtaposition) is defined such that the following closure
property is satisfied: For all (𝑥, 𝑦) ∈ 𝐺 × 𝐺 the element
𝑥𝑦 ∈ 𝐺. Additionally, for every element 𝑥 ∈ 𝐺, the inverse
𝑥−1 ∈ 𝐺. This together with the closure property ensure that
the identity element 𝑒 ∈ 𝐺; see e.g., [9]. For example, the set
{0, . . . , 𝑛− 1} forms a group under modulo-𝑛 addition.

A group 𝐺 is said to be cyclic if all the elements of
the group can be generated by one of its elements. Such an
element is known as a group generator. For a group of order 𝑛,
the number of group generators is given by the Euler Totient
function, 𝜙(𝑛), which is defined as the cardinality of the set of
integers that are coprime with 𝑛; that is, 𝜙(𝑛) is the cardinality
of the set {𝑞 < 𝑛∣ gcd(𝑞, 𝑛) = 1}, where gcd(𝑞, 𝑛) is the
greatest common divisor of 𝑞 and 𝑛 [9].

A classic result in group theory asserts that all cyclic
groups of order 𝑛 are isomorphic, irrespective of the group
operation [10]. Hence, without loss of generality, we will focus
on multiplicative cyclic groups formed by the set of integers
{1, . . . , 𝑛− 1}.

Cyclic Multiplicative Groups

A cyclic multiplicative group is a cyclic group in which the
group operation is modulo-𝑛 multiplication. That is, for every
𝑥, 𝑦 ∈ 𝐺, 𝑥𝑦 (mod 𝑛) ∈ 𝐺. In fact, the set {1, . . . , 𝑛 − 1}
forms a cyclic multiplicative group under modulo-𝑛 multipli-
cation if and only if 𝑛 is a prime number [9].

Let 𝑃 be a prime number. A primitive root of 𝑃 is defined
to be an integer 𝑔 ∈ {1, . . . , 𝑃 − 1} such that the ordered
set (𝑔𝑘1 (mod 𝑃 ), . . . , 𝑔𝑘𝑝−1 (mod 𝑃 )) = (1, . . . , 𝑃 − 1),
for some integers 𝑘𝑖 ∈ {1, . . . 𝑃 − 1}, 𝑖 = 1, . . . , 𝑃 − 1. It
can be shown that primitive roots are the group generators
of multiplicative cyclic groups and their number is given by
𝜙(𝑃 − 1).

Primitive roots can be found by efficient techniques and
are tabulated for the first few thousand prime numbers. As an
illustrative example, when 𝑃 = 7 there are 𝜙(6) = 2 primitive
roots which are 𝑔1 = 3 and 𝑔2 = 5. Direct evaluation of
𝑔𝑘1

𝑖 (mod 𝑃 ), 𝑘1 = 1, . . . , 6, 𝑖 = 1, 2 yields the sequences
(3, 2, 6, 4, 5, 1) and (5, 4, 6, 2, 3, 1), respectively. For relatively
small primes, primitive roots can be obtained by searching for
𝑔 ∈ {1, . . . , 𝑃−1} such that the sequence

{
𝑔𝑘 (mod 𝑃 )

}𝑃−1

𝑘=1
spans all integers from 1 to 𝑃 − 1.

Finally, we present a result that will be used to expand the
set of sequences that can be generated by primitive roots

Lemma 1: Let 𝐺 be a cyclic multiplicative group and let 𝑔1
and 𝑔2 be two distinct generators modulo-𝑃 . Then, there is no
cyclic shift for which the sequence generated by 𝑔1 coincides
with the sequence generated by 𝑔2.

Proof: See the Appendix A.
This result implies that cyclic shifts enrich the design of
sequences by an additional degree of freedom that cannot be
obtained from primitive roots alone.

III. SYSTEM MODEL AND PROBLEM DEFINITION

We consider the relay-assisted OFDMA-based cellular net-
work depicted in Figure 1. In this figure, a set of WTs assume
the role of RTs to assist the communication between the BS
and other WTs. To act as RTs, the WTs switch to the relaying
mode as soon as they become idle, which eliminates the need
for the BSs to centrally designate the RTs. Each BS has 𝑁
RBs at its disposal, is assisted by 𝑀 RTs, and serves 𝐾 active
WTs. The WTs select their serving RTs based on the strength
of the signals of their control channels, irrespective of the
coverage area or the cell size.

Each RT has access to all the 𝑁 RBs of the BS. The
assignment of RBs for the BS-RT links is assumed to be
performed by the BS in a centralized manner, which is a
reasonable assumption given the typically high processing
capabilities of the BS. Hence, our focus herein is on the
autonomous assignment of RBs for communication over the
RT-WT and WT-RT links. By restricting our attention to the
case in which 𝑁 = 𝑃 − 1, where 𝑃 is a prime integer, we
will be able to invoke the cyclic group structure described
in Section II. Note that, in general, this assumption is not
overly restrictive because primes are denser than squares in
the set of integers [11]. For the case in which the number of
RBs in the system 𝑁 is not equal to a prime minus one, the
closest prime 𝑃 ≥ 𝑁 + 1 can be used and the entries larger
than 𝑁 can be skipped in the assignment. In this case, it is
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Fig. 1. System model: Idle terminals act as relays to assist active WTs.

also possible to employ other group structures; e.g., the group
structure used for generating PN sequences. However, those
group structures are typically more complicated to generate
and optimize. For instance, PN-based assignments require
the search over primitive polynomials. In contrast, for cyclic
multiplicative groups, it is only required to take modulo-𝑃 of
the powers of the primitive roots of 𝑃 .

The WTs access the system one at a time according to
a counting process [12]; i.e., the number of WTs in the
entire system increases at succedent discrete time instants.
This assumption is necessary to ensure that the first RT to
assign a particular RB retains it when an assignment conflict
occurs. In this situation, the conflicting RTs will refrain from
using this RB. Each RT can be loaded by an arbitrary number
of WTs independently of the load of the other RTs. It will be
observed in the RB assignment scheme described hereinafter
that the WTs to be served by the same RT can access the
system simultaneously. Using this observation, it is possible
to assign multiple RBs to WTs with high traffic requirements.

An RT is selected by the incoming WT depending on its
observed signal strength. However, as the wireless channel
between the RT and the WT undergoes rapid variations, this
choice is frequently updated resulting in a highly dynamic
network topology. Furthermore, the backhaul link between the
RTs and the BS also contribute to the variations in the network
topology. For example, if an RT experiences deep fading on
the backhaul link, both the BS and the RT will be able to detect
this occurrence and the RT will subsequently notify the WTs
to update their RT selection. The RTs assign the RBs to the
incoming WTs without knowing their respective CQIs. There

is no coordination among the RTs and the assignment of RBs
is not centrally controlled by the BS. This necessitates that
each RT makes its assignment decisions autonomously. In such
a scenario, the RTs will not be able to identify the RBs that
can be reused without incurring high intra-cell interference.
Hence, the number of WTs, 𝐾 , must not exceed the number
of available RBs, 𝑁 ; i.e., 𝐾 ≤ 𝑁 .

When a particular RB is assigned to multiple WTs, the
intra-cell interference levels observed by these WTs increase,
resulting in a significant deterioration of their signal quality.
Such an occurrence is undesirable and will be referred to as
a ‘hit’. Assuming that the number of WTs does not exceed
the number of available RBs, the objective of each RT is to
assign the RBs in a way that minimizes the number of hits.

For illustration, we provide a two-RT example for an RB
assignment scheme that yields a minimum number of hits.
Assume that each RT has access to the same set of 𝑁 RBs. We
will denote this set by ℛ = {𝑟1, . . . , 𝑟𝑁}. The first RT assigns
the RBs in an ascending order whereby its 𝑘1-th incoming
WT is assigned the RB 𝑟𝑘1 ∈ ℛ. In contrast, the second
RT assigns the RBs in a descending order whereby its 𝑘2-th
incoming WT is assigned the RB 𝑟𝑁−𝑘2+1 ∈ ℛ. From this
simple assignment scheme it is seen that a hit will occur if
and only if the total network load 𝐾 = 𝑘1 + 𝑘2 > 𝑁 .

Unfortunately, in contrast with the case of 𝑀 = 2, when
the number of RTs 𝑀 > 2, it is easy to show that there is
no scheme that can eliminate the possibility of hits without
compromising the availability of the 𝑁 RBs to all RTs. In
order to address this difficulty, in the next section we will
provide a scheme that enables the RTs to assign the RBs
in a way that results in a relatively small number of hits.
To enhance our scheme, we assume that the RTs are able to
detect hit occurrences. Using its knowledge of the assignment
sequences of other RTs in the network, each RT identifies the
RTs with which assignment conflicts have occurred and uses
this information to avoid future hits.

IV. THE RESOURCE BLOCK ASSIGNMENT SCHEME

Consider the situation in which the communication between
the BS and the WTs is assisted by 𝑀 ≤ 𝜙(𝑃 − 1) RTs,
where 𝑃 is a prime integer. Furthermore, we make the mild
assumptions that the number of available RBs is 𝑃 − 1 and
that the number of WTs, 𝐾 ≤ 𝑃 − 1; cf. Section III. In
the proposed scheme, each RT 𝑖 ∈ {1, . . . ,𝑀} uses a group
generator 𝑔𝑖, which is one of the 𝜙(𝑃 − 1) primitive roots
of 𝑃 ; cf. Section II. If the RTs operate in a decode-and-
forward (DF) mode, the group generator can be assigned by
the BS and embedded in the first BS-RT communication.
Alternatively, if the RTs operate in an amplify-and-forward
mode, they will not be able to decode the BS signals. In this
case, the group generators can be autonomously selected by
the RTs from locally built-in look-up tables. The latter strategy
can be also used for RTs employing DF relaying. Whether the
group generators are provided by the BS or locally selected
from look-up tables, providing the RTs with these generators
incurs negligible resource consumption and requires no further
monitoring from the BS. Similar to the RTs, each BS uses
a group generator to generate RBs assignment sequence to
the WTs directly connected to it. Upon entering the service
domain of the RT, a WT 𝑘1 is assigned an RB 𝑔𝑘1

𝑖 (mod 𝑃 ).
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The above technique is readily extensible to the case in
which the RTs assign multiple RBs to a single WT with high
traffic requirements. In particular, such an assignment can be
regarded as an assignment of one RB to multiple incoming
WTs. The fact that each primitive root spans the entire set
of available RBs implies that the proposed scheme is well
suited to situations in which the distribution of WTs is not
uniform. To see this, we note that, because this scheme does
not constrain the number of RBs used by any RT, it enables
RTs to assist as many WTs as the number of unassigned RBs.
Hence, this scheme allows a particular RT to assist more than
the average WT load, 𝐾/𝑀 .

Using this assignment scheme, when 𝑀 is strictly less than
𝜙(𝑃−1), the optimal choice of the primitive roots must ensure
that the number of hit occurrences at which one RB is assigned
to multiple WTs is minimized. (When 𝑀 = 𝜙(𝑃 − 1) the
optimization of primitive roots is trivial; all the primitive roots
are assigned to all the RTs.) However, further minimization
of the number of hits can be obtained by using the result in
Lemma 1. In particular, using this result it can be seen that the
number of hits can be minimized, not only over the sequences
generated by the primitive roots, but also over cyclically
shifted versions thereof. In this case, in addition to a primitive
root 𝑔𝑖, each RT is assigned a cyclic shift 𝑠𝑖 ∈ {0, . . . 𝑃 − 2}.
Using the primitive-root-cyclic-shift (PRCS) pair (𝑔𝑖, 𝑠𝑖) the
𝑖-th RT assigns the RB 𝑟ℓ to its 𝑘1-th incoming WT, where

ℓ = 𝑔𝑘1+𝑠𝑖
𝑖 (mod 𝑃 ). (1)

In Section VI we will show that augmenting the search
for sequences to include the cyclic shifts {𝑠𝑖} can have a
significant impact on the number of hits.

When cyclic shifts are not used in constructing the
assignment sequences, the number of hits is minimized
over

(
𝜙(𝑃−1)

𝑀

)
primitive roots. However, by introducing the

shifts, the number of possible sequences is increased to
(𝑃 − 1)𝑀

(
𝜙(𝑃−1)

𝑀

)
. Although relatively large, this number

is significantly smaller than
(
(𝑃−1)!

𝑀

)
, which is the number

of distinct assignment sequences. To appreciate this gain in
design complexity, we consider the case of 𝑃 = 41 and
𝑀 = 3. In this case, the number of sequences generated by
the proposed method is 3.548×107, whereas the total number
of distinct sequences is greater than 9× 10142.

Since for a given number of RBs, the assignment sequences
have to be designed once for each 𝑀 ≤ 𝜙(𝑃−1), the proposed
method for designing assignment sequences incurs a negligible
long term computational cost.

We will show in Section VI that the proposed method yields
favourable autonomous RB assignments. However, these as-
signments are only optimal with respect to the set of cyclically
generated sequences, but not necessarily optimal with respect
to the set of all possible sequences. In the following section we
will introduce a metric which will enable efficient optimization
of PRCS pairs.

A. A metric for selecting PRCS pairs

In order to facilitate the selection of the assignment se-
quences, it is useful to associate with each sequence a metric
that reflects the number of hits that result from using this
sequence. We begin by associating a (𝑃 − 1)× (𝑃 − 1) load

matrix with each RT 𝑖, a primitive root 𝑔𝑖 and a cyclic shift 𝑠𝑖.
We will denote this matrix by 𝑋(𝑔𝑖, 𝑠𝑖), 𝑖 ∈ {1, . . . ,𝑀}, and
𝑠𝑖 = 0, . . . , 𝑃 − 2. The row and column indices of this matrix
represent the RB and the load level of RT 𝑖, respectively.
In particular, the (ℓ1, ℓ2)-th entry of 𝑋(𝑔𝑖, 𝑠𝑖) represents the
binary state of RB ℓ1 when the load level of RT 𝑖, 𝑘𝑖, is ℓ2.
Setting this entry equal to 1 indicates that RB ℓ1 is assigned
by RT 𝑖, when its load, 𝑘𝑖 = ℓ2, whereas setting this entry
equal to 0 indicates that RB ℓ1 is not assigned by RT 𝑖, when
𝑘𝑖 = ℓ2. Using this notation, the (ℓ1, ℓ2)-th entry of 𝑋(𝑔𝑖, 𝑠𝑖)
can be written as shown in (2).

[
𝑋(𝑔𝑖, 𝑠𝑖)

]
ℓ1,ℓ2

=

⎧⎨
⎩

1 if ℓ1 ∈ ℒ(𝑔𝑖, 𝑠𝑖, ℓ2) and

0 otherwise,
(2)

ℒ(𝑔𝑖, 𝑠𝑖, ℓ2) =
{
𝑔1+𝑠𝑖
𝑖 (mod 𝑃 ), . . . , 𝑔ℓ2+𝑠𝑖

𝑖 (mod 𝑃 )
}
.

As an example, suppose that the PRCS pairs (𝑔𝑖, 𝑠𝑖)
and (𝑔𝑗 , 𝑠𝑗) yield the assignment sequences (1, 4, 3, 2) and
(2, 3, 1, 4) for the 𝑖-th and 𝑗-th RTs, respectively. The corre-
sponding load matrices, 𝑋(𝑔𝑖, 𝑠𝑖) and 𝑋(𝑔𝑗 , 𝑠𝑗), are

𝑋(𝑔𝑖, 𝑠𝑖) =

⎡
⎢⎢⎣
1 1 1 1
0 0 0 1
0 0 1 1
0 1 1 1

⎤
⎥⎥⎦ , 𝑋(𝑔𝑗, 𝑠𝑗) =

⎡
⎢⎢⎣
0 0 1 1
1 1 1 1
0 1 1 1
0 0 0 1

⎤
⎥⎥⎦ .

(3)

The inner product of the 𝑘1-th column of 𝑋(𝑔𝑖, 𝑠𝑖) and the
𝑘2-th column of 𝑋(𝑔𝑗, 𝑠𝑗) yields the number of hits when RTs
𝑖 and 𝑗 are loaded by 𝑘1 and 𝑘2 WTs, respectively. This inner
product is given by the (𝑘1, 𝑘2)-th entry of what we call the
pairwise hit matrix 𝐻𝑖,𝑗 , where

𝐻𝑖,𝑗 = 𝑋𝑇 (𝑔𝑖, 𝑠𝑖)𝑋(𝑔𝑗 , 𝑠𝑗). (4)

For the load matrices given in (3), the resulting pairwise hit
matrix between RTs 𝑖 and 𝑗 𝐻𝑖,𝑗 is:

𝐻𝑖,𝑗 =

⎡
⎢⎢⎣
0 0 1 1
0 0 1 2
0 1 2 3
1 2 3 4

⎤
⎥⎥⎦ . (5)

For instance, from this matrix, the number of hits when the
𝑖-th RT is loaded by 2 WTs and the 𝑗-th RT is loaded by 3
WTs is given by the entry

[
𝐻𝑖,𝑗

]
2,3

= 1.
Let us denote the load of the 𝑖-th RT by 𝑘𝑖, 𝑖 = 1, . . . ,𝑀 ,

and denote the total number of hits observed by the 𝑀 RTs
by 𝑍(𝑘1, . . . , 𝑘𝑀 ). Then, it can be seen that

𝑍(𝑘1, . . . , 𝑘𝑀 ) =

𝑀−1∑
𝑖=1

𝑀∑
𝑗=𝑖+1

[
𝐻𝑖,𝑗

]
𝑘𝑖,𝑘𝑗

. (6)

This expression is useful to determine the number of hits
when the instantaneous load of each RT is known. However, in
practical cellular networks the loads of RTs may vary rapidly,
which renders timely communication between RTs costly
and unrealistic. Furthermore, in the absence of centralized
coordination, which is the case considered herein, autonomous
identification of the loads of all RTs in the cell is not guaran-
teed to be successful. Thus, to enable a flexible autonomous
RB assignment that adapts to bursty traffic and both uniform
and nonuniform WT distributions, the metric for choosing the
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PRCS pairs must not depend on the instantaneous load. Hence,
for the proposed scheme we will choose the PRCS pairs that
minimize the average, rather than the instantaneous, number
of hits. In this case, the metric for selecting the PRCS pairs
can be expressed as

𝐶(𝐾) =
1(

𝐾−1
𝑀−1

) ∑
(𝑘1,...,𝑘𝑀 )∈𝒮𝐾

𝑍(𝑘1, . . . , 𝑘𝑀 ), (7)

where 𝒮𝐾 ≜ {(𝑘1, . . . , 𝑘𝑀 )∣∑𝑀
𝑖=1 𝑘𝑖 = 𝐾, 𝑘𝑖 ∈ ℕ, 𝑖 =

1, . . . ,𝑀}. Hence, 𝐶(𝐾) is equal to the number of hits
averaged over all possible 𝑀 partitions of 𝐾 . Note that, since
each PRCS pair yields a particular RB assignment sequence,
𝐶(𝐾) is a deterministic quantity that can be computed a priori
independently of the channel realizations. The computation of
𝐶(𝐾) can be performed off-line and the optimal PRCS pairs
can be stored in a look-up table either at the BS or at the RTs.

B. Computational complexity of 𝐶(𝐾)

To assess the computation complexity of evaluating 𝐶(𝐾),
we note that the entries of the matrices {𝑋(𝑔𝑖, 𝑠𝑖)} take on
values from {0, 1}. Hence, the cost of the entry-wise mul-
tiplications in (4) is negligible, and only addition operations
contribute to the computational cost of evaluating 𝐶(𝐾). In
particular, the number of addition operations required for
computing each of the 𝑀(𝑀 − 1)/2 matrices 𝐻𝑖,𝑗 in (4) is
(𝑃−1)2(𝑃−2) and the number of addition operations required
for computing 𝑍 in (6) is 𝑀(𝑀 − 1)/2 − 1. To compute
the number of addition operations required to compute 𝐶(𝐾)
in (7), we note that the cardinality of the set 𝒮𝐾 is equal to the
number of ways an integer can be partitioned into 𝑀 ordered
parts. This number is given by

(
𝐾−1
𝑀−1

)
[13]. Hence, the total

number of addition operations required to compute 𝐶(𝐾) is
bounded by

1

2
𝑀(𝑀 − 1)

(
(𝑃 − 1)2(𝑃 − 2) +

(
𝐾 − 1

𝑀 − 1

))
. (8)

From (8), we note that computing 𝐶(𝐾) involves a reason-
able number of additions for small-to-moderate values of 𝐾
and 𝑀 . However, because of the last term, 𝐶(𝐾) becomes
computationally prohibitive when 𝐾 and 𝑀 are large.

C. Sequence selection

When the system load, 𝐾 , is known a priori, the metric
𝐶(𝐾) provides an efficient means for assessing the number
of hits resulting from choosing a particular set of PRCS pairs
for generating the assignment sequences of the RTs. However,
when the system load is not known, an alternative is to select
one set of PRCS pairs to be used with all possible system
loads. Such a set can be chosen to minimize the average of
𝐶(𝐾) over all 𝐾 ∈ {1, . . . , 𝑁}, which is proportional to∑𝑁

𝐾=1 𝐶(𝐾). In Section VI we will show that the set of PRCS
pairs that minimizes 1

𝑁

∑𝑁
𝐾=1 𝐶(𝐾) yields a performance

close to that yielded by the set of PRCS pairs that minimize
𝐶(𝐾) at each 𝐾 . In Section V, we will propose a technique
by which the number of hits can be reduced. This technique
relies on incorporating additional information to which the
RTs may have access. Even though in this case the metric∑𝑁

𝐾=1 𝐶(𝐾) only represents an upper bound on the number
of hits, in Section VI we will show that the sequences chosen
according to this metric still yield favourable performance.

V. FURTHER ENHANCEMENT OF THE RESOURCE BLOCK

ASSIGNMENT SCHEME

In the previous section, we provided an efficient scheme for
designing RB assignment sequences for RTs in the absence of
CQIs. In this scheme, a set of PRCS pairs is selected to ensure
that the sequences generated by (1) yield a small number of
hits. In this section, we will exploit the deterministic nature
of the proposed assignment sequences to further reduce the
number of hits. In particular, we will show that, using these
sequences, the RTs will be able to identify the sequence with
which a hit has occurred, to infer the loads of other RTs, and
to subsequently utilize this information to avoid future hits.
To do this, we assume that the 𝑖-th RT is aware of the PRCS
pairs {(𝑔𝑗 , 𝑠𝑗)}𝑀𝑗=1, 𝑗 ∕=𝑖, of the other 𝑀−1 RTs in addition to
its prescribed (𝑔𝑖, 𝑠𝑖)-pair. For randomly generated sequences,
the RTs do not have information about the RB assignments
of other RTs and hence will not be able to avoid future hits
using the technique described below.

A. Hit Source Identification and Avoidance (HIA)

With the set of PRCS pairs {(𝑔𝑖, 𝑠𝑖)}𝑀𝑖=1 available, each
RT can generate the assignment sequences utilized by other
RTs. When an RT detects a hit, it examines the sequences
of the other RTs. First, it determines the RBs on which no
hits were detected in the past and subsequently eliminates a
subset of RTs from the set of potential hit sources. However,
this procedure may not be sufficient to determine the exact
sequence with which a hit has occurred. To resolve this
ambiguity, the RT waits for more hits to occur. Incorporating
this information, the RT is able to reduce the number of
elements in its ambiguity set. We will refer to this procedure
as the hit identification and avoidance (HIA) algorithm, which
can be summarized in the following steps:

∙ An RT identifies a hit on a certain RB, say R̂B.
∙ The RT compares the set of its previously assigned RBs

with the set of RBs preceding R̂B in the assignment
sequences of all other RTs.

∙ If the intersection of the set of previously assigned RBs
and the set of RBs preceding R̂B in the assignment
sequence of a certain RT is not empty, that RT is excluded
from the set of potential hit sources. This comparison is
repeated for all RTs in the system.

∙ If the hit source is identified, i.e., there is one element in
the set of potential hit sources, the RBs preceding R̂B in
the assignment sequence of the hit source are avoided in
future assignments.

∙ If the hit source is not identified, the RT continues to
assign the RBs according to its sequence until another
hit occurs, and the algorithm is repeated.

From the above description, it can be seen that the operation
of the HIA algorithm depends solely on the current loads of
the RTs, but not on the instants at which the WTs access
the system. Furthermore, it can be verified that the operation
of the HIA algorithm is not affected if some RTs fail to
identify the hit source. This is because, in identifying the
hit source, the HIA algorithm depends on the RBs that are
assigned without hits. However, if an RT does not identify a
hit source, it assigns RBs that are already assigned by other
RTs. Being already assigned, those RBs are discarded by the
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(𝑔1, 𝑠1) 3 9 10 13 5 15 11 16 14 8 7 4 12 2 6 1
(𝑔2, 𝑠2) 5 8 6 13 14 2 10 16 12 9 11 4 3 15 7 1
(𝑔3, 𝑠3) 6 2 12 4 7 8 14 16 11 15 5 13 10 9 3 1

HIA algorithm of other RTs. To better explain the operation of
the HIA algorithm, we now provide an example for a system
with three RTs.

Example 1: Let 𝑀 = 3, 𝑃 = 17, 𝑠𝑖 = 0, 𝑖 = 1, 2, 3, and
𝑔1 = 3, 𝑔2 = 5 and 𝑔3 = 6, where 𝑔1, 𝑔2 and 𝑔3 belong to the
set of primitive roots of 17. The sequences generated by (1)
with {(𝑔𝑖, 𝑠𝑖)}3𝑖=1 are given in the table above.

Let us consider the case in which the loads of the three RTs
are given by 𝑘1 = 4, 𝑘2 = 3 and 𝑘3 = 0. First, RT 2 assigns
RB 6 and no hit is detected. Since this RB is the first to be
used by RT 3, RT 2 realizes that 𝑘3 = 0. Now, suppose that
𝑘2 → 𝑘2 + 1 and, based on its sequence, RT 2 assigns RB
13 to the incoming WT. Since this RB is already assigned by
RT 1, both RTs detect a hit, and RT 2 identifies RT 1 as the hit
source. However, because the RBs 3, 9 and 10 are not used yet
by RTs 2 and 3, RT 1 is unable to determine the RT with which
the hit at RB 13 has occurred. Hence, RT 1 continues to assign
the RBs according to its sequence. Suppose that 𝑘1 → 𝑘1 +1
and RT 1 assigns RB 5 to the incoming WT. RT 1 detects
a hit, but is still unable to determine the hit source. When
𝑘1 → 𝑘1 + 1, RT 1 assigns RB 15 to the incoming WT and
no hit is detected. Since RT 3 assigns RB 15 before RB 13
and no hit was detected at RB 15, RT 1 concludes that the hit
source was RT 2. □

The HIA algorithm can be systematically implemented by
any RT 𝑖 ∈ {1, . . . ,𝑀}, using the flow chart in Figure 2. In
this flow chart, the set containing the RBs already assigned
by RT 𝑖 is denoted by ℛ𝑖, and the sets of RBs preceding R̂B
(the RB at which a hit occurred) in the assignment sequence of
RT 𝑗 are denoted by ℛ̆𝑗 , 𝑗 = 1, . . . ,𝑀 , 𝑗 ∕= 𝑖. The potential
hit sources set is denoted by ℛ̄𝑖. The index of incoming WTs
is denoted by 𝑘 and the hit source index is denoted by 𝑠.

For initialization, the sets ℛ𝑖 and ℛ̆𝑗 , 𝑗 = 1, . . . ,𝑀 , 𝑗 ∕= 𝑖,
are set to be empty. The set ℛ̄𝑖 is set to contain all the other
RTs; i.e., ℛ̄𝑖 = {𝑗}𝑀𝑗=1,𝑗 ∕=𝑖. The WT index, 𝑘, and the hit
source index, 𝑠, are set to zero. Upon the arrival of a new WT,
the index 𝑘 is increased to 𝑘+1 and the new WT is assigned
RB 𝑟 = 𝑔𝑘+𝑠𝑖

𝑖 (mod 𝑃 ). If no hit is observed when RB 𝑟 is
assigned, ℛ𝑖 ← ℛ𝑖

∪{𝑟}. Alternatively, if a hit is observed,
the set ℛ̆𝑗 is set to be equal to the set of RBs preceding R̂B
in the assignment sequence of RT 𝑗, 𝑗 = 1, . . . ,𝑀 , 𝑗 ∕= 𝑖.
At this point, two possibilities can be considered: 1) the hit
source, RT 𝑠, is immediately identified; and 2) the hit source
is inferred from the RBs assignment sequences.

In the first case, RT 𝑖 distinguishes RT 𝑠 using, for instance,
its modulation scheme. Using this information, RT 𝑖 avoids
assigning the RBs preceding R̂B in the assignment sequence
of RT 𝑠, ℛ̆𝑠. As will be shown in Section VI, hit avoidance
in this case is more effective than in the case considered next,
wherein the hit source is not immediately identified, but is
inferred from the assignment sequences.

In the second case, the hit source, RT 𝑠, is not immedi-
ately identified. To infer the hit source from the assignment
sequences, RT 𝑖 compares ℛ𝑖 with the sets {ℛ̆𝑗}𝑀𝑗=1,𝑗 ∕=𝑖. For

Yes

Yes

Yes

No

No

No

Yes

Yes

No
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𝑠 = 0, 𝑘 = 0

ℛ𝑖 = ∅, ℛ̆𝑗 = ∅
ℛ̄𝑖 = {𝑗}𝑀𝑗=1,𝑗 ∕=𝑖

𝑘 → 𝑘 + 1

RT 𝑖 assigns RB
𝑟 = 𝑔𝑘+𝑠𝑖

𝑖 (mod 𝑃 )
to incoming WT

ℛ̆𝑗 = {RBs preceding R̂B
in the sequence of RT 𝑗},

𝑗 = 1, . . . ,𝑀, 𝑗 ∕= 𝑖

A hit occurred at R̂B

Hit source known

ℛ𝑖 ←ℛ𝑖

∪{𝑟}

𝑗 = 1

ℛ𝑖

∩ ℛ̆𝑗 ∕= ∅

ℛ̄𝑖 = ℛ̄𝑖− {𝑗}

𝑗 → 𝑗 + 1

𝑗 > 𝑀

𝑠 = ℛ̄𝑖

∣ℛ̄𝑖∣ = 1

Exclude RBs ∈ ℛ̆𝑠

from future assignments

ℛ̄𝑖 = {𝑗}𝑀𝑗=1,𝑗 ∕=𝑖

Fig. 2. Flow chart used by RT 𝑖 for hit identification and avoidance (HIA).

each 𝑗 ∕= 𝑖, if ℛ𝑖

∩ ℛ̆𝑗 ∕= ∅, ℛ̄𝑖 ← ℛ̄𝑖 − {𝑗}. If ∣ℛ̄𝑖∣ = 1,
RT 𝑖 declares the remaining element in ℛ̄𝑖 to be the hit source,
RT 𝑠. Similar to the case in which the hit source is immediately
identified, after determining 𝑠, RT 𝑖 avoids assigning the RBs
preceding R̂B in the assignment sequence of RT 𝑠. If the
HIA is unable to identify the hit source, i.e., ∣ℛ̄𝑖∣ > 1, RT
𝑖 continues to assign the RBs according to its sequence until
another hit occurs.

Note that, if the HIA algorithm of a particular RT does
not identify the hit source, this RT will not be able to
avoid future hits and will hence assign the RBs using its
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assignment sequence, as it would, had the HIA algorithm been
not employed. In both cases, the RT that was first to assign
R̂B retains it. The other RT, which was second to attempt
assigning R̂B, relinquishes it and assigns the following RB in
its assignment sequence.

B. Computational complexity of the HIA algorithm

First we note that the HIA algorithm does not involve any
multiplications, and its computational complexity arises only
from the comparison of the assignment sequences when a hit
is detected. Each sequence comparison requires at most 𝑃 −1
subtractions. Since the number of RTs is less than or equal
to 𝜙(𝑃 − 1), for each hit occurrence, the overall complexity
of the HIA algorithm is bounded by (𝑃 − 1)𝜙(𝑃 − 1) ≪
(𝑃−1)2 subtractions. Hence, the computational complexity of
the HIA algorithm is upper bounded by (𝑃 − 1)2 subtraction
operations, which can be easily accommodated by standard
wireless devices.

VI. SIMULATION RESULTS

In this section, the performance of the proposed assignment
sequences with and without the HIA scheme is compared with
the performance of random [3], PN-based, and the optimal
centralized schemes at different relative loads 𝐾

𝑃−1 ; i.e., the
ratio of the currently assigned RBs to the total number of RBs
in the system.

Random assignment of RBs to WTs has been used in
various distributed systems such as wireless sensor networks,
wherein the nodes selfishly contend for the available RBs.
In contrast, for frequency hopping systems, the assignment of
RBs in the hopping patterns has been traditionally based on the
decimal representation of the states of PN sequence generators.
Both random and PN-based assignments can be utilized to
generate assignment sequences for the relay-assisted OFDMA-
based systems considered herein.

For PN-based assignments, the set of states of PN sequence
generators possess a cyclic group structure that facilitates
their generation. In particular, for a given integer, 𝑛 > 1,
there are 𝜙(2𝑛−1)

𝑛 primitive polynomials that generate length-
(2𝑛 − 1) periodic PN sequences [14]. Notice that the length
of the sequence generated by this technique is odd, whereas
that generated by the proposed scheme is even. Hence, for
comparison, we will consider prime integers of the form
𝑃 = 2𝑛− 1, which yield sequence lengths that differ by one.
In addition to the PN and random based assignment schemes
in which CQIs are assumed not to be available, we compare
our results with the optimal centralized scheme in which the
BS has perfect CQI information and performs an exhaustive
search over all possible RB assignments.

For ease of exposition, we restrict our attention to the case
in which the number of RTs is 𝑀 = 3. For each system
load, 𝐾 , the performance is measured by the average number
of hits over possible load combinations; i.e., the average
overall ordered triples (𝑘1, 𝑘2, 𝑘3) ∈ {(𝑘1, 𝑘2, 𝑘3)∣

∑3
𝑖=1 𝑘𝑖 =

𝐾, 𝑘𝑖 ≥ 0}.
Example 2: In this example we consider the cases where

𝑃 = 17 and 𝑃 = 31. The HIA technique of Section V
is not used and for each case, the assignment sequences
are generated by (1) with the PRCS pairs that minimize
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Fig. 3. Comparison between proposed assignment sequences, the random
assignment scheme proposed in [3] and the PN based assignment sequences
for 𝑁 = 𝑃 − 1 RBs with 𝑃 = 17 and 𝑃 = 31.

∑𝑃−1
𝐾=1 𝐶(𝐾); cf. (7). In all curves, the cyclic shifts were set

to 0. For 𝑃 = 17, the optimal roots were found to be: 𝑔1 = 3,
𝑔2 = 11, 𝑔3 = 14, whereas for 𝑃 = 31 the optimal roots
were found to be: 𝑔1 = 3, 𝑔2 = 11, 𝑔3 = 21. Although it may
be possible to optimize the choice of the primitive roots and
the cyclic shifts for each 𝐾 , our investigations indicate that
this approach yields marginal improvement in performance
and does not warrant the additional computational complexity.
This observation will be elaborated on in Example 7 below.

For the case of 𝑃 = 31, Figure 3 shows a comparison
between the performance of the proposed, random [3] and the
PN based schemes, and for the case of 𝑃 = 17, Figure 3 shows
a comparison between the performance of the proposed and
random schemes only. This is because, when 𝑁 = 𝑃−1 = 16,
the length of the closest PN sequences is 24 − 1 = 15. These
sequences are generated by 𝜙(15)

4 = 2 primitive polynomials,
which are not enough to support the 3 RTs.

From this figure, it can be seen that the proposed sequences
yield a significant reduction in the average number of hits.
For instance, when 𝐾

𝑃−1 = 90%, the average number of hits
produced by the proposed scheme is 2 and 4.9 for 𝑃 = 17
and 𝑃 = 31, respectively. The corresponding numbers of
hits produced by the technique in [3] are 3.2 and 6.6, and
when 𝑃 = 31, the PN-based assignment produced an average
number of hits of 6.5. □

Example 3: In this example, we provide additional com-
parisons between the proposed and the PN-based assign-
ment schemes with and without using the HIA technique of
Section V. For the proposed sequences, 𝑃 = 127 yielding
𝑁 = 126 and for the PN-based scheme, 𝑛 = 7 yielding
𝑁 = 127. The primitive polynomials of the PN sequences
were selected to be those that minimize the number of hits.
For simplicity, for the PN-based sequences, the initial state is
chosen to be one, and for the proposed sequences the shifts are
set to be zero. The RTs are assumed to know the assignment
sequences of other RTs and the hit sources are assumed to
be immediately identified. From Figure 4, it can be seen that
the proposed assignment sequences yield a smaller average
number of hits than their PN-based counterparts. For instance,
when 𝐾

𝑃−1 = 90% the proposed scheme with HIA yields an
average of 4.6 hits, whereas the PN-based scheme with HIA
yields an average of 10.1 hits. The performance advantage of
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Fig. 4. Comparison between the PN-based and the proposed assignment
schemes for 𝑃 = 127 and 𝑛 = 7 when the cyclic shifts are set to zero with
and without immediate HIA.
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Fig. 5. Comparison between random assignment scheme proposed in [3] and
the proposed assignment for 𝑁 = 40 RBs (i.e., 𝑃 = 41) with and without
HIA and with immediate HIA.

the proposed scheme can be attributed to the fact that this
scheme spans a set of sequences larger than that spanned by
the PN generation technique.

Finally, it is to be noted that, because primes are denser than
numbers of the form 2𝑛 in the set of integers [11], the proposed
scheme covers a selection of 𝑁 = ∣ℛ∣ larger than that covered
by the PN-based assignment scheme; cf. Section III. □

Example 4: In this example we consider a setup similar to
the one in the previous example, but with 𝑃 = 41. However,
we consider two scenarios for the HIA technique, one in which
the hit sources are immediately identified and another in which
the hit sources are identified with the technique of Section V.
Notice that the HIA technique of Section V cannot be applied
to the assignment sequences proposed in [3] because of their
random structure.

Figure 5 demonstrates the impact of using the HIA tech-
nique of Section V. For comparison, the average number of
hits generated by the random technique is also shown in
this figure. When 𝐾

𝑃−1 = 90%, the average number of hits
produced when no hit avoidance is used is 4.44. Using hit
avoidance, this number is reduced to 4.03 when the hit source
is identified with the HIA technique of Section V and to 2.5
when the hit source is identified immediately. The average
number of hits when the technique in [3] is used is 9.1. □

The metric in (7) offers a convenient means for optimizing
the primitive roots and the cyclic shifts of the assignment
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Fig. 6. Comparison between metric minimizing roots and actual average
minimizing roots for 𝑃 = 17 and 𝑃 = 127 with immediate HIA.
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Fig. 7. Proposed assignment scheme for 𝑃 = 17 and 𝑃 = 41 with and
without cyclic shifts with immediate HIA.

sequences. However, this metric does not take the hit source
identification and avoidance into consideration. Hence, when
the HIA technique is used, the proposed metric yields an upper
bound on the actual number of hits. In the following example,
we will compare the performance of the HIA scheme when
the primitive roots are chosen in two ways: to minimize the
metric and to minimize the actual average number of hits.

Example 5: To illustrate the usefulness of the metric, in
Figure 6 we compare the performance of the HIA scheme
when 𝑃 = 17 and 𝑃 = 127. The cyclic shifts are set equal to
zero; i.e., 𝑠1 = 𝑠2 = 𝑠3 = 0.

From this figure, it can be seen that the primitive roots
selected with the metric yield close-to-optimal performance
when 𝑃 is small. However, as 𝑃 increases, the performance
of these roots deviates from that of the optimal ones. □

Example 6: In this example, we show the performance gain
resulting from incorporating cyclic shifts in the design of the
assignment sequences. We consider the case in which 𝑃 =
17 and 𝑃 = 41 and the HIA technique is used assuming
immediate hit source identification.

From Figure 7, it can be seen that, in comparison with the
case in which the cyclic shifts are fixed, the joint optimization
of shifts and primitive roots yields a significant reduction in
the average number of hits. For instance, when 𝐾

𝑃−1 = 90%,
using cyclically shifted assignment sequences with HIA results
in an average of 0.69 and 2.5 hits for 𝑃 = 17 and 𝑃 = 41,
respectively, whereas when no shifts are employed, the corre-
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Fig. 8. Comparison between the performance of the PRCS pairs that
minimize 1

𝑁

∑𝑁
𝐾=1 𝐶(𝐾) and that of the PRCS pairs that minimize 𝐶(𝐾)

for each system load 𝐾 . The number of RBs 𝑁 = 16.

sponding number of hits is 1.46 and 3.34, respectively. Hence,
the additional degrees of freedom offered by incorporating
cyclic shifts in the design yield valuable performance benefits.
However, to use the HIA technique in this case, each RT must
know the primitive roots and cyclic shifts of other RTs. □

Example 7: In this example, we investigate the perfor-
mance of the proposed RB assignment sequences for a system
with 3 RTs and 𝑁 = 16 RBs. We compare the case in
which the PRCS pairs are chosen to minimize 1

𝑁

∑𝑁
𝐾=1 𝐶(𝐾)

with the case in which the PRCS pairs are chosen to min-
imize 𝐶(𝐾) for each system load, 𝐾 . In both cases, the
HIA technique is employed assuming immediate hit source
identification.

From Figure 8, it can be seen that minimizing 𝐶(𝐾) at each
𝐾 yields marginal reduction in the average number of hits. For
instance, for this example, the maximum average reduction is
less than 0.06 hits. Hence, it can be seen that minimizing
𝐶(𝐾) at each 𝐾 results in an average performance that is
close to that obtained by minimizing 1

𝑁

∑𝑁
𝐾=1 𝐶(𝐾), and

does not warrant the additional complexity required for its
implementation. □

Example 8: In this example, we compare the average
signal-to-noise-plus-interference ratio (SINR) achieved by the
RB assignment sequences generated by (1), with the average
SINR achieved by the random assignments proposed in [3],
the PN-based assignments and an upper bound achieved by the
optimal centralized scheme. The channel gains between the
RTs and the WTs are assumed to be frequency-flat Rayleigh
fading with complex Gaussian distribution of unit variance
per real dimension as in [15], [16]. In this example, the cyclic
shifts are set to zero, the HIA algorithm is not employed and
the WTs are assumed to have no hit identification capabilities.

We consider a system with 3 RTs and 𝑁 = 30 RBs. The
loads of the first and the second RTs are 𝑘1 = 2 and 𝑘2 = 1.
The load of third RT 𝑘3 is increased from 1 to 25 WTs. For
the optimal centralized scheme, the load of the third RT 𝑘3 is
increased only from 1 to 4 WTs; assessing the performance
of the optimal centralized scheme for systems with more WTs
is computationally Prohibitive. The transmission power of all
RTs is set to be 10 dB and the noise variance is assumed
to be unity. To obtain a consistent characterization of the
hit, and subsequently interference, avoidance capabilities of
the assignment sequences, the SINR must be averaged over
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Fig. 9. Comparison between the SINR achieved by the proposed RB
assignment sequences, the random assignment sequences [3] and the PN based
assignment sequences for 𝑁 = 30 and 𝑀 = 3.

multiple channel realizations. This is because, although a
specific set of assignment sequences might exhibit favourable
characteristics for some channel realizations, it may exhibit
poor characteristics for other realizations. Hence, in our
simulation results the SINR is averaged over 5000 channel
realizations.

The performance results of this example are shown in
Figure 9. For the centralized scheme, the SINR was found
to decrease (almost) linearly from 30 to 22 dB when the
load of the third RT 𝑘3 increases from 1 to 4. However,
because of the scale of Figure 9 this performance is not shown.
From this figure, it can be seen that the proposed RB assign-
ment sequences can provide an average SINR performance
improvement in excess of 20% over random assignments. For
the random assignments, the average SINR decreases steadily
with the load increase. However, for the proposed and PN
based assignment sequences, three regions can be identified.
In particular, when the number of WTs is small, 𝑘3 ≤ 12 and
𝑘3 ≤ 6 for the proposed and PN based assignment sequences,
respectively, no hits occur yielding a constant average SINR.
When 𝑘3 = 13 for the proposed sequences and 𝑘3 = 7 and
14 for the PN based assignment sequences, hits occur and
the average SINR decreases. As 𝑘3 increases further, no more
hits are observed and the average SINR increases steadily until
another hit occurs. It is worth noting from this figure that the
performance of the PN based sequences can sometimes fall
below the performance of the random assignment sequences.

□
Example 9: In this example, we compare the average data

rate achieved by the proposed sequences with the upper
bound achieved by the optimal centralized scheme. The system
considered in this example is similar to that considered in the
previous one. In particular, the transmission power of all RTs
is set to be 10 dB and the noise variance is assumed to be
unity. The loads of the first and second RTs are 𝑘1 = 1 and
𝑘2 = 2, respectively. The load of the third RT, 𝑘3, is increased
from 1 to 4 WTs. For comparison, we also show the average
achievable data rate obtained by the random assignments
proposed in [3].

As shown in Figure 10, the centralized scheme provides a
performance superior to that of the proposed scheme and the
random one. However, the implementation of the centralized
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Fig. 10. Comparison between the achievable data rate when the proposed RB
assignment sequences, the random assignment sequences [3] and the optimal
centralized assignment scheme with perfect CQI knowledge are employed for
𝑁 = 16 and 𝑀 = 3.

scheme requires the BS to acquire perfect CQI information
about all RT-WT links and to perform a computationally
prohibitive search for each channel realization. □

The quality-of-service (QoS) that can be delivered by a
system depends on the average SINR observed by the WTs.
In particular, a minimum average SINR threshold must be
exceeded to ensure the achievability of a target QoS. Since
the average SINR tends to decrease when more WTs access
the system, the average SINR threshold provides a trade-
off between the QoS and the number of WTs that can be
accommodated by the available RBs.

Example 10: In this example, the relative load, 𝐾/𝑁 , that
can be accommodated in a three RT system for different
average SINR thresholds is compared when the proposed
and random assignment sequences are used. Similar to the
previous example, the RT-WT channel gains are assumed
to be frequency-flat Rayleigh fading with complex Gaussian
distribution of unit variance per real dimension and the number
of RBs, 𝑁 = 16. The transmission power of all RTs is set
to be 10 dB and the noise variance is set to be unity. The
threshold SINR is averaged over 5000 channel realizations. To
investigate the potential of RB reuse, in this example, 𝐾/𝑁 is
allowed to exceed 100%. The loads of the first and the second
RTs are 𝑘1 = 2 and 𝑘2 = 3, respectively, and the load of the
third RT 𝑘3 is increased from 1 to 16.

From Figure 11, it can be seen that, in comparison with
random assignments, the proposed sequences result in a sig-
nificant increase in the relative load that can be accommodated
by the network, without compromising the QoS. For instance,
at an average threshold SINR of 9.03, the system with random
sequences accommodates 𝐾/𝑁 = 37.5%, whereas that with
the proposed sequences accommodates 𝐾/𝑁 = 87.5%; a gain
of 233% in the system user capacity. This gain is attributed to
the lower interference levels yielded by the proposed cyclically
generated sequences. □

VII. CONCLUSION

In this paper a novel technique for autonomous RB as-
signment in relay-assisted OFDMA-based wireless systems is
proposed. This technique eliminates the need for coordination
between RTs, and hence is particularly suited for emerging
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Fig. 11. Comparison between the relative load of the random and proposed
assignment sequences at different average threshold SINR levels for 𝑁 = 16
RBs.

terminals relaying schemes in which the CQIs are not avail-
able. The proposed technique uses cyclic group generation
techniques and is shown to offer significant performance
improvements over random and PN-based assignments.

APPENDIX A
PROOF OF LEMMA 1

We will prove this lemma by contradiction.
Let 𝑔1 and 𝑔2 be two distinct generators of the group 𝐺.

Suppose that the sequence generated by 𝑔1 is a cyclically
shifted version of the sequence generated by 𝑔2. In this case
we can write

𝑔𝑘1 ≡ 𝑔𝑘+𝑟
2 (mod 𝑃 ), (9)

where ≡ denotes congruence, 𝑘 ∈ {1, . . . , 𝑃 − 1} and 𝑟 ∈
{1, . . . , 𝑃−2} is the cyclic shift. By squaring both sides of (9)
we have

𝑔2𝑘1 ≡ 𝑔2𝑘+2𝑟
2 (mod 𝑃 ). (10)

Consider the sequence generated by 𝑔1. The entry of this
sequence that lies after 𝑘 slots from 𝑔𝑘1 (mod 𝑃 ) is 𝑔2𝑘1
(mod 𝑃 ). Using the assumption that this sequence is a cycli-
cally shifted version of that generated by 𝑔2, we have from (9)
that

𝑔2𝑘1 ≡ 𝑔2𝑘+𝑟
2 (mod 𝑃 ). (11)

Equating the right hand sides of (10) and (11) yields

𝑔2𝑘+2𝑟
2 ≡ 𝑔2𝑘+𝑟

2 (mod 𝑃 ). (12)

Multiplying both sides of (12) by 𝑔𝑝−1−2𝑘−2𝑟
2 , it follows from

Fermat’s Little Theorem [11] that

1 ≡ 𝑔𝑝−1−𝑟
2 ≡ 𝑔−𝑟

2 (mod 𝑃 ).

The last equation can be satisfied if and only if 𝑟 = 0
(mod (𝑃 − 1)). Using this in (9) and simplifying yields
𝑔1 = 𝑔2, which contradicts the assumption that 𝑔1 and 𝑔2
are distinct, which completes the proof of the lemma.
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