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Abstract—Terminal relaying is expected to offer an effective
means for realizing machine-type communications (MTC) in
wireless cellular networks. In the absence of channel quality indi-
cators, the effective utilization of relaying terminals (RTs) requires
a mechanism by which RTs can autonomously assign available
resource blocks (RBs) to potentially large numbers of uncoordi-
nated MTC devices with minimal conflicts. Unlike random RB
assignments, which do not offer performance guarantees, using
prescribed RB assignment sequences provides an opportunity for
obtaining performance gains. However, realizing these gains re-
quires optimizing RB assignments over a large set of lengthy se-
quences. One technique for selecting assignment sequences is based
on an exhaustive search of exponential complexity over sequences
generated by multiplicative cyclic groups. This technique restricts
the number of RBs to be prime minus one and does not consider
sequences generated using other group operations. In this paper,
we use group isomorphism to eliminate the constraint on the num-
ber of RBs and to show that the optimal assignment sequences
generated by a specific cyclic group are globally optimal over the
set of all cyclically generated sequences. We develop a greedy al-
gorithm with polynomial complexity for the sequential selection of
RB assignment sequences in systems with large numbers of RTs
and arbitrary device distributions. This algorithm is further sim-
plified by invoking the graphical representation of cyclic groups.
The resulting algorithm is more efficient and thus suitable for gen-
erating assignment sequences for relay-assisted massive multiple
access Internet-of-Things systems. Numerical results show that the
performance of the sequences generated by the greedy algorithms
is comparable to that of those generated by exhaustive search, but
with much less computational cost.

Index Terms—Cooperative D2D Relaying, distributed resource
allocation, machine-type communications, sequence-based re-
source allocation, terminal relaying.

I. INTRODUCTION

MACHINE-TYPE communications (MTC) are prospected
to be the engine that will underlie a wide range of
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Internet-of-Things-based (IoT-based) applications, including
smart grids and intelligent transportation systems [1], [2]. Such
applications will involve communication between large num-
bers of low-power geographically dispersed MTC devices. The
communication between these devices can be facilitated by ex-
ploiting the currently available cellular infrastructure. However,
this structure has two major drawbacks: first, the transmission
power of the MTC devices may not be sufficient to communicate
directly with the base station (BS); and second, the prospective
large number of MTC devices communicating simultaneously
with the BS may result in heavy interference [3], [4]. These
drawbacks can be mitigated by utilizing a terminal relaying
scheme, wherein a wireless user terminal assists the communi-
cation of its neighboring MTC devices by relaying their signals
to the BS.

Using terminal relaying, the MTC devices in each cell are
grouped into clusters, where each cluster is served with a re-
laying terminal (RT) that acts as the cluster head [5], [6]. Each
of these RTs aggregates data from the MTC devices within its
cluster and relays it to the BS. This relaying-based approach
has been extensively studied by the 3rd Generation Partnership
Project 3GPP for the Long Term Evolution (LTE) system. In
particular, this approach was first initiated in 3GPP for Release
12 of LTE under proximity-based services [7]. In this release
it was only limited to providing coverage extensions to termi-
nals with unfavorable channel conditions. This approach was
further extended in Release 14 to provide support for vehicle to
infrastructure applications [8]. In these applications one vehicle
will act as a cluster head and accordingly relay the signals of
its neighboring vehicles to the BS. Another 3GPP work stream;
i.e., the 3GPP 5G New Radio (NR), envisions that wireless ter-
minals can act as relays and accordingly collect data from their
neighboring MTC devices over an operator-controlled sidleink
in the licensed cellular spectrum. Since each MTC device com-
municates only with its neighboring RT, terminal relaying offers
the following favorable features:

1) The MTC devices can utilize low power communications
and low complexity transmitters, thereby reducing their
cost and power requirements.

2) The data collected by the wireless terminals can be locally
processed thus reducing the required resources on the ex-
pensive long range link; i.e., the link between the wireless
terminal and the BS.
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3) The massive number of MTC devices attempting simulta-
neous communication with the BS can be significantly
reduced, thereby reducing the interference at the BS
and the probability of collision on the random access
channel.

Despite its potential advantages, the efficient implementa-
tion of terminal relaying in an MTC framework requires a
mechanism by which the RTs can allocate the available (time-
frequency) resource blocks (RBs) to their assisted devices.

In the presence of global instantaneous channel quality indi-
cators (CQIs), the RBs can be centrally allocated by the BS to
both the BS-RT and the RT-MTC links; e.g., [9]–[13]. To avoid
the overhead associated with centralized coordination, semi-
distributed RB assignment schemes were discussed in [14], [15].
In these schemes, the role of the BS is limited to propagating the
estimated interference (price) of each link and the devices inde-
pendently compete for the available resources using game theo-
retic approaches. These schemes were further extended in [16]
by relaxing the perfect CQIs; i.e., by incorporating channel un-
certainties. Alternatively, when only local instantaneous CQIs
are available, the RBs can be independently allocated by the RTs
to their MTC devices in a distributed manner; e.g., [17]–[19].
The availability of CQIs also enables the implementation of an-
other class of medium access schemes, which does not require
explicit RB allocations. One such scheme is the coded random
one, wherein the devices would choose their RBs randomly and
the RTs use the available CQIs to cancel the effect of interfer-
ence [20]–[22]. The performance of these schemes is generally
good. However, acquiring the CQIs necessary for their opera-
tion in practice incurs a significant overhead and can seriously
infringe on the resources available for communication. This
drawback was partially mitigated in another class of medium
access schemes by relaxing the requirement of the instantaneous
CQIs. In particular, this class uses a statistical model of channel
uncertainties to perform the RB assignments based on imper-
fect CQIs; e.g., [16], [23]. Although this approach reduces the
signalling overhead in fixed relaying systems, the prospected
high mobility of both the RTs and the MTC devices as well
as their large numbers might result in highly suboptimal RB
assignments. Hence, to extract the potential gains of terminal
relaying in IoT systems, it is desirable to design a computation-
ally efficient scheme by which the RBs can be allocated blindly,
i.e., without CQIs, and autonomously, i.e., without centralized
coordination.

In the absence of CQIs, autonomous RB allocation schemes
that use random RB assignments are available, e.g., [24].
Other examples of random access schemes include ALOHA
and Slotted-ALOHA in which wireless devices transmit their
data over randomly selected RBs [25]. These schemes dispense
with the overhead necessary for centralized coordination and
CQI acquisition, but the lack of coherence in their structure
results in, otherwise avoidable, RB allocation conflicts. This
drawback of the random schemes is alleviated by the one pro-
posed in [26], wherein the RB assignment sequences are en-
dowed with a multiplicative cyclic group (MCG) structure. In
this work, the proposed structure was used to obtain cyclically-
generated (CG) RB assignment sequences and an exhaustive
search was performed to select the sequences that minimize the

number of RB allocation conflicts between the RTs. Despite its
advantages, when the number of RTs increases, the computa-
tional cost of exhaustive search over CG sequences becomes
practically infeasible. As such, the exhaustive search cannot be
used for admission control in the IoT paradigm, which is ex-
pected to comprise tens of thousands of RBs and potentially
hundreds of RTs.

In this paper, we consider a distributed relay-assisted cellular
system that supports MTC. In this system, the CQIs are assumed
to be neither available at the RTs nor at the BS. Each RT locally
assigns RBs to its incoming MTC devices according to a pre-
scribed CG RB assignment sequence; i.e., without centralized
coordination by the BS. These cyclic sequences are generated
at the RTs by using the properties of cyclic groups with a partic-
ular group operation. However, some group operations impose
constraints on the number of RBs that would prevent the direct
application of cyclic-structured RB assignments in IoT appli-
cations; e.g., the multiplicative group operation constrains the
number of system RBs to be a prime minus one. To alleviate this
constraint, we use a property of cyclic groups, namely, group
isomorphism, to show that the performance of the CG assign-
ment sequences is independent of the group operation, thereby
waiving the requirement on the number of RBs to be a prime
minus one as in [26]. A direct consequence of this observation
is that the optimal assignment sequences obtained by searching
over the set of sequences generated by a specific cyclic group
are globally optimal over the set of all CG sequences of the same
number of elements. Furthermore, we provide a computation-
ally efficient technique that, in contrast with the scheme in [26],
enables the design of RB assignment sequences for networks
with large numbers of RTs and RBs. In particular, we develop
a greedy algorithm, whereby the RB assignment sequences are
CG in an efficient manner that relies on the structure of cyclic
groups and the sequential assessment of the number of assign-
ment conflicts between the sequences. Since the assignment
sequences generated by the proposed algorithm are obtained
from distinct group generators and cyclic shifts, the quest for
designing sequences is reduced to the quest for finding group
generators and cyclic shifts that result in minimal assignment
conflicts. In each iteration of the proposed algorithm, a pair
of group generators is chosen such that the number of assign-
ment conflicts between the sequences that they generate and the
ones generated by the previously selected group generators is
minimized. The selected group generators are then ranked in a
look-up table in an ascending order of their observed number of
assignment conflicts. To further simplify the design, we invoke
a graphical representation of cyclic groups to gain insight into
their structure, and to subsequently develop a graphical greedy
algorithm for selecting the group generators and cyclic shifts.

Numerical results suggest that the performance of the se-
quences generated by the proposed greedy algorithms is
comparable to that of the sequences generated by exhaustive
search, but with a significantly less computational cost. In par-
ticular, the complexity of the proposed greedy algorithms is
polynomial, whereas that of the proposed exhaustive search
in [26] is exponential. As such, the greedy algorithms enable the
application of cyclic-structured RB assignments in IoT systems,
which are expected to comprise tens of thousands of RBs and
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Fig. 1. A cellular MTC system assisted by RTs.

potentially hundreds of RTs. Cyclic RB assignment sequences
for systems with that many RTs and RBs are computationally
prohibitive when designed by the exhaustive search technique
of [26]. Furthermore, the proposed greedy algorithms do not
require active RTs to update their RB assignment sequences
when new RTs access the system. In particular, for a network
with a given number of RBs, the look-up table provided by
the algorithms contains all the generators of the corresponding
cyclic group. When a new RT enters the system at any given
instant, it uses the first unutilized group generator for obtaining
its RB assignment sequence. This is in contrast with the exhaus-
tive search of [26], which necessitates that all active RTs update
their assignment sequences when new RTs enter the system.
To summarize, the contributions of this work are highlighted
below. In particular, this paper

1) develops a flexible greedy algorithm that offers a tradeoff
between the performance of the CG sequences and the
computational complexity of their selection process;

2) invokes graphical representation of cyclic groups to de-
velop an efficient greedy algorithm that enables the appli-
cation of cyclic-structured RB assignments in IoT systems
with hundreds of RTs and thousands of RBs;

3) reduces the signalling overhead in the network by allowing
active RTs to maintain their RB assignment sequences
when new RTs enter the system; and

4) invokes group isomorphism to show that exhaustive search
over sequences CG by a given group operation suffices to
guarantee optimality over all CG sequences.

The latter contribution results in: 1) exposing the inde-
pendence between the performance of the cyclic-structured
RB assignment sequences and the group operation underlying
their generation, thereby reducing the computational complex-
ity of the sequences selection process; and 2) eliminating the
constraint imposed by the MCG structure on number of RBs.

II. AUTONOMOUS ASSIGNMENTS USING CG SEQUENCES

We consider an autonomous uncoordinated RB assignment
scheme for the uplink of a relay-assisted cellular network that
supports MTC as depicted in Fig. 1. In this scheme, wireless
terminals act as RTs and assist the communication between their

neighboring MTC devices and the BS. An RT is selected by an
active MTC device according to the observed signal strength.
The RT does not have access to the CQIs and, once selected,
it allocates one or multiple RBs to the MTC device, depending
on the data rate requirement thereof. RTs relay the data of their
neighboring MTC devices to their respective BSs over a different
set of RBs. Hence, an RT can always aggregate its own data and
communicate it along with the relayed MTC data to the BS. RTs
communicate the RB allocations to individual MTC devices over
a dedicated control channel. This channel is used by the RT to
notify its assisted MTC devices that it is no longer available
for relaying. Once notified of the RT updated status, the MTC
devices will select one of the remaining RTs depending on the
received signal strength. The selected RT will then assign its
available RBs to fulfil the data rate requirements of these MTC
devices. To avoid excessive signalling between neighboring RTs
for coordinating their RB assignments, each RT autonomously
assigns resources to its assisted devices.

To maintain autonomy, two methodologies can be considered
for RB assignment. The first methodology uses unstructured
random RB allocations [24], whereas the second one performs
the RB assignments based on prescribed sequences [26]. In
both methodologies, the absence of coordination between the
RTs might result in instances at which one RB is assigned to
multiple MTC devices simultaneously. Occurrences of such an
instance, referred to as a ‘hit’, are likely to result in high inter-
ference levels, thereby significantly deteriorating the quality of
the signals observed by the MTC devices. Hence, to improve
the quality of these signals, it is desirable for the RTs to re-
duce the number of hit occurrences. Unfortunately, achieving
this goal is not guaranteed if the RBs were to be assigned ran-
domly. This is because a random assignment does not possess
a known structure that would enable controlling the number
of hit occurrences. In contrast, RB assignments that are based
on prescribed sequences provide an opportunity for optimiz-
ing the number of hits, thereby reducing the interference levels
observed by the MTC devices. Our focus in the remainder of
this paper is on the latter approach. In particular, we consider a
structured RB assignment scheme, whereby each RT performs
the RB assignments to its MTC devices according to prescribed
assignment sequences with entries corresponding to available
RBs. Unfortunately, optimizing the assignments of these RBs
over all possible sequences constitutes a formidable task that,
for a network with N RBs and M RTs, requires exhaustive
search over

(
N !
M

)
combinations of sequences.

When the number of RTs is small, e.g., M = 4 RTs, a
practical approach is to restrict the exhaustive search to CG
sequences [26], that is, sequences generated from a single
element in the sequence. This is because such sequences posses
the following favorable features:

1) The only available sequences that can be generated from
a single generator.

2) Can be easily generated locally by the RTs by repeated
applications of a simple group operation, e.g., addition,
on a single seed.

3) Offer a relatively small number of sequences compared to
the total number of available sequences of the same length
N !.
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4) In contrast with random sequences, the cyclic structure of
these sequences can be utilized to further reduce the num-
ber of assignment conflicts between neighboring RTs; e.g.,
by using the hit identification and avoidance algorithm as
discussed in Section VI.

Instances of CG sequences are the pseudonoise (PN) and
low density sequences (LDS), which are commonly used in
Frequency Hopping (FH) systems [27]–[29] and the Zadoff-
Chu (ZC) sequences, which are implemented in Long Term
Evolution (LTE) systems [30]. The design of these sequences
is based on communication applications that differ significantly
from the RB assignment one considered herein. For instance,
the design of PN sequences that are ‘good’ for FH systems is
based on minimizing the number of collisions for an application
in which each wireless device occupies a particular frequency
slot during one dwell interval, and relinquishes it after that.
In contrast, the design of ‘good’ ZC sequences is based on
communication applications that require certain orthogonality
properties, e.g., random access preambles and synchronization
in LTE systems [31]. Being generated to meet other design crite-
ria, these sequences do not necessarily perform well when used
for assigning RBs in the MTC relay-assisted communication
systems considered herein. To see that, we note that in MTC no
spreading is needed, in contrast with applications for which ZC
sequences are preferable, and that each MTC device is entitled
to retain its assigned RBs during the entire transmission interval,
in contrast with applications for which PN sequences are prefer-
able. Finally, we note that despite the underlying differences in
the design, the PN, ZC, and LDS sequences are generated from a
single seed. Hence, by construction, these sequences constitute
a proper subset of the cyclically-generated sequences.

We now review preliminaries pertaining to the generation
of cyclic RB assignment sequences. We begin by recalling the
following definitions.

Definition 1 ( [32]): A group G is a set on which a group
operation (denoted by juxtaposition) is defined such that: G is
associative; for all (x, y) ∈ G × G, xy ∈ G; and the inverse
for each element is in G. The order of G is the number of its
elements. �

Cyclic RB assignment sequences are generated from a partic-
ular class of groups known as cyclic groups, which are defined
next.

Definition 2 ( [32]): A group G is cyclic if all its elements
can be generated by repeated application of the group opera-
tion on one element in G. Such an element is called a group
generator. �

For a cyclic group G of order N , the number of group gener-
ators is given by the Euler Totient function, φ(N).

Definition 3 ( [33]): Given a positive integer N , the Euler
Totient function, φ(N), is the cardinality of the set of integers
that are coprime with N ; that is, φ(N) is the cardinality of the
set {q < N | gcd(q,N) = 1}, where gcd(q,N) is the greatest
common divisor of q and N . �

Immediate from Definition 2 is that repeatedly applying the
group operation on one of the generators of a group G with
order N yields an N -entry cyclic sequence that spans all the
elements of G. This implies that there are φ(N) distinct cyclic
sequences, each corresponding to a distinct group generator.

Hence, when designing CG RB assignment sequences for a net-
work with N RBs, it suffices to consider the order-N cyclic
group that generates them. In particular, given a distinct group
generator, each RT can generate a cyclic sequence that spans
all the RBs available to the network, and the quest for optimal
cyclic sequences is distilled to the quest for optimal generators
and group operation. In [26], CG sequences were obtained using
the MCG structure. These sequences were enriched by consid-
ering cyclically shifted versions thereof. In particular, applying
a cyclic shift, s, to a sequence, cyclically rotates its entries by s
slots, where s ∈ {0, . . . , N − 1}. In [26], the group generators
and cyclic shifts were chosen by exhaustive search to ensure a
minimal number of hit occurrences. Despite its advantages in
minimizing hit occurrences, performing an exhaustive search
over all CG sequences by the MCG structure incurs a computa-
tional cost that prohibits its utilization in systems with practical
numbers of RTs; e.g., exhaustive search cannot be implemented
in systems with more than 4 RTs. Moreover, restricting RB as-
signments in [26] to sequences generated by the MCG structure
imposes a constraint on the number of RBs and guarantees the
optimality of the selected sequences only with respect to MCG
structure. These drawbacks will be alleviated by the techniques
proposed hereinafter.

III. GLOBAL OPTIMALITY OVER THE SET OF CG SEQUENCES

The design of optimal RB assignment sequences for systems
with large numbers of RBs and RTs involves a computationally
infeasible exhaustive search over a significantly large set of
sequence combinations. To address this drawback, a possible
approach is to restrict this search to the set of sequences that can
be easily generated from a single generator; i.e., CG sequences.
This reduces the number of candidate RB assignment sequences
for a system with N RBs from N ! to φ(N). However, the entries
of the φ(N) cyclic sequences depend on the group operation
used for their generation. Based on this observation, one might
be tempted to search exhaustively over sequences generated by
all possible group operations; restricting oneself to a specific
group operation would guarantee optimality over that particular
group.

Fortunately, optimizing the sequences over all group opera-
tions is not necessary. Indeed, in this section, we show that the
set of CG sequences that are optimal with respect to a given
group operation are globally optimal over the set of all CG se-
quences of the same order. This follows from the observations
that the performance of an RB assignment sequence depends
solely on the sequence structure, but not on its actual entities,
and that this structure is independent of the group operation.
The latter observation follows from a fundamental property of
cyclic-groups known as group isomorphism, which is described
next.

A. Application of Group Isomorphism in RB Assignment

For any two cyclic groups of the same order, there exists
a structure-preserving function that maps their entities. This
function is referred to as group isomorphism, which is formally
defined as follows.
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Definition 4 (Isopmorphism of Cyclic Groups [32]): Let G
and Ḡ be two cyclic groups of the same order. An isomor-
phism F : G → Ḡ is a one-to-one and onto map that respects
the group operation, that is, if x, y ∈ G, then F (x), F (y) ∈ Ḡ
and F (xy) = F (x)F (y). �

Although juxtaposition is used to denote the group operations
in both G and Ḡ, these operations are generally different.

Definition 4 implies that the isomorphism F can be consid-
ered as a relabelling function that maps every element in G
to an element in Ḡ. In addition, since both groups, G and Ḡ,
have the same order, N , they also have the same number of
group generators, φ(N), irrespective of their underlying group
operations. Using these implications, we will show that, when
designing cyclic sequences for RB assignment, the selection of
the underlying group operation is immaterial. The key step to
show that follows from the following lemma.

Lemma 1 (Isomorphism With Additive Groups [33], [34]):
Any cyclic group, GN , of order N is isomorphic to the
additive cyclic group (ACG), (ZN ,+) = {0, 1, 2, . . . , N − 1},
irrespective of the group operation that underlies GN . �

Although this lemma asserts the existence of an isomorphism
between any two cyclic groups of order N , GN and ḠN , it does
not provide information on the sequences generated by these
groups. In the following theorem, we will show that not only G
and Ḡ are isomorphic, but also their CG sequences.

Theorem 1: For any cyclic group GN of order N , there exists
an isomorphism F such that the set of sequences that are CG
by the group operation underlying GN is isomorphic to the
set of sequences that are CG by the additive group operation
underlying ZN .

Proof: See Appendix. �
We note that the isomorphism, F , in this theorem is not

unique. In other words, there are multiple isomorphisms that
map the sequences of GN to those of ZN . What is common
between these isomorphisms is that they all map the set of
sequences generated by GN to that of those generated by ZN .

Before discussing the implications of Theorem 1 on the pro-
posed technique, we verify it with an illustrative example.

Example 1: Let G10 and Z10 be the multiplicative and addi-
tive cyclic groups of order N = 10, respectively. The number
of CG sequences by both groups is given by φ(10) = 4; cf.
Definition 3. For the MCG structure, the set of CG sequences is
obtained by

{
g

(k+si )
i (mod N + 1)

}N

k=1 (1)

where gi is the ith group generator of GN , si is the cyclic
shift and (mod N + 1) is the modular operation that yields
the integer remainder of dividing g

(k+si )
i by (N + 1). For ease

of exposition, in this example we set all cyclic shifts to 0. Doing
so, yields the following sequences for G10:

(g1 = 2) 2 4 8 5 10 9 7 3 6 1
(g2 = 6) 6 3 7 9 10 5 8 4 2 1
(g3 = 7) 7 5 2 3 10 4 6 9 8 1
(g4 = 8) 8 9 6 4 10 3 2 5 7 1

Similarly, the set of CG sequences by the ACG structure can
be obtained by

{
gi(k + si) (mod N)

}N

k=1 (2)

where gi is the ith group generator of ZN and si is the cyclic
shift. Applying (2) yields the following sequences for Z10:

(g1 = 1) 1 2 3 4 5 6 7 8 9 0
(g2 = 3) 3 6 9 2 5 8 1 4 7 0
(g3 = 7) 7 4 1 8 5 2 9 6 3 0
(g4 = 9) 9 8 7 6 5 4 3 2 1 0

Considering the isomorphism mapping function {F : G10 →
Z10 : F ((g1 = 2)k (mod N + 1)) = k (mod N)}, the ele-
ments of the two group structures can be mapped as:

MCG 2 4 8 5 10 9 7 3 6 1
ACG 1 2 3 4 5 6 7 8 9 0

Applying this mapping to the set of CG sequences by the
MCG structure yields the one generated by the ACG structure.
We note that the sequence-to-sequence mapping is not unique.
For instance, another mapping function is {F : G10 → Z10 :
F ((g2 = 3)k (mod N + 1)) = k (mod N)}. However, under
any isomorphism, the complete set of CG sequences by Z10 will
be obtained from the one generated by G10. �

To illustrate the implications of Theorem 1 on RB assign-
ment, we note that this theorem asserts that all cyclic group
operations will provide sequences with the same structure, but
with different labels. In other words, the relative locations be-
tween any two elements of a CG sequence will be preserved
under an isomorphism between any two cyclic groups of the
same order. Now, consider the process of RB assignment in a
relay-assisted MTC system. A hit will occur between any two
RTs when they concurrently assign the same RB irrespective
of its label; i.e., when they both use the same element in their
respective RB assignment sequences. Hence, only the relative
locations of elements in the RB assignment sequences, i.e., the
sequence structures, will affect the number of hit occurrences.
Since isomorphism preserves the sequence structures across all
group operations, performing an exhaustive search over the set
of cyclic sequences generated by a group of order N guarantees
optimality over the set of all CG sequences of the same order.
This implies that, without loss of generality, the CG sequences
by the ACG structure can be utilized for RB assignments in any
IoT system with an arbitrary number of RBs, N . More specif-
ically, this observation enables us to eliminate the restriction
imposed by the MCG structure of [26] on N to be a prime
minus one.

IV. A GREEDY-BASED APPROACH

The goal of this section is to develop an efficient technique
for designing assignment sequences that reduce assignment con-
flicts in relay-assisted IoT systems. In these systems, the num-
ber of RBs and RTs is expected to be large, which renders
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RB assignment schemes that rely on exhaustive search rather
impractical. To address this difficulty, the assignment scheme
developed herein will rely on a greedy algorithm that sequen-
tially selects the RB assignment sequences from the set of CG
ones. The performance of this algorithm will be shown to be
comparable to that of exhaustive search, but its computational
complexity is significantly less.

Consider a group of order N , corresponding to a system with
N RBs. For such a system, the greedy algorithm begins by pair-
ing the φ(N) group generators, so that the two entries of each
pair yield reversed cyclic sequences. The algorithm will later
associate with each pair a cyclic shift that determines the start-
ing point of each sequence. The optimization of these shifts and
their association with the group generator pairs will be clarified
below. In the first iteration of the greedy algorithm, a pair is ar-
bitrarily selected, along with a cyclic shift s = 0, to be the initial
basis of the algorithm. In each of the subsequent iterations, the
algorithm augments its basis with one group generator pair and
its associated cyclic shift, thereby exhausting all group gener-
ator pairs in φ(N )

2 − 1 iterations. The group generator pair and
the cyclic shift selected in each iteration are tabulated in a look-
up table, which is constructed once offline for every value of N
supported by the system. For example, a system in which N1

and N2 RBs are used in different coverage areas would require
two look-up tables. Once constructed for a coverage area with
N RBs, the table can be used to generate assignment sequences
for any number of RTs less than φ(N); for M RTs, only the first
M/2 entries of the look-up table are used to generate the M RB
assignment sequences. Note that when an RT becomes unable
to assist its neighboring MTC devices, it immediately notifies
the BS of its updated status and releases the group generator
and cyclic shift pair that it used to generate its RB assignment
sequence. The released pair can then be acquired by any new
RT that joins the system. However, the procedure through which
this pair is acquired depends on the admission protocol between
the RTs and the BSs. In particular, for systems in which the RTs
notify BSs of their joining, the look-up table is administrated
by BSs and accordingly they can assign the released pair to the
new RT. In contrast, for completely autonomous systems, the
RTs are self-admitted once they are capable of relaying and thus
will need to locally select their pair. In such systems, a new RT
will sequentially attempt to utilize the pairs in the same order of
its local look-up table until it reaches a released one.

In the remainder of this section, we will elaborate on the
details of the pairing technique and the selection methodology
of the RB assignment sequences.

A. Pairing of Group Generators

Our pairing methodology is based on finding the optimal
generators for the two-relay case. In that case, the quest for
the optimal CG sequences can be distilled to the quest for two
assignment sequences that proceed in reversed orders. In partic-
ular, using these sequences for RB assignment results in no hits
as long as the number of assigned RBs is less than the number
of available ones. To obtain sequences that proceed in reversed
orders, we begin by noting that for a group generator g and

cyclic shift s, there exists a unique inverse (g−1, s−1), where
g−1 is the modular arithmetic inverse of g satisfying

gg−1 ≡ e (mod N + 1), (3)

where in writing (3) we used e to denote the group identity
element. To determine s−1, we note that the sequences gener-
ated by (g, s) and (g−1, s−1) should proceed in reversed orders,
which implies that

s−1 = N − s − 1. (4)

For example, consider the pair (g = 2, s = 0) of the MCG of
order N = 10. The inverse of this pair is (g−1 = 6, s−1 = 9) and
from (1), its CG sequence becomes (1, 6, 3, 7, 9, 10, 5, 8, 4, 2),
which is the reversed version of the sequence generated by
(g = 2, s = 0), cf. Example 1.

B. Sequential Selection of Assignment Sequences

Let T be the look-up table to be constructed by the algo-
rithm and let U be the set containing the group generator pairs
that have yet to be selected. At first, T is empty and U con-
tains the φ(N )

2 group generator pairs. The algorithm arbitrarily
selects a group generator pair (g, g−1) from U and, without
loss of generality, sets its cyclic shift s to 0, which, using (4),
yields s−1 = N − 1. The quadruple (g, g−1, s, s−1) is taken to
be the initial basis of the algorithm and the pair (g, g−1) is re-
moved from U . In each of the subsequent φ(N )

2 − 1 iterations,
the algorithm examines the group generator pairs in U against
a particular performance metric for all possible cyclic shifts
s ∈ {0, . . . , N − 1}. The quadruple that yields the best perfor-
mance is then used to augment T and its group generators are
removed from U . The algorithm continues to iterate until the
exhaustion of all the pairs in U .

When determining an appropriate performance metric for
choosing the group generator pairs and cyclic shifts, it is desir-
able that this metric enables the algorithm to adapt to both uni-
form and non-uniform distributions of MTC devices. As such,
this metric should not depend on the instantaneous loads of the
RTs. One such metric is the average number of pairwise hits
over all possible system load distributions. Another metric is
based on the graphical representation of cyclic groups, which
will be discussed in the following section.

We note that considering the performance metric to be the
average number of pairwise hits over all possible system load
distributions facilitates the sequence-selection process. To see
this, let (g, g−1, s, s−1) be the quadruple examined at the Q-th
iteration of the greedy algorithm. Now, the sequences generated
by (g, s) and (g−1, s−1) proceed in reversed orders and thus
these sequences result in identical average number of pairwise
hits with the sequences generated by the Q − 1 quadruples
previously selected, (gq , g

−1
q , sq , s

−1
q ) ∈ T , q = 1, . . . , Q − 1.

Hence, when evaluating the performance of a quadruple
(g, g−1, s, s−1), it suffices to evaluate the metric for the
sequence generated by either (g, s) or (g−1, s−1).

We conclude this section by pointing out a key advantage
of using the look-up table yielded by the greedy algorithm.
In particular, the order of the quadruples in this table depends
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Fig. 2. The greedy algorithm.

solely on the number of pairwise hits, but not on the number of
RTs in the system. Thus, it suffices for the system to have only
one look-up table to support any number of RTs less than φ(N).
Subsequently, by using the greedy algorithm, active RTs do not
need to update their sequences when new ones join the system. In
contrast, the exhaustive search scheme in [26], requires having
one look-up table for each possible number of RTs. Thus, in
the exhaustive search scheme, when a new RT joins the system,
the ones already active must switch to the look-up table that
corresponds to the new number of RTs.

The greedy algorithm is summarized in the flowchart in Fig. 2.
In this flowchart, we will use Ii to denote the performance metric
for a candidate group generator cyclic shift pair (gi, si). This
metric will be discussed in detail in the following section.

C. Performance Evaluation of Cyclic Assignment Sequences

In the greedy algorithm, the sequence-selection mechanism
is based on evaluating the performance of a candidate sequence
with respect to the ones previously selected in the look-up table
T only. This table is then augmented by the quadruple corre-
sponding to the sequence yielding the best performance; i.e., in
each iteration |T | increases by 1. In contrast, in the exhaustive
search in [26], the sequence-selection mechanism is based on
the computationally intensive task of the joint performance eval-
uation of all CG sequences and the look-up table is constructed
all at once. In this section, we adapt the average number of
pairwise hits metric in [26] to the selection methodology of the
greedy algorithm developed herein.

1) The Performance Metric: Let Xi ∈ {0, 1}N ×N be what
we refer to as the load matrix of the i-th RT, i = 1, . . . , M . The
row and column indices of Xi represent the RB index and the
load level of the i-th RT, respectively. The (r1, r2)-th entry of
Xi represents the binary state of RB r1 when the load level of
the i-th RT, is r2. This entry is 1 if RB r1 is assigned by the i-th
RT when loaded with r2 devices, and is 0 otherwise, that is,

Xi(r1, r2) =

{
1 if r1 ∈ Si(r2), and

0 otherwise,

where Si(r2) =
{
g

(q+si )
i (mod N + 1)

}r2

q=1 is the assignment
sequence of the i-th RT and (gi, si) is its group generator
and cyclic shift pair. As an illustrative example, suppose that
the pairs (gi, si) and (gj , sj ) yield the assignment sequences
(1, 3, 2, 4) and (3, 2, 4, 1), respectively. The load matrices, Xi

and Xj , corresponding to these sequences are

Xi =

⎡

⎢
⎢
⎢
⎣

1 1 1 1

0 0 1 1

0 1 1 1

0 0 0 1

⎤

⎥
⎥
⎥
⎦

, and Xj =

⎡

⎢
⎢
⎢
⎣

0 0 0 1

0 1 1 1

1 1 1 1

0 0 1 1

⎤

⎥
⎥
⎥
⎦

.

By using these matrices, we can evaluate the performance
of two sequences, say Si and Sj , that are assigned to the i-th
and j-th RTs, respectively. To see this, let �i and �j denote the
loads, and ki and kj denote the indices of the last RBs assigned
by these RTs. Note that, in general ki ≥ �i because when the
i-th RT detects a hit at an assigned RB, it relinquishes this RB
and assigns the following one in its RB assignment sequence.
Unfortunately, there is no direct relation that maps �i and �j to
ki and kj . However, an iterative method for evaluating ki and kj

for given RT loads will be provided in the following section. For
now, we will assume that the values of ki and kj are given. To
evaluate the performance of the sequences Si and Sj for these
values, we observe that the number of pairwise hits detected by
the RTs is given by the inner product of the ki-th column of
Xi and the kj -th column of Xj . This product is given by the
(ki, kj )-th entry of the pairwise hit matrix

Hi,j = XT
i Xj . (5)

These {Hi,j} matrices will enable us to evaluate the number
of pairwise hits between the sequences generated by a can-
didate group generator cyclic shift pair, (gi, si), and any of
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the {(gj , sj , g
−1
j , s−1

j )} quadruples in the look-up table, T . To
do so, for each Hi,j matrix, we define a complement matrix
H̄i,j � XT

i X̄j , where X̄j is the load matrix corresponding to the
sequence generated by (g−1

j , s−1
j ). In essence, H̄i,j characterizes

the number of pairwise hits between the sequence generated by
(gi, si) and that generated by (g−1

j , s−1
j ). By denoting the index

of the last assigned RB in the sequence generated by (g−1
j , s−1

j )
as k̄j , the number of pairwise hits between the sequences cor-
responding to the pairs (gi, si), (gj , sj ) and (g−1

j , s−1
j ) can be

expressed as

Hi,j (ki, kj ) + H̄i,j (ki, k̄j ). (6)

Averaging over all possible load combinations of a system with
N MTC devices, the total number of pairwise hits between the
sequence corresponding to (gi, si) and those corresponding to
each of the quadruples in T can be expressed as

Ii =
1

2|T |

|T |∑

j=1,j �=i

∑

(ki ,kj ,k̄j )∈Y

Hi,j (ki, kj ) + H̄i,j (ki, k̄j ),

where i = 1, . . . , |U|. (7)

where Y is the set of all the indices (ki, kj , k̄j ) such that the
sum of their corresponding loads is equal to N .

2) Evaluating the Index of the Last Assigned RB in a Se-
quence: The use of the {Hi,j} matrices in the evaluation of the
number of pairwise hits between two RTs requires invoking the
dynamics of the RB assignment process. In this process, the in-
dex of the last assigned RB in the assignment sequences of the
two RTs might be higher than their actual number of assigned
RBs. This is because when an RT detects a hit on assigning a
particular RB, it relinquishes this RB and assigns the following
one in its sequence. This process is illustrated by the following
example.

Example 2: Let the RB assignment sequences of the i-th
and j-th RTs be (1, 3, 5, 4, 6, 2, 7) and (3, 5, 4, 7, 6, 1, 2), re-
spectively. Let the load of the j-th RT be two MTC devices,
which are assigned RBs 3 and 5. Now, suppose that the i-th RT
has two incoming devices each requesting an RB. Following its
sequence, the i-th RT will assign RBs 1 and 3 to the incoming
devices, which will result in a hit at RB 3. Subsequently, it will
relinquish this RB and assign the following one in its sequence;
i.e., RB 5. Since this RB has also been assigned by the j-th RT,
the i-th RT again relinquishes this RB and assigns RB 4 to the
second device. �

Careful inspection of this example yields two observations:
first, ki is in general greater than �i ; e.g., for the i-th RT, ki = 4,
whereas �i = 2; and second, the relinquishment of a particu-
lar RB and the assignment of a subsequent one can result in
additional hits and subsequently an increase in ki .

Unfortunately, there is no direct relation that maps loads to
sequence indices. However, these indices can be iteratively eval-
uated using the pairwise hit matrices in (5). In particular, con-
sider the number of pairwise hits in (6) and let kj and k̄j be
fixed. To determine ki , we provide a function fi that, at the μ-th
iteration, evaluates a tentative index k(μ) based on k(μ−1) with
the initial index k(0) being equal to the load of the i-th RT, �i .

In particular, at the μ-th iteration, fi evaluates the number of hit
occurrences between the sequences corresponding to the three
pairs (gi, si), (gj , sj ) and (g−1

j , s−1
j ) when k = k(μ−1) . If no

hits are detected, then ki = k(μ−1) ; none of the assigned RBs
will be relinquished and thus ki will not increase. On the other
hand, if hits are detected, fi obtains a tentative index, k(μ) , by
adding the number of hit occurrences when ki = k(μ−1) to the
value of k(0) ; i.e.,

k(μ) = fi(k(μ−1))

= k(0) + Hi,j (k(μ−1) , kj ) + H̄i,j (k(μ−1) , kj ),

where k(0) = �i . (8)

Since the assumption in this work is that the maximum number
of MTC devices does not exceed N , there exists at least one
index, k, at which no additional hits are detected; i.e., fi(k) = k.
This index will be equal to ki , and using it with kj and k̄j

in (6) yields the number of pairwise hits between the sequences
corresponding to the pairs (gi, si), (gj , sj ) and (g−1

j , s−1
j ). Note

that ki depends on the RT loads, and therefore must be revaluated
for each load distribution.

We conclude this section by noting that the evaluation of ki

in (8) is bounded by N iterations, each involving 3 additions.
Hence, the computational complexity of evaluating ki is upper
bounded by 3N additions.

D. Computational Complexity of the Greedy Algorithm

To assess the computational complexity of the greedy algo-
rithm, we note that this algorithm relies on evaluating Ii in (7)
for each of the group generator pairs in U ; i.e., ∀(gi, g

−1
i ) ∈ U ,

i = 1, . . . , φ(N )
2 . This evaluation involves only addition oper-

ations, but no multiplications. In particular, computing Ii for
the pair (gi, g

−1
i ) involves: 1) the evaluation of the Hi,j and

H̄i,j matrices; 2) the index ki ; and 3) the cardinality of the
set |Y|. The number of additions required to evaluate each of
the pairwise hit matrices in (7) is bounded by N 3, and the
complexity of evaluating ki for a given load distribution is
bounded by 3N additions; see previous section for details. Fi-
nally, by construction, the cardinality of Y in (7) is equal to
the number of ordered partitions of the integer N . This number
is given by |Y| =

(
N −1

2

)
[35]. Using these elements, we can

now provide a bound on the complexity of the proposed greedy
algorithm.

In essence, the algorithm iteratively selects the group gener-
ator in U that yields the minimum number of pairwise hits with
the quadruples in T . We note that when computing the number
of hits between a group generator gi and a given quadruple in
T over all possible load combinations, the pairwise hit matrices
need to be evaluated once; these matrices do not depend on the
RT loads. In addition, the number of possible load combina-
tions for which ki must be evaluated is given by |Y|. Hence, the
complexity of evaluating the pairwise number of hits between a
group generator gi and a given quadruple in T over all possible
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load combinations is bounded by

2N 3 + 3N

(
N − 1

2

)
+
(

N − 1
2

)
= 3.5N 3

− 4N 2 + 1.5N + 1. (9)

In the left hand side of (9), the first term represents the number
of additions required for evaluating the pairwise matrices, Hi,j

and H̄i,j . The second term represents the number of additions
required to evaluate the index ki for the

(
N −1

2

)
possible load

distributions. Finally, the last term represents the complexity
involved in the summation of the number of pairwise hits for
the
(
N −1

2

)
load distributions.

Since si can take values from 0 to N − 1, it follows that
the complexity of evaluating the performance of a candidate
group generator, gi , for all possible cyclic shifts with respect
to a quadruple in T is bounded by 3.5N 4 − 4N 3 + 1.5N 2 +
N . Hence, the number of additions required for evaluating the
performance of gi against all the quadruples inT can be bounded
by the product of this number and the number of quadruples in
T ; i.e., (3.5N 4 − 4N 3 + 1.5N 2 + N)(φ(N )

2 − 1). Finally, to
determine the overall complexity of the greedy algorithm, we
note that this algorithm exhausts the group generator pairs inU in
φ(N )

2 − 1 iterations, each of which involves all the entries in U .

Since |U| ≤ φ(N )
2 − 1, it follows that the overall computational

complexity of the algorithm is bounded by

(3.5N 4 − 4N 3 + 1.5N 2 + N)
(

φ(N)
2

− 1

)3

. (10)

We note that by definition, for any given integer N , φ(N) < N .
Hence, the computational complexity of the greedy algorithm
in (10) can be bounded by O(N 7). This is in sharp contrast
with the complexity of the exhaustive search in [26], which
was shown to be bounded by 1

2M(M − 1)NM (N 2(N − 1) +(
N −1
M −1

)
); i.e., exponential in the number of RTs, M . Hence, in

contrast with exhaustive search proposed in [26], the greedy
algorithm is readily applicable in IoT systems with potentially
large numbers of RTs.

V. THE GRAPHICAL GREEDY ALGORITHM

In the previous section, we developed an efficient greedy al-
gorithm that yields a look-up table of RB assignment sequences.
The computational complexity of this algorithm was shown to
be polynomial and to depend solely on N , but not on M . For
example, using (10), the computational complexity of construct-
ing the look-up table for a system with any number of RTs, M ,
and N = 100 RBs can be bounded by 2.5 × 1012 additions,
which is manageable by widely available processors. However,
for large IoT systems that serve thousands of devices concur-
rently, the greedy algorithm is not computationally feasible. For
instance, for an MTC system with N = 1000 RBs, the compu-
tational complexity of the greedy algorithm is bounded by 1021

additions! For such systems, more efficient sequence selection
mechanisms are required.

In this section, we propose an alternate greedy algorithm that
significantly reduces the computational complexity required for

Fig. 3. A graphical representation of a cyclic group of order 10. This cyclic
group has 2 group generator pairs that are represented by the outer circle and
the inner pattern, respectively.

selecting the assignment sequences. The philosophy of this al-
gorithm is similar to that of the one proposed in the previous
section, but it depends on a metric that is inspired by the graph-
ical representation of cyclic groups. In particular, this metric is
based on the observation that the RBs located at the beginning
of each sequence, referred to as the dominating RBs, are the
most significant contributors to the number of hit occurrences.
This is because these RBs will always be assigned by the RTs to
incoming MTC devices even when the system is lightly loaded.
Hence, to reduce the number of hit occurrences, the CG se-
quences should be selected such that their dominating RBs do
not overlap.

Following analogous steps to those used in the greedy algo-
rithm discussed hereinabove, we let Tg be the look-up table to
be constructed by the graphical greedy algorithm and Ug be the
set containing the group generator pairs that have yet to be se-
lected. In each iteration, the algorithm uses a metric based on the
graphical representation of cyclic groups to evaluate the number
of pairwise hits between the dominating RBs of the sequences
CG by each of the group generator pairs in Ug and those CG by
the quadruples already selected in Tg . This is in contrast with
the greedy algorithm discussed in Section IV, which considers
all the N RBs when evaluating the number of pairwise hits. The
look-up table Tg is then augmented by the group generator pair
and the cyclic shifts that correspond to the sequence resulting
in the minimum number of hits between dominating RBs. The
graphical representation of cyclic groups and the metric inspired
thereby are discussed in more details in the following sections.

1) The Graphical Representation of Cyclic Groups [36]: A
cyclic group with finite order can be represented graphically
by connecting its elements in the same order as they appear
in its CG sequences. To do so, the group elements are first
positioned on the circumference of a circle in the same order
of one cyclic sequence and then connected according to the
remaining ones. This results in a particular pattern that connects
all the group elements for each cyclic sequence. An illustrative
example of the graphical representation of the ACG of order 10
is presented in Fig. 3. In this figure, the group has 2 pairs of
group generators, one pair corresponds to the outer circle while
the other corresponds to the inner pattern.
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Since shifting a sequence cyclically rotates its entries, this
shifting will rotate the pattern corresponding to the sequence.
This rotation is clockwise when the cyclic shift is negative and
anticlockwise when it is positive.

We conclude this section by the following remarks:
Remark 1: Using the isomorphism property, it can be read-

ily shown that the graphical representation of a cyclic group
depends solely on the group order N ; i.e., it is independent of
the group operation; cf. Definition 4. Hence, it is sufficient to
study the properties of the graphical representation of only the
ACG. �

Remark 2: It was shown in [36] that the graphical represen-
tation of a cyclic group is independent of the CG sequence that
is selected to construct the outer circle. Hence, the inner patterns
of this representation are unique and depend only on the group
order. �

Using the graphical representation of cyclic groups, in the
following section, we provide an alternate greedy algorithm
that selects the CG sequences based on their patterns.

2) The Graphical Metric: Let Tg be the look-up table to be
constructed by the algorithm and let Ug be the set containing
the group generator pairs that have yet to be selected. At first,
Tg is empty and Ug contains the φ(N )

2 group generator pairs.
In the first iteration, a pair (g, g−1) is arbitrarily selected and
removed from Ug . By associating a cyclic shift s = 0 with this
pair, we obtain the first quadruple (g, g−1, s, s−1) of the look-
up table Tg . This quadruple is then used to generate the first
pattern in the graphical representation of the cyclic group; i.e.,
the outer circle. The dominating RBs in these two sequences
are then marked. The number of these dominating RBs ranges
from 1 to N and depends on the system load. However, since the
contribution of an RB to the average number of hits decreases
with its position in the sequence, we will consider only the few
RBs at the beginning of each sequence to be the dominating
RBs.

Following analogous steps to the greedy algorithm discussed
hereinabove, in each of the subsequent φ(N )

2 − 1 iterations, the
algorithm examines the group generator pairs in Ug for all pos-
sible cyclic shifts. However, unlike the greedy algorithm which
considers the hits between the N RBs over all possible load
combinations, the graphical algorithm considers only the hits
between dominant RBs in the patterns corresponding to the
pairs in Ug and the quadruples in Tg . The look-up table Tg is
then augmented by the quadruple (g, g−1, s, s−1) that yields the
minimum hits between the dominant RBs. The group generators
of this quadruple are then removed from Ug and the algorithm
iterates until exhaustion of all pairs in Ug . As an example of
the graphical metric, consider the ACG, Z12, and consider the
dominant RBs to be the first two in each sequence. This cyclic
group has two pairs of group generators and its CG sequences
are as follows:

(g1, s1) = (1, 0) 1 2 3 4 5 6 7 8 9 10 11 0
(g−1

1 , s−1
1 ) = (11, 11) 0 11 10 9 8 7 6 5 4 3 2 1

(g2, s2) = (5, 0) 5 10 3 8 1 6 11 4 9 2 7 0
(g−1

2 , s−1
2 ) = (7, 11) 0 7 2 9 4 11 6 1 8 3 10 5

Fig. 4. Rotation of the inner pattern of Z12 to minimize the number of
hits between the dominant RBs (the first element of the inner pattern is
marked by an arrow for ease of exposition). (a) Unrotated pattern. (b) Rotated
pattern.

The corresponding patterns of these two pairs and their dom-
inant RBs are depicted in Fig. 4(a). The outer circle corre-
sponds to the group generator pair in Tg , and the inner pattern
corresponds to the examined pair in Ug . The dominant RBs of
the pair corresponding to the outer circle are marked with circles
and the ones of the pair corresponding to the inner pattern are
marked with squares. To avoid the hit at RB 0, the inner pattern is
rotated anticlockwise by a cyclic shift s = 2. The rotated pattern
is depicted in Fig. 4(b). The look-up table is then augmented by
the quadruple (g, g−1, s, s−1) = (5, 7, 2, 9), which corresponds
to the rotated inner pattern.

Finally, we note that the quadruples in the look-up table
yielded by the graphical greedy algorithm depends solely on
the number of pairwise hits, but not on the number of RTs in
the system. Hence, active RTs do not need to update their se-
quences when new ones join the system. This is in contrast with
the exhaustive search scheme, which requires each active RT to
update its RB assignment sequence when a new RT enters the
system thus resulting in a significant signalling overhead that
might not be feasible for IoT systems with large numbers of RTs
and MTC devices.

A. Computational Complexity of the Graphical
Greedy Algorithm

The computational cost of the graphical greedy algorithm is
mainly due to the evaluation of the number of hits between
dominant RBs. This cost involves only addition operations and,
similar to the algorithm in Section IV, is polynomial in N . How-
ever, the order of the computational complexity of the graphical
greedy algorithm is significantly lower than that of the greedy
algorithm. To see this, in this section we provide a bound on the
complexity of the graphical greedy algorithm.

Denoting the number of dominant RBs by D, it can be seen
that the number of required additions for evaluating the number
of hits between dominant RBs of a pattern corresponding to an
examined pair from Ug and all quadruples in Tg is bounded by
4D. Since the cyclic shift can take values from 0 to N − 1, it
follows that the complexity of evaluating the number of hits
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TABLE I
A COMPARATIVE NUMERICAL EXAMPLE OF THE COMPLEXITIES OF THE

GREEDY ALGORITHMS AND THE EXHAUSTIVE SEARCH

Search method Exhaustive search Greedy algorithm Graphical greedy

(M, N ) = (6, 100) 1021 1014 108

(M, N ) = (10, 100) 1033 1014 108

(M, N ) = (10, 1000) 1053 1021 1012

Fig. 5. Comparison between the computational complexities of the proposed
greedy algorithms and exhaustive search for systems with M = 6 and M = 10
RTs.

between the dominant RBs of the examined pattern over all
possible cyclic shifts can be bounded by 4ND. Finally, since
D ≤ N and in each iteration |Ug | ≤ φ(N )

2 − 1, it follows that
the computational complexity of the graphical greedy algorithm
is bounded by

4ND

(
φ(N)

2
− 1

)2

≤ N 4, (11)

which shows that the graphical greedy algorithm offers a
computational saving of N 3 over the greedy algorithm of
Section IV; cf. Section IV-D. This is because, when selecting
the RB assignment sequences, the graphical greedy algorithm
considers only the number of hits between dominant RBs, which
is independent of the system load. A numerical comparison be-
tween the complexity bounds on the greedy algorithms and the
exhaustive search is provided in Table I.

From Table I, it can be seen that the computational complex-
ity of exhaustive search is exponential in the number of RTs;
cf. Section IV-D. Hence, it is computationally prohibitive even
for IoT systems with small numbers of RTs; e.g., exhaustive
search for a system with M = 6 and N = 1000 requires 1053

additions. In contrast with exhaustive search, the computational
complexities of both greedy algorithms are polynomial and in-
dependent of the number of RTs. Hence, they are applicable in
IoT systems, which comprise hundreds of RTs. The computa-
tional complexities of both greedy algorithms and exhaustive
search are presented in Fig. 5.

VI. SIMULATION RESULTS

In this section, we compare, in the first four examples, the per-
formance of the RB assignment sequences obtained by the two
greedy algorithms developed herein, the uniformly-distributed
random assignment scheme developed in [24], and the exhaus-
tive search developed in [26] for different relative loads L

N ; i.e.,
different ratios of the currently assigned RBs, L, to the total
number of RBs in the system, N . For the scheme in [26] and the
ones proposed herein, the cyclic sequences are generated using
the MCG structure of Section IV-A with N = P − 1, where P
is a prime number; cf. [26]. In all numerical examples, the MTC
devices will select their assisting RTs from the pool of RTs that
are capable of and willing to assist communication irrespective
of their status; i.e., whether having its own data to transmit or not.

To be able to compare the performance of the greedy algo-
rithms developed herein with that of the exhaustive search devel-
oped in [26], in the first two examples, we will restrict attention
to the case of M = 3 RTs; exhaustive search is computationally
prohibitive for M > 3. In these examples the performance is
measured by the average number of hits over all possible load
combinations; i.e., over all ordered triples (�1, �2, �3) ∈ L �
{(�1, �2, �3)|

∑3
i=1 �i = L, �i ≥ 0}, where �1, �2 and �3 are the

load levels of RTs 1, 2 and 3, respectively. In these examples, the
index of the last assigned RB by each of the 3 RTs, (k1, k2, k3),
is evaluated for each load distribution (�1, �2, �3) ∈ L; cf.
Section IV-C.2.

In the following two examples of this section, we will increase
the number of RTs and RBs and compare the performance of
the graphical greedy algorithm with the random assignment
of [24]. In both examples, we will consider only 1000 MTC
load distributions that are uniformly distributed over the M
RTs. This is because the number of load combinations increases
significantly with N and M ; e.g., for N = 500 and M = 25,
this number is equal to

(499
24

)
.

Example 3: In this example, we compare the performance of
the CG sequences obtained by the greedy algorithm developed
in Section IV, the graphical greedy algorithm of Section V, and
the exhaustive search in [26] when the number of RBs N = 16
and N = 40. For both cases, the number of dominant RBs of the
graphical greedy algorithm is set to D = 3. The performance of
these algorithms is depicted in Fig. 6.

From Fig. 6, it can be seen that the CG sequences
obtained by exhaustive search and the greedy algorithms
outperform randomly-generated ones. For example, for a system
with N = 40 RBs at a relative load, L

N = 90%, the average num-
ber of hits resulting from RB assignments based on exhaustive
search [26], greedy algorithm of Section IV, graphical greedy
algorithm of Section V, and random sequences [24] are 4.4, 6.6,
7.4 and 9.1, respectively. This figure also shows that the greedy-
based sequences provide comparable performance to the upper
bound yielded by exhaustive search. The reason that exhaustive
search constitutes an upper bound on the performance follows
from the fact that it jointly optimizes the performance of the CG
sequences of all the M RTs over all possible group generators
and cyclic shifts. In contrast, the greedy algorithms sequentially
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Fig. 6. Comparison between randomly-generated assignment sequences [24]
and the CG sequences obtained by the exhaustive search in [26] and the greedy
algorithms.

optimize the CG sequences. In particular, these algorithms con-
sider only the previously selected sequences when optimizing
current ones. Despite their potential suboptimality, the greedy
algorithms possess significantly lower computational complex-
ities when compared with exhaustive search. This renders them
suitable for systems with practical numbers of RTs and MTC
devices; for such systems exhaustive search is computationally
prohibitive, cf. Table I. �

Example 4: In this example we consider a setup similar to
the one in the previous example, but with N = 16 and N = 126.
For both cases, the number of dominant RBs of the graphical
greedy algorithm is set to D = 3. In this example, the RTs apply
the hit identification and avoidance (HIA) technique developed
in [26]. In this technique, each RT is assumed to know the
assignment sequences of the neighboring RTs and to be able
to identify the RT with which it collided once a hit occurs.
This is possible, for instance, if neighboring RTs use different
modulation schemes. Using this information, the RTs update
their assignment sequences to avoid the RBs that are already
assigned by neighboring RTs. Note that the HIA technique can-
not be applied to the sequences that are randomly-generated
because such sequences do not possess a specific structure. In
Fig. 7, we depict the performance improvement when the HIA
technique is used with the MCG structured sequences generated
by exhaustive search, the greedy algorithm in Section IV and
the graphical greedy algorithm in Section V. For comparison,
the performance of the randomly-generated sequences is also
shown.

From this figure, it can be seen that using the HIA algorithm
significantly reduces the average number of hit occurrences. For
example, for the case of N = 16 RBs, the usage of the HIA re-
duces the average number of hits of the greedy algorithm from
2.3 to 1.5 when L

N = 100%. The reason behind this reduction
is that HIA enables the RTs to avoid future hits. In particular,
when the HIA is implemented, the RTs are able to estimate
the load levels of their neighbors based on their previous hits
and subsequently avoid RB assignments that would result in
future hits. Note that from this figure, it can be seen that the

Fig. 7. Comparison between randomly-generated assignment sequences
of [24] and the CG sequences obtained by exhaustive search in [26] and the
greedy algorithms with HIA.

HIA also reduces the performance gap between sequences gen-
erated by exhaustive search and those generated by the greedy
algorithms. �

In the previous examples, we provided performance results
for IoT systems with relatively small numbers of RTs and RBs.
In the following two examples, systems with larger numbers of
RTs and RBs will be considered. In these examples, the perfor-
mance of the CG sequences obtained by the graphical greedy
algorithm will be compared only with the randomly-generated
sequences [24] since the exhaustive search scheme in [26] and
the greedy algorithm of Section IV are computationally expen-
sive in this case.

Example 5: In this example, we compare the performance of
the RB assignment sequences generated by the graphical greedy
algorithm of Section V and the randomly-generated assignment
sequences [24], when the number of RBs N = 520 and N =
750. In both cases, the number of RTs is M = 15 and the number
of dominant RBs is set to D = 25. The performance of the
graphical greedy algorithm with and without the implementation
of the HIA technique is compared with that of the random
assignment scheme over 1000 load distributions of MTC devices
for each relative load L

N . Note that the exhaustive search of [26]
and the greedy algorithm of Section IV are not considered in
this example because of their large computational complexity.
For example, the computational complexity of exhaustive search
when N = 520 and M = 15 is in the order of 1069, whereas that
of the greedy algorithm is in the order of 1017.

From Fig. 8, it can be seen that for both the N = 520
and N = 750 scenarios, the sequences that are obtained by
the graphical greedy algorithm outperform those that are
randomly-generated. This performance advantage increases sig-
nificantly with the implementation of the HIA technique. For
example, for a system with N = 520 RBs at a relative load,
L
N = 90%, the average number of hits resulting from using
the randomly-generated sequences and that resulting from us-
ing the sequences obtained by the graphical greedy algorithm
without HIA are 623 and 504, respectively. In contrast, the
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Fig. 8. Comparison between the random [24] and the graphical greedy-based
RB assignment sequences with and without the HIA technique for N = 520
and N = 750 RBs.

corresponding number of hits resulting from using the ones ob-
tained by the graphical greedy algorithm with HIA is only 194.
In addition, it can be seen from the figure that the performance
advantage of using the HIA algorithm increases with N at high
loading scenarios. For example, the performance of the system
with N = 750 and HIA was found to be superior to that of the
system with N = 520, but without HIA, when L

N ≥ 80%. Sim-
ilar to the instance examined in Example 4, this phenomenon
results from the implementation of the HIA algorithm by the
RTs, which enables them to estimate the load levels of their
neighbors and accordingly avoid future hits. This performance
advantage is more pronounced at highly loaded scenarios with
large numbers of RBs since the accuracy of estimating the load
levels of the neighbors of each RT improves with the increasing
number of hits. In other words, although high loads and larger
numbers of RBs usually result in more hits, they can have a pos-
itive impact on the performance when the HIA is implemented.
Finally, we note that the increase in the average number of hits
with respect to the previous examples is mainly due to the larger
number of RTs and RBs and the consideration of only 1000 load
distributions of MTC devices. �

Example 6: In this example, we compare the performance
of the CG RB assignment sequences obtained by the graphical
greedy algorithm and the randomly-generated assignment se-
quences [24] when the number of RTs M = 30 and M = 60. In
both cases, the number of RBs is N = 750 and the number of
dominant RBs is set to D = 25. Similar to the previous example,
the performance of the graphical greedy algorithm is evaluated
with and without the implementation of HIA.

From Fig. 9, it can be seen that the sequences obtained
by the graphical greedy algorithm outperforms those that
are randomly-generated for M = 30 and M = 60. For exam-
ple, for a system with M = 30 RTs and a relative load of
L
N = 90% the average number of hits resulting from using the
randomly-generated sequences and that resulting from using
the sequences obtained by the graphical greedy algorithm
without HIA are 977 and 552, respectively. In contrast, the
corresponding number of hits resulting from using the sequences
obtained by the graphical greedy algorithm with HIA is 356. In
other words, the greedy algorithm without HIA has a 40% gain

Fig. 9. Comparison between the random [24] and the graphical greedy-based
RB assignment sequences with and without the HIA for M = 30 and M = 60
RTs.

over the randomly-generated assignment sequences. However,
this gain decreases as the number of RTs increases. For exam-
ple, this gain reduces to 30% at the same relative load when
M = 60. This is because the number of utilized assignment
sequences increases with M , which results in the selection of
assignment sequences with lower performance. Finally, it can
be seen from the figure that at a relative load of L

N = 100%, the
system with M = 60 and HIA is superior to that with M = 30,
but without HIA. The reason behind this phenomenon is the
hit avoidance feature provided by the HIA as described in the
previous example. �

Example 7: In this example, we evaluate the aggregate bit
rate when the proposed sequences are used in a system with
M = 3 RTs and N = 40 RBs. Each RT assigns one RB to each
incoming MTC device during a scheduling interval of 1 ms. In
other words, in each scheduling interval, 3 RBs corresponding
to N = 40 RTs are assigned. Once RT i assigns an RB to an
incoming MTC device, it increases the number of its assigned
RBs, Ni , by one. At this point, two possibilities can occur,
either successful assignment or collision. In case of a successful
assignment, the assigned RB is retained and the RT proceeds
during the next scheduling interval to assign the following RB in
its sequence to the incoming MTC device. In case of collision,
the RT which was first to assign the RB retains it, whereas the
other conflicting RT releases the RB and reduces its Ni by one at
the end of its scheduling interval. The impact of a collision will
be reflected on the interference observed by the MTC devices. In
particular, a collision on a given RB will result in an interference
between the transmissions of their respective MTC devices for
the duration of one scheduling interval. In this example, the
system is initially unloaded and the number of MTC devices
is increased in a round Robin fashion until two RTs are loaded
with 13 MTC devices and the third RT is loaded with 14 MTC
devices. In that case, the system is fully loaded.

The channel gains between the RTs and the MTC devices are
generated using the line-of-sight Hotspot pathloss model [37]
with frequency-flat Rayleigh fading and standard Gaussian noise
spectral density of −174 dBm/Hz. The RB bandwidth, and the
receiver noise figure are set to 180 KHz and 5 dB, respec-
tively [37]. The transmit power, Pt , of the MTC devices is set
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Fig. 10. Aggregate bit rates of random [24], greedy-based and exhaustive
search-based RB assignment sequences.

to 0 dBm and the locations of the MTC devices and the RTs are
uniformly distributed within the cell boundaries. For a practical
dense deployment scenario, the MTC devices are assumed to be
less than 300 m away from their assisting RTs and the maximum
inter-RT distance is set to 100 m. The RTs implement the HIA
algorithm of [26] and the performance is averaged over 10000
channel realizations. Using the aforementioned parameters, the
aggregate data rate, R, at a given scheduling interval can be
calculated using:

R =
M∑

i=1

Ni∑

j=1

log2

(

1 +
|Hq,i,Bj

|2Pt

Pn +
∑Q

m=1,m �=q |Hm,i,Bj
|2Pt

)

,

(12)
where Pn is the noise power, Bj is the j-th RB assigned by
RT i, Q is the total number of MTC devices in the system, and
Hq,i,Bj

is the channel coefficient between RT i and MTC device
q which is assigned Bj and is set to zero if q is not assigned Bj .
Note that, the selected RB, Bj , by the i-th RT will depend on
its sequence.

As shown in Fig. 10, the sequences obtained by the greedy al-
gorithms significantly outperform the random RB assignments
and provide comparable performance to those obtained by ex-
haustive search. For example, at the 17th scheduling interval,
the greedy-based sequences achieve an aggregate bit rate of
10.3 × 107 bps, which is only 10% lower than that of its exhaus-
tive search counterpart. In contrast, random RB assignments
achieve a rate of only 6.86 × 107 bps. Fig. 10 also illustrates the
effect of hit occurrences on the aggregate bit rate. This effect is
reflected in the jagged behavior of the aggregate bit rate curves.
In particular, during a scheduling interval, the three RTs perform
RB assignments to their respective MTC devices. At this point,
three possibilities can occur: 1) successful RB assignments with
no collisions; 2) collisions between concurrent RB assignments;
or 3) collisions between concurrent RB assignments and previ-
ous ones. In case one, the aggregate rate increases by the sum
of the rates of the new transmissions. In case two, the aggre-
gate rate will remain flat when all the concurrent RB assign-
ments collide since all transmissions are unsuccessful, whereas
when only two assignments are colliding, the rate will slightly
increase since a successful transmission will be achieved on
one RB. In case three, the aggregate rate can either: 1) sig-

Fig. 11. CDF of the number of RB assignment attempts needed for successful
assignment.

nificantly decrease when all the concurrent assignments col-
lide; 2) slightly decrease when two assignments collide; or
3) slightly increase when one assignment collide. Hence,
from these observations, it can be concluded that the num-
ber of hits plays a key role in constraining the aggregate bit
rate. �

Example 8: In this example, we evaluate the number of MTC
devices with successful RB assignments vs the number of RB
assignment attempts. The setup of this simulation is similar to
that of the previous one. However, unlike the previous example,
the total system load is not uniformly distributed across the 3
RTs and the performance results are averaged over 10000 load
distributions across the 3 RTs.

Consistent with our observations in the previous example,
Fig. 11 shows that the greedy-based sequences significantly
outperform their random counterparts and provide compara-
ble performance to those obtained by exhaustive search. For
example, for two RB assignment attempts, the average num-
bers of MTC devices with successful assignments are 38.94,
38.64, 38.44, and 34.23 for RB assignments based on exhaus-
tive search, greedy, graphical greedy, and random sequences,
respectively. From Fig. 11, it can be seen that using the se-
quences selected by exhaustive search and greedy algorithms,
the 99-th percentile of all MTC devices are successfully as-
signed with at most three RB assignment attempts, whereas in
the case of random assignments the 99-th percentile is reached
with eight attempts. Using the results reported in Fig. 11, one
can evaluate the power wastage incurred by collisions and the
data transmission delay experienced by the MTC devices; i.e.,
the duration between the first RB assignment and the successful
one. This can be done by invoking the scheduling interval and
Pt .

Denoting the transmission delay by d and the number of RB
assignment attempts by n, it can be seen that d=s(n − 1), where
s is the scheduling interval duration. For example, a device with
3 assignment attempts will incur a delay of 2 ms.

To evaluate the power wastage due to collisions, denoted
by Pw , one can use Pw = Pt(n − 1). Using Fig. 11, it can be
concluded that 96% and 85.5% of the MTC devices incurred
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less than 1 mW power wastage and 1 ms delay when using
greedy-based and random sequences, respectively. �

We conclude this section by noting that the proposed work
offers a flexible tradeoff between sequence generation complex-
ity and performance by focusing attention on CG sequences due
to their favorable features; cf. Section II. However, the under-
lying cyclic structure limits the number of sequences of length
N that are available for RB assignments to Nφ(N), which is
much less than the total number of sequences, N !. Such a lim-
itation might have an impact on performance. To overcome
this limitation and potentially improve performance, it may
be possible to enrich the set of available sequences by seek-
ing number theoretic techniques for combining multiple cyclic
ones.

VII. CONCLUSION

Relaying terminals are prospected to facilitate MTC in fu-
ture cellular networks. However, their effective utilization is
contingent upon the development of efficient RB assignment
schemes that do not depend on CQIs. In this paper, we con-
sidered CG sequences for RB assignment. We showed that all
CG sequences are isomorphic to the ones obtained by the ACG
structure. This property enables us to eliminate the prime mi-
nus one restriction of the MCG on the number of RBs and
ensures that the optimal CG sequences by the additive group
operation are globally optimal over the set of all CG sequences.
To facilitate the selection of these sequences, we developed a
greedy algorithm with polynomial complexity for systems with
large numbers of RTs and RBs. To further reduce the compu-
tational cost, we invoked the graphical representation of cyclic
groups to develop a more efficient greedy algorithm. Numerical
results show that the greedy-based sequences provide compara-
ble performance to that of the sequences obtained by exhaus-
tive search and significantly outperform randomly-generated
ones.

APPENDIX

PROOF OF THEOREM 1

Let ZN be an ACG and GN be an arbitrary cyclic group,
both of order N . From Lemma 1, there is at least one isomor-
phism function that maps the elements of GN to those of ZN .
Furthermore, Theorem 3.26 in [38], asserts that such an isomor-
phism maps every group generator in GN to a distinct group
generator in ZN . Using these facts, we will develop a construc-
tive proof to show that the sequences obtained by the genera-
tors of GN are isomorphic to those obtained by the generators
of ZN .

Let g1 and g2 be two distinct generators of GN and let F be the
isomorphism that maps these generators to two group generators

of ZN , say z1 and z2, i.e., g1
F	→ z1 and g2

F	→ z2. To establish the
desired isomorphism, we will generate the sequences in ZN that
are isomorphic to the ones generated by g1 and g2 in two dif-
ferent ways. In the first way, the sequences in ZN are generated
by applying F to every element of the sequences generated by

g1 and g2. However, at this point, there is no guarantee that the
sequences obtained in this way can be CG by the group gener-
ators of ZN . To prove that this is indeed the case, in the second
way, we will make use of Theorem 3.26 in [38] to determine
z1 and z2, and to obtain their corresponding sequences. The
isomorphism between the cyclic sequences obtained by GN

and ZN is established by showing that the sequences of the two
ways are identical.

For the first way, we note that the cyclic sequences of g1 and
g2 can be expressed as

S1 = (g1
1(mod N + 1), . . . , gN

1 (mod N + 1), and (13)

S2 = (g1
2(mod N + 1), . . . , gN

2 (mod N + 1)). (14)

Since the sequence generated by any of the group generators
of GN spans the complete sequence of integers from 1 to
N , then there exists an integer 1 ≤ q ≤ N such that g2 = gq

1
(mod N + 1). Subsequently, S2 can be written as

S2 = (gq
1 (mod N + 1), . . . , gN q

1 (mod N + 1)), (15)

where in writing (15), we have used the fact that (gq
1

(mod N + 1))m (mod N + 1) = gmq
1 (mod N + 1) ∀m ∈

{1, . . . , N}.
Next, we define an isomorphism function, F that maps the

element gk
1 (mod N + 1) ∈ GN to the element k (mod N) ∈

ZN , k = 0, . . . , N − 1}. Applying this isomorphism on the se-
quences S1 and S2 yields

S ′
1 = (1, 2, . . . , N − 1, 0), and (16)

S ′
2 = (q(mod N), 2q(mod N), . . . , Nq(mod N)). (17)

We will now provide another way for generating these se-
quences. Applying F on g1 and g2 yields z1 and z2, which are
group generators of ZN , cf. [38, Theorem 3.26], where

z1 = F ( g1(mod N + 1)) = 1, and (18)

z2 = F ( g2(mod N + 1))

= F ( gq
1 (mod N + 1)) = q(mod N). (19)

Since z1 and z2 are group generators of ZN , applying (2) on
them yields the cyclic sequences

S̃1 = (z1(mod N), 2z1(mod N), . . . , Nz1(mod N)), (20)

S̃2 = (z2(mod N), 2z2(mod N), . . . , Nz2(mod N)). (21)

Substituting (18) and (19) in (20) and (21) yields

S̃1 = (1, 2, . . . , 0) = S ′
1, and (22)

S̃2 = (q(mod N), 2q(mod N), . . . , Nq(mod N)) = S ′
2.
(23)

The equalities in (22) and (23) yield that the set of sequences
generated by an arbitrary cyclic group GN are isomorphic to
the set of sequences generated by the ACG ZN . �
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