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method to compute LLRs with low complexity for soft-input channel
decoding. Analysis shows that the proposed algorithm can reduce the
complexity from O(K 3 ) to O(K 2 ). It is verified that the proposed
algorithm outperforms the conventional method and achieves the nearoptimal performance of the classical MMSE algorithm with a small
number of iterations. Additionally, the idea of using the GS method
to efficiently solve the complicated matrix inversion can be applied to
other signal processing problems involving matrix inversion of large
size in wireless communications, such as downlink precoding in largescale MIMO systems.
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On the Accuracy of the High-SNR Approximation of the
Differential Entropy of Signals in Additive
Gaussian Noise: Real and Complex Cases
Ramy H. Gohary and Halim Yanikomeroglu

Abstract—One approach to the analysis of the high signal-to-noise
ratio (SNR) capacity of noncoherent wireless communication systems is to
ignore the noise component of the received signal in the computation of its
differential entropy. In this paper, we consider the error incurred by this
approximation when the transmitter and the receiver have one antenna
each and when the noise has a Gaussian distribution. We consider the
complex and real cases, and we show that when the probability density
function (pdf) of the signal component of the received signal is piecewise
differentiable, the approximation error decays as 1/SNR, which tightens
the available result that the error decays as o(1). In addition, we consider
the special instance in which the signal component of the received signal
corresponds to a signal transmitted over a channel with a Gaussian fading
coefficient. For that case, we provide explicit expressions for the first
nonconstant term of the Taylor expansion of the differential entropy, and
we invoke Schwartz’s inequality to obtain an efficiently computable bound
on it. Our results are supported by numerical examples.
Index Terms—Differential entropy, Lebesgue dominated convergence,
sum and product of random variables.

I. I NTRODUCTION
The capacity of a given channel provides a fundamental limit
on the maximum data rate that can be reliably communicated over
that channel. In addition, the derivation and structure of capacity
expressions usually yield insight into the optimal signaling strategy.
Unfortunately, providing exact expressions for the capacity of various
channels constitutes a generally difficult task, and only the capacity of
a relatively small number of channel instances is available. Among
channels of practical interest are those in which the channel state
information is not available at the receiver, which are usually referred
to as being noncoherent [1] and those in which the transmitted signals
are contaminated with phase noise [2]. These channels arise when
the channel undergoes fast fading conditions, resulting in the receiver
being unable to acquire reliable channel and phase estimates. As such,
these channels are likely to arise more frequently in future highmobility communication scenarios. Unfortunately, capacity expressions for these channels are not known, and only asymptotic results are
available. In this paper, we will focus on the accuracy of the differential
entropy approximations that underlie the derivation of the asymptotic
results.
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Evaluating the capacity of a given channel involves the search for
input distributions that maximize the mutual information between the
random variables representing the transmitted signals and the signals
observed by the receiver. When these signals assume continuous
values, the mutual information is expressed as the difference between
the nonconditional differential entropy of the received signals and
their differential entropy conditioned on the transmitted signals. In
many cases, including noncoherent communication ones [1]–[4], the
received signals are contaminated by additive noise, and computing
their conditional entropy is straightforward. In contrast, computing the
nonconditional counterpart of this entropy is rather difficult.
Computing, let alone maximizing, the nonconditional differential
entropy of the received signal is usually difficult because this signal
is composed of the sum of random variables of potentially unknown
distributions. An exception is the case in [5], wherein a closed-form
expression is given for the optimal distribution that maximizes the sum
of independent random variables with finite supports and distributions
symmetric around zero. In more general situations, bounds are used
to gain insight into the distributions that maximize the nonconditional
differential entropy. For instance, the entropy power inequality was
used in [6] and [7] to obtain a lower bound on the differential entropy
of the sum of independent random variables. In a complementary fashion, upper bounds on the entropy of the sum of random variables have
been derived under various assumptions. For instance, a tight upper
bound on the differential entropy of the sum of two dependent random
variables with log-concave distributions was provided in [8]. In [9] and
[10], expressions were derived for the difference and ratio of the entropy of the sum and difference of independent identically distributed
(i.i.d.) random variables. Upper bounds on the differential entropy of
the sum of independent random variables are provided in [11].
The difficulty of computing and maximizing the nonconditional
entropy of the received signal arises in the evaluation of the noncoherent capacity of multiple-input–multiple-output (MIMO) communication systems [1], [4] and in systems with phase noise [2].
For noncoherent systems, the high-SNR analysis relies on ignoring
the noise contribution to the nonconditional entropy of the received
signal and on approximating it with the entropy of the product of the
input signal and the channel coefficients. This approach enables an
approximate expression for the noncoherent capacity to be obtained
and the asymptotically optimal input distribution to be determined.
Given the central role of ignoring the noise contribution in computing the nonconditional differential entropy at high SNRs, in this paper,
we investigate the accuracy of this approximation when the received
signal is complex, with potentially correlated real and imaginary
components. As such, the results reported herein complement those
reported in [12] for the real case. The potential correlation between
the real and imaginary components of the received signal renders the
analysis in [12] inapplicable in the complex case. This is because
studying the limiting behavior of the differential entropy in this case
requires the joint manipulation of bivariate random variables. To assess
how the approximation error decays with SNR in this case, we consider
an expression of the differential entropy of the sum of an arbitrary and
a zero-mean Gaussian-distributed random variable with variance given
by the inverse of the SNR. We derive explicit expressions for the first
nonconstant term of the Taylor expansion of the differential entropy
of the received signal, and we use these expressions to show that,
when the probability density function (pdf) of the signal component
of the received signal is continuous, the approximation error decays
as 1/SNR. Next, we consider a noncoherent wireless communication
system in which the signal component of the received signal is the
product of a random variable with an unknown distribution and a
Gaussian-distributed random variable representing the channel fading
coefficient. For that case, we provide an explicit expression for the

first nonconstant term of the Taylor expansion of the differential
entropy, and to circumvent the difficulty that arises in computing
that term, we invoke Schwartz’s inequality to obtain a computable
bound on it.
II. P RELIMINARIES
The forthcoming analysis focuses on scenarios with SNRs greater
than 0 dB. For those scenarios, the Taylor expansion is used to express
the differential entropy of the received signal as a function of the
SNR. In particular, SNR is used to define a sequence of pdfs of the
received signal and, subsequently, a sequence of differential entropy
values. It is generally not known whether the limit of the sequence
of differential entropy values corresponding to the sequence of pdfs is
equal to the differential entropy of the limiting pdf. However, sufficient
conditions under which this holds are provided in the following
theorem [13].
Theorem 1: Let {Yi ∈ C} be a sequence of continuous random
variables with pdfs {pi }, and let Y ∈ C be a continuous random
variable with pdf p such that pi → p pointwise. If max{supy p(y),
supy (pi (y)} < ∞, and |y|κ p(y) dy < ∞ for some κ > 1, then the
limit of the sequence of differential entropy values is equal to the
differential entropy of the limiting pdf.
Proof: See [13, Theorems 2 and 3].

In addition to satisfying the conditions of this theorem, we will assume that, for the considered pdfs, all the derivatives of the differential
entropy are finite, and subsequently, their Taylor series expansion in
terms of SNR converges. Instances of such pdfs will be considered in
Section V.
The fact that, for the considered pdfs, the derivatives of the differential entropy are finite ensures that the conditions of Lebesgue’s
dominated convergence theorem are satisfied [14], which ensures the
exchangeability of the operations of integration and taking limits. In
the forthcoming analysis, we will rely on this theorem to move the
limit operator inside the integration symbol.
III. TAYLOR E XPANSION OF THE E NTROPY OF THE S UM OF
A RBITRARY AND G AUSSIAN D ISTRIBUTED R ANDOM
VARIABLES —T HE G ENERAL C OMPLEX C ASE
Let X = Xr + jXi be a complex random variable with a twice
differentiable pdf pX (·, ·) with support (−∞, ∞) × (−∞, ∞), i.e.,
pX (xr , xi ) > 0 for all finite xr and xi . Let Z = Zr + jZi , where Zr
and Zi are i.i.d. zero-mean unit variance Gaussian random variables,
2 +z 2
zr
i

1 −
2
e
.
i.e., pZ (zr , zi ) = 2π
In a point-to-point communication channel with additive Gaussian
1
. Our goal is
noise, the received signal Y = X + tZ, where t = √SNR
to examine the Taylor expansion of the (nonconditional) differential
entropy of Y at SNRs greater than 0 dB, i.e., for values of t ∈ (0, 1).
2 +z
2
For notational convenience, we will denote this
entropy
by ht (Y ). For
zr
i
−
1
2t2 . To obtain the pdf
any t > 0, the pdf of tZ is given by 2πt
2e
of Y , we consider the cumulative distribution function (cdf), i.e.,

FY (yr , yi ) = Pr{−∞ ≤ tZr ≤ ∞, −∞ ≤ Xr ≤ yr − tZr
−∞ ≤ tZi ≤ ∞, −∞ ≤ Xi ≤ yi − tZi }

 
∞

=

1
2πt2

(1)

∞

e

2
2
− u +v
2
2t

−∞ −∞





yi −v yr −u

×

pXr Xi (xr , xi ) dxr dxi du dv.
−∞ −∞

(2)
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Differentiating with respect to yr and yi yields

 

∞

∞

1
2πt2

pY (yr , yi ; t) =

pX (yr − u, yi − v)e

2
2
− u +v
2
2t

du dv.

−∞ −∞

(3)
Notice that, in this notation, t parametrizes a family of pdfs. Using this
notation, we can write

∞ ∞
ht (Y ) = −

pY (yr , yi ; t) log pY (yr , yi ; t) dyr dyi .

(4)

−∞ −∞

Evaluating ht (Y ) directly seems intractable. However, an accurate
high-SNR approximation of this quantity can be obtained if ht (Y )
were analytic in t, i.e., if all its derivatives with respect to t were
finite. A class of practical instances in which the distributions pX (·, ·)
yield differential entropy values ht (Y ) that satisfy this condition is
identified in Section IV. When this condition is satisfied, the Taylor
expansion of ht (Y ) around t = 0 converges for all t ∈ (0, 1). To
expand ht (Y ), we note that pY (yr , yi ; 0) = pX (yr , yi ), and therefore
h0 (Y ) = h(X). Next, we note that ht (Y ) in the complex case is a
function of t2 , not t as in the real case [12]. This observation will yield
a result similar to the one obtained in [12] for the real case, although
through a different mechanism. For t < 1, the Taylor expansion for the
complex case can be expressed as


dht (Y ) 
ht (Y ) = h(X) +
dt2  2

t + O(t ).
2

4

×

∞ ∞
(1 + log pX (yr , yi ))
−∞ −∞

2

∂ 2 pX (yr , yi )
∂ pX (yr , yi )
+
∂yr2
∂yi2


dyr dyi + O(t4 ).

(6)

Proof: See Appendix A.

In Section V, we will provide an example that illustrates the utility
of this theorem. However, computing the coefficient of t2 in (6)
is generally difficult. A special case that arises in many practical
scenarios is when X is circularly symmetric with independent real
and imaginary components. In that case, ht (Y ) = 2ht (Yr ) = 2ht (Yi )
and, when pX (·) is piecewise differentiable, the computation of ht (Y )
reduces to the one corresponding to the real case [12], i.e.,

⎛
t2
ht (Yr ) = h(Xr ) + ⎝
2

∞

1
pX (yr )



IV. R EAL S INGLE -I NPUT –S INGLE -O UTPUT AND
M ULTIPLE -I NPUT –S INGLE -O UTPUT C ASES W ITH X = RS
A. SISO Case
A special case of interest arises in noncoherent communication
scenarios when X = RS, where R and S are two independent random
variables, and R represents the input signal and S represents the
channel. To study this case, we use the following result.
Lemma 1: Let X = RS, where R and S are random variables with
a joint pdf pR,S (·, ·). Then

∞ 

(5)

Using (5), we are now ready to provide our main result for the
complex case.
Theorem 2: Let X and Y be complex random variables related
by Y = X + tZ, where t ∈ (0, 1) and Z is a zero-mean circularly
symmetric unit-variance Gaussian random variable. If the pdf of X,
pX (·, ·), is twice piecewise differentiable in each argument and the
derivatives of ht (Y ) with respect to t2 are finite, the Taylor expansion
converges, and



For simplicity, we will henceforth focus on the case in which X
is circularly symmetric with independent real and imaginary components, and we will use (7) to derive bounds on the error arising from
approximating ht (Y ) with h(X). The following remarks are in order.
Remark 1: Notice that the analysis in [12] implies that, for the
coefficient of t to be zero and (7) to be a valid Taylor expansion of

ht (Y ), pX (·) must be piecewise differentiable.
Remark 2: Although the results presented herein pertain to singleinput–single-output (SISO) systems, for MIMO systems with full-rank
channel matrices and at least as many transmit antennas as receive
ones, the approximation error can be easily seen to decay as 1/SNR.
However, computing the analogous of (6) and (7) for the MIMO case
appears to be intractable.


1
ρ

pX (x) =

t =0

t2
ht (Y ) = h(X) −
2
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dpX (yr )
dyr

2



pR,S

ρ,

x
ρ


+ pR,S

⎞
∞
dpX (yr ) 
⎠ + O(t4 ). (7)
− (1 + log pX (yr ))
dy 

x
ρ


dρ.

(8)

In particular, if S is statistically independent of R and is Gaussian distributed with zero mean and unit variance, letting p̄R (ρ) = pR (ρ) +
pR (−ρ) yields
1
pX (x) = √
2π

∞

2
1
− x
p̄R (ρ)e 2ρ2 dρ.
ρ

(9)

0

Proof: This lemma can be proved by considering the cdf of X,
FX (x) = Pr{RS ≤ x}. Expressing this probability in terms of
pR,S (·, ·) and taking the derivative with respect to ρ yields (8) (see,
e.g. [15]).

Immediate from (9) is that, when X is the product of two independent random variables, one of which is Gaussian, the support of pX (·)
is the entire real line (−∞, ∞), and pX (±∞) = 0. Differentiating
pX (x) in (9) with respect to x and using Lebesgue’s dominated
(x)
convergence theorem, it can be verified that limx→±∞ dpX
= 0,
dx
implying that (7) can be expressed as

∞

t2
ht (Y ) = h(X) +
2

1
pX (y)



dpX (y)
dy

2
dy + O(t4 ). (10)

−∞

Remark 3: For piecewise
differentiable distributions with (1 +
∞
= 0, (7) asserts that, at sufficiently high
log pX (yr )) dpXdy(yr ) 
−∞
SNRs, additive Gaussian noise strictly increases entropy.

To bound the error in approximating ht (Y ) with h(X) at high

∞

dyr

−ρ, −

0

2

(y)
SNRs, we need to bound −∞ pX1(y) dpX
dy. When pX (x) is
dy
given by the expression in (9), the integrand


∞

−∞

−∞



1
pX (y)



dpX (y)
dy

2

y2
= √
2π

0

∞
0

2

y2

−
1
p̄ (ρ)e 2ρ2
ρ3 R

dρ
.

y2

−
1
p ¯(ρ)e 2ρ2
ρ R

dρ

(11)
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Using Schwartz’s inequality, the right-hand side of (11) can be
bounded, thereby yielding



1
pX (y)

dpX (y)
dy

2

y2
≤ √
2π

∞

2

y
1
−
p̄R (ρ)e 2ρ2 dρ
5
ρ

(12)

0

and equality holds if ρ assumes a deterministic value in [0, ∞).
Substituting this result, the coefficient of t2 /2 in (10) can be readily
seen to be bounded by

∞
−∞

y2
√
2π

∞

2

y
1
−
p̄R (ρ)e 2ρ2 dρ dy =
ρ5

0

∞

1
p̄R (ρ) dρ.
ρ2

(13)

Fig. 1. Quadratic convergence of ht (Y ).

0

In the following, we will relate the results obtained here to the
multiple-input–single-output (MISO) case. Unfortunately, an analogous study for the MIMO case seems intractable.

Example 1 (Real SISO Case): Let the input signal R be antipodal,
i.e., R = ±1 with equal probability. In this case, pR (ρ) = 12 (δ(ρ +
1) + δ(ρ − 1)), which yields
|ht (Y ) − h(X)| ≤

B. MISO Case
For ease of exposition, here, we will derive a bound analogous to
the one in (13) for the case of two transmit and one receive antenna.
However, the method outlined below is readily extensible to systems
with more than two transmit antennas. In the current case, the random
variable X = R1 S1 + R2 S2 , where Ri and Si , i, 1, 2, represent the
input signal and the Gaussian-distributed channel coefficient of the ith
antenna, i, 1, 2, respectively. The pdf of X in that case is given by the
convolution integral of two pdfs of the form in (9). In particular

∞

1
pX (x) =
2π

∞ ∞

i.e., pX (xr , xi ) =

1
pX (y)

dpX (y)
dy

e

(x−u)2
−
2ρ2
2

dρ2 dρ1 du.

(14)

∞ ∞

≤

(y − u)
2πρ1 ρ52

2
(y−u)
− u2 −
2ρ
2ρ2
1

2

dρ2 dρ1 du.

(15)

Integrating over y, u, and ρ1 yields that the coefficient of t2 /2 in (10)
∞
is bounded by 0 ρ12 p̄R2 (ρ2 )dρ2 . Since convolution is commutative,
2
the role of ρ1 and ρ2 can be exchanged, thereby yielding

y=−∞

1
pX (y)

dpX (y)
dy

x2
1
( r2
2(1−ρ2 ) 2σr

x2

2ρx x

− σ rσ i + i2 )
r i
2σ
i

. In



1 − ρ2





2
dy ≤ min

i=1,2

1
1
+ 2
σr2
σi


(18)

.

In the special case in which the real and imaginary components of X
are independent, ρ = 0 and the coefficient of t2 /2 in (18) simplifies
to σ12 + σ12 . The validity of this result can be verified by writing the
r

i

Taylor expansion of ht (Y ) = 12 log 2πe(σr2 + t2 ) + 12 log 2πe(σi2 +
t2 ). In addition, note that, for σ12 + σ22 = 1, the minimum of σ12 + σ12
r

2

2



−

(1 − ρ2 )3
2
− u2
2ρ
1

× p̄R1 (ρ1 )p̄R2 (ρ2 )e

∞

e

1−ρ2

1 − ρ2 log 2πσr σi

u=−∞ ρ1 =0 ρ2 =0



2πσr σi



1
p̄R (ρ1 )p̄R2 (ρ2 )
ρ1 ρ2 1

Applying Schwartz’s inequality, the analogue of (12) for this case is
given by

∞

1√

this case, after a tedious, but straightforward, computation, the
coefficient of t2 /2 in (6) can be verified to be

×e

2

(17)

In this case, the Schwartz’s inequality bound is tight.

Example 2 (Complex SISO Case): In this example, we consider
the case in which X is a complex zero-mean Gaussian-distributed
random variable, with correlated real and imaginary components with
correlation coefficient ρ ∈ [0, 1] and variances σr2 and σi2 , respectively,

u=−∞ ρ1 =0 ρ2 =0



t2
+ O(t4 ).
2

⎧∞
⎨
⎩

⎫
⎬

1
p̄R (ρi ) dρi .
ρ2i i
⎭

0

(16)

V. E XAMPLES
We provide examples to illustrate the error arising from the highSNR approximation of ht (Y ).

i

is 4 and is achieved when σ1 = σ2 = √12 .

Example 3 (Convergence With SNR): Our convergence analysis
of ht (Y ) leading to (7) implies that, when pX (·) is piecewise differentiable, ht (Y ) − h(X) tends to zero as t2 , i.e., as 1/SNR. To
illustrate the convergence behavior, we consider the case in which
X is a real random variable with standard Laplace distribution, i.e.,
pX (x) = 12 e−|x| . In this case, the second term in the coefficient of
t2 /2 in (7) is zero, and the first term can be readily evaluated yielding
ht (Y ) = h(X) + t2 /2 + O(t4 ). The differential entropy of X is
given by h(X) = 1 + log(2), and the pdf of Y is given by pY (y; t) =
1 −t2 /2 y
e
(e Q( yt + t) + e−y Q(− yt + t)), where Q(·) is the standard
2
Q-function. In Fig. 1, the parabola h(X) + t2 /2 is plotted, and
numerical integration is used to evaluate and plot ht (Y ) versus t. For
comparison h(X) is also plotted. The quadratic convergence of ht (Y )
to h(x) as t goes to zero can be readily observed from this figure. 
Example 4 (Real MISO Case): If R1 and R2 are χ-distributed with
m1 and m2 degrees of freedom, respectively, their pdfs are given by
pRi (ρi ) =

2
2

mi /2

σim Γ(mi /2)

2

2

ρmi −1 e−ρi /2σ U (ρi ),

i = 1, 2,
(19)
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t (Y )
is equivalent to evaluating limt2 0 dhdt
. Using (3) and (4), and
2
invoking Lebesgue’s dominated convergence theorem, we can write



dht (Y ) 
=−
dt2 t2 =0

∞ ∞
(1 + log pX (yr , yi ))

−∞ −∞

× lim

t2 0

∂pY (yr , yi ; t)
dyr dyi .
∂t2

(21)

From (3), limt2 0 log pY (yr , yi ; t) = log pX (yr , yi ), and
1
∂pY (yr , yi ; t)
=
∂t2
2π

Fig. 2. Convergence of the coefficient of t2 /2.

∞ ∞
pX (yr − u, yi − v)
−∞ −∞



where Γ(·) is the standard Gamma function, and both pdfs are assumed
to have the same σ > 0. These pdfs correspond to the distribution of
the square root of the sum of the squares of m1 and m2 independent
zero-mean Gaussian random variables with variance σ 2 each. For
mi = 2, (19) reduces to the Rayleigh distribution, and for mi = 3,
it reduces to the Maxwell distribution [15]. For mi ≥ 3, the right-hand
side of (16) can be easily calculated and yields


|ht (Y ) − h(X)| ≤ min
1,2

2ρ0 t2
mi /2 2
2
σ Γ(mi /2)

To evaluate limt0
Lemma 2:
lim

0

+ O(t4 ),

∂pY (yr ,yi ;t)
,
∂t

1
∂pY (yr , yi ; t)
=
lim
∂t2
2π
t2 0

if mi is odd. It can be
where ρ0 = 1 if mi is even, and ρ0 =
2
readily verified that the argument of the minimization in (20) decreases
monotonically with mi , which implies that the bound in (20) depends
on the component of R with m∗ = max{m1 , m2 }.
Note that the coefficient of t2 goes to zero as mi goes to infinity. A
plot illustrating the convergence behavior of the exact value obtained
by using numerical integration in (10) and the upper bound in (20) on
this coefficient is provided in Fig. 2.


VI. C ONCLUSION
We have analyzed the dominant error term resulting from ignoring
the noise component in computing the differential entropy of the
received signal of high-SNR noncoherent SISO communication systems. We have shown that this error decays with 1/SNR, and we have
provided an explicit expression and an upper bound for the dominant
error term for the case in which the input signal is transmitted over a
channel with Gaussian fading coefficients. Our analysis is supported
by examples of input signals with various input distributions. The
results obtained herein can be readily used to show that, for MIMO
systems with full-rank channel matrices and at least as many transmit
antennas as receive ones, the error in entropy approximation decays
with 1/SNR, which tightens the approximation results in [1] and [4].

∞ 

−

u2 +v2
2t2

du dv.

(22)

(23)

∞

pX (yr − u, yi − v)
−∞

× lim

t2 0

2
1 − u2 +v
e 2t2 du dv.
4
t

(24)

To evaluate this integral, we will change the coordinates from Cartesian to polar. With this change of coordinates, we have (u, v) → (r, θ),
where u = r cos θ and v = r sin θ, and the area element du dv →
r dr dθ. Using this change of coordinates, we can write
1
∂pY (yr , yi ; t)
=
lim
∂t2
2π
t2 0

π ∞
lim

t2 0

r − r22
e 2t
t4

θ=−π r=0

× pX (yr − r cos θ, yi − r sin θ) dr dθ.

(25)

To evaluate this integral, we will use the following lemma.
d2
Lemma 3: Let δ  (r) = dr
2 δ(r) be the unit triplet function [16].
Then
lim

t2 0

r − r22
e 2t = δ  (r).
t4

Proof: See Appendix B.
Substituting from (26) in (25) yields
lim




e

we use the following result.

−∞

t2 0
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dht (Y )
dt2
t2 =0



u2 +v2
u2 + v 2 − u2 +v2
1
2
e
= lim 2 e− 2 .
0
4 3

(20)

π

We use (3) and (4) to evaluate

1
u2 + v 2
− 4
2t6
t

Proof: The proof follows from applying l’Hôpital’s rule to the
right-hand side of (23).

Using Lemma 2 in (22) with = t2 and taking the limit as t2  0
yields



× (mi − 4)(mi − 6) · · ·

×

(26)


∂pY (yr , yi ; t)
1
=
∂t2
2π

π ∞
in (5). Since we


t (Y ) 
consider cases in which ht (Y ) is analytic, evaluating dhdt
2
t2 =0

×
θ=−π r=0

δ  (r)pX (yr − r cos θ, yi − r sin θ) dr dθ.

(27)
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Noting that cos(θ + π) = − cos(θ), sin(θ + π) = − sin(θ), and
δ  (r) is an even function, i.e., δ  (r) = δ  (−r), (27) can be expressed as

π ∞

∂pY (yr , yi ; t)
1
=
lim
2
2
∂t
2π
t 0

δ  (r)
θ=0 r=−∞

× pX (yr − r cos θ, yi − r sin θ) dr dθ.

(28)

To evaluate (28), we use integration by parts and
the fact that δ  (±∞) = 0 to write the inner inte∞
r−r cos θ,yi−rsin θ)
gral
as
cos θ r=−∞ δ  (r) ∂pX (y∂(y
dr +
r−r cos θ)

∞

sinθ

r=−∞

r−r cos θ,yi−r sin θ)
δ (r) ∂pX (y∂(y
dr.
i −r sin θ)

Using
2

procedure, this expression can be expressed as cos
2
X (yr ,yi )
sin 2θ ∂ p∂y
r ∂yi

+ sin

tion in (27) yields
lim

t2 0

2

2
θ ∂ pX∂y(y2r ,yi ) .
i

a

similar

2
θ ∂ pX∂y(y2r ,yi )
r

+

Substituting in the integra-

1 ∂ 2 pX (yr , yi )
1 ∂ 2 pX (yr , yi )
∂pY (yr , yi ; t)
=
+
.
∂t2
2
∂yr2
2
∂yi2

(29)

Hence, substituting in (21), we have



1
dht (Y ) 
=−
dt2 t2 =0
2


×

∞ ∞
(1 + log pX (yr , yi ))
−∞ −∞

∂ 2 pX (yr , yi )
∂ 2 pX (yr , yi )
+
2
∂yr
∂yi2


dyr dyi .

(30)

Substituting (30) in (5) yields the statement of the theorem.
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Consider the limiting case of the zero-mean circularly symmetric 2D Gaussian distribution as the variance, → 0. In this case, we have
u2 +v2

lim0 1 e− 2 = δ(u)δ(v). Using l’Hôpital’s rule, we obtain an
2π
alternate form of the limit on the left-hand side. In particular
lim

0

1 − u2 +v2
1 u2 + v 2 − u2 +v2
2
2
= lim
e
.
e
0 2π
2π
2 2

(31)

Expressing δ(u)δ(v) in the polar coordinates, we have [17]
δ(u)δ(v) =

1
δ(r).
π|r|

Since u2 + v 2 = r 2 , we can use that lim0
δ(u)δ(v) with (31) and (32) to write
lim

0

Invoking

the
2

1
− r2
lim0 4π
2e

(32)
u2 +v2
1
e− 2
2π

=

1
1 r 2 − r2
e 2 =
δ(r).
2π 2 2
π|r|

identity
1
δ  (r),
2π|r|

[17]

r 2 δ  (r) = 2δ(r)

=
which, by substituting
yields the statement of the lemma.

yields
= t2 ,
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