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Abstract—Heterogeneous wireless networks are considered as
promising technologies to improve energy efficiency. In heteroge-
neous networks, interference management is very important since
the interference due to spectrum sharing can significantly de-
grade overall performance. In the existing work, various resource
allocation methods are proposed to either improve energy effi-
ciency or mitigate interference in orthogonal frequency-division
multiple access (OFDMA)-based multicell networks. To the best
of our knowledge, no research on resource allocation has jointly
considered improving energy efficiency and performing inter-
ference control, especially using interference power constraint
strategies. Furthermore, most existing work assumes that all of
the channel state information (CSI) is known completely, which
might not be realistic in heterogeneous networks due to the limited
capacity of the backhaul links and varied ownership of network
devices. In this paper, we propose a game-theoretical scheme using
energy-efficient resource allocation and interference pricing for
an interference-limited environment in heterogeneous networks.
We formulate the problems of resource allocation and interfer-
ence management as a Stackelberg game with incomplete CSI.
A backward induction method is used to analyze the proposed
game. A closed-form expression of the Stackelberg equilibrium
(SE) is obtained for the proposed game with various interference
power constraints. Simulation results are presented to show the
effectiveness of the proposed scheme.

Index Terms—Energy efficiency, game theory, heterogeneous
networks, incomplete channel state information, interference
management.

I. INTRODUCTION

THE high energy consumption of cellular networks has had
a significant impact on their service providers’ operating

expenses and on the level of the associated CO2 emissions.
The energy bill has become a significant portion of the service
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providers’ operational expenditure, for example, about 10% in
the mature European market and more than 30% in India [1].
The CO2 emissions produced by wireless cellular networks are
equivalent to those from more than 8 million cars [2], [3]. For
service providers, improving energy efficiency can demonstrate
their social responsibility in fighting climate change, and more
importantly, it has significant economic benefits. Therefore, en-
ergy efficiency has gradually become a significant performance
metric for wireless cellular networks [4]. Heterogeneous net-
works (e.g., deploying small cells in existing macrocells) have
become an important technique to improve energy efficiency
of cellular networks [5]. In heterogeneous networks, cells may
use orthogonal frequency division multiple access OFDMA-
based technology, the leading multiple-access strategy for 4G
and beyond.

In heterogeneous networks, interference control is an impor-
tant research area, particularly when small cells operate on the
same frequency spectrum as macrocells. This type of spectrum
sharing will cause cross-tier interference between macrocells
and small cells. Meanwhile, small cells can share the same radio
resources among themselves to improve spectrum efficiency,
which will cause co-tier interference among small cells. Both
cross-tier and co-tier interference can significantly degrade
network performance. Without proper interference manage-
ment, a significant amount of power will be wasted, and the
overall energy efficiency of the network might become even
worse than that of a network without small cells [6]. Existing
interference control strategies for heterogeneous networks can
be categorized into two general types: interference mitigation/
cancelation strategies and interference power constraint strate-
gies that originated from cognitive radio networks. In an in-
terference power constraint strategy, the aggregate interference
caused by the small cell to the macrocell users should be kept
within an acceptable level [7].

Various methods have been proposed to alleviate or avoid
interference in heterogeneous networks. Lopez-Perez et al. [8]
studied self-configuration and self-optimization techniques for
interference avoidance in OFDMA-based femtocell networks.
Chandrasekhar and Andrews [9] proposed a decentralized
spectrum allocation strategy for two-tier networks to mini-
mize cross-tier interference. Lopez-Perez et al. [10] evaluated
the main enhanced intercell interference coordination (eICIC)
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techniques developed for Release 10 of the third-generation
partnership project (3GPP). Chandrasekhar et al. [11] proposed
a distributed utility-based signal-to-interference-plus-noise ra-
tio adaptation algorithm to alleviate cross-tier interference at
the macrocell. Jo et al. [12] proposed two interference miti-
gation strategies in which femtocell users adjust their maxi-
mum transmit power using open- and closed-loop techniques
to control the cross-tier interference at the macrocell base
station (MBS). Park et al. [13] proposed an orthogonal random
beamforming-based cross-tier interference reduction scheme
for two-tier femtocell networks. The work by Kang et al. in [14]
is one of the few studies using an interference power constraint
strategy in heterogeneous networks.

Network resources, such as transmit power and subchannels,
must be appropriately allocated among users to maximize the
energy efficiency of the users or networks. Game theory has
been widely employed in multiuser wireless networks to model
the interactions between active users or base stations (BSs).
Goodman and Mandayam [15] adopted a game-theoretical
approach to solve the power control problem. Lasaulce et al.
[16] analyzed the effect of hierarchy in energy-efficient power
control games both on the individual user and overall network
performance. Treust and Lasaulce [17] studied an energy-
efficient distributed power control problem in wireless networks
using a repeated game.

Energy-efficient resource allocation for multicell OFDMA-
based networks has been recently investigated. In [18], the
resource allocation problem is considered in the uplink of
OFDMA multicell networks to maximize the users’ energy
effiency. Xie et al. [19] studied the energy-efficient spectrum
sharing and power allocation problem in heterogeneous cogni-
tive radio networks with femtocells using a Stackelberg game.
In [20], noncooperative transmit power control and cooperative
subcarrier allocation are jointly performed for energy efficiency
maximization in a multicell OFDMA system. Miao et al.
[21] investigated energy-efficient power optimization schemes
for interference-limited communications using non-cooperative
game theory. Han et al. [22] proposed a non-cooperative game
to perform subchannel assignment, adaptive modulation, and
power control for multicell OFDMA networks to minimize the
users’ transmitted power.

Resource allocation plays a very important role in inter-
ference management and energy efficiency. However, in most
existing work on energy-efficient resource allocation, the ob-
jective is to improve energy efficiency of the users or the whole
network, sometimes considering the effect of interference on
energy efficiency. There are also some research works using
resource allocation to address interference control problems in
OFDMA-based multicell networks. Resource allocation is used
to either improve energy efficiency or mitigate interference.

In addition, most existing work assumes that each BS or
user has all others’ channel state information (CSI) whenever
making its resource allocation decisions. This assumption may
not be realistic in heterogeneous networks for the following
reasons. In heterogeneous networks, small-cell base stations
(SCBSs) owned by individual subscribers are connected to
the MBSs owned by operators using backhaul communication
links that usually have limited capacity due to their deployment

costs [23]. Moreover, these BSs and their users may not have
protocols to share CSI between each other. Even if this kind
of protocol exists, appropriate incentive mechanisms are still
needed to ensure that the network devices truthfully exchange
information, since their objectives might not be aligned [24].
Furthermore, even if they are willing to share information,
the shared information is very likely to be outdated due to
the limited capacity of the backhaul links, which can result in
significant performance degradation [25], [26]. As a result, the
complete CSI may be unknown to the others.

Incomplete CSI has a significant impact on the performance
of not only heterogeneous networks but also wireless networks
in general. Indeed, the capacity of channels with incomplete
CSI is largely unknown in wireless networks. Game theory has
well-developed mechanisms to address the impacts of incom-
plete CSI, which will give insights into the problems related to
incomplete CSI from a new perspective [27].

In this paper, we design a game-theoretical resource alloca-
tion scheme considering both energy efficiency and interference
control in heterogeneous wireless networks with incomplete
CSI. To the best of our knowledge, no research on resource al-
location has jointly considered improving energy efficiency and
performing interference control using the interference power
constraint strategies. Some distinct features of this paper are
as follows.

• We adopt an interference power constraint strategy, where,
in the downlink, SCBSs are allowed to transmit in the fre-
quency bands of MBSs as long as the resulting interference
to the MUs is kept below an acceptable level. Specifically,
an interference pricing strategy is proposed for the MBSs
to protect their users by keeping the aggregate interference
from SCBSs below a target level. A similar scheme can
be applied for the uplink. In the price-based strategy, the
prices are computed as signals to reflect relations between
resource demand and supply, where the interference toler-
ance margin at the MUs is used as the resource for which
the MBS and the SCBSs compete.

• The SCBSs can design their resource allocation strategies
individually based on the offered interference prices to
maximize utility. Resource allocation is performed to im-
prove the energy efficiency of the network and keep the
interference to MUs within an acceptable level.

• We formulate the problems of interference control and
energy-efficient resource allocation as a two-stage Stack-
elberg game with incomplete CSI. A backward induction
method is used to analyze the proposed Stackelberg game,
since it can capture the sequential dependence relations of
the decisions in the stages of the game [28]. A closed-form
expression of the Stackelberg equilibrium (SE) is obtained
for the proposed game with various interference power
constraints. We also compare the results with/without the
complete CSI scenarios.

The rest of this paper is organized as follows: Section II
describes the system model. The problems are formulated in
Section III. Section IV analyzes the proposed game. Simulation
results are discussed in Section V. Finally, Section VI presents
our conclusions.
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Fig. 1. Exemplary heterogeneous network.

II. SYSTEM MODEL

We study the downlink transmission in a two-tier heteroge-
neous network, as shown in Fig. 1. In each service region, there
is one MBS and N SCBSs, each of which is connected to the
MBS over a broadband connection, such as a cable modem or
a digital subscriber line (DSL) [29]. Let SCBS set N = {1,
. . . , N}. In small cell n, the SCBS provides service for Kn

users. We assume that the MBS is aware of spectrum access by
the SCBSs, and the SCBSs can monitor the surrounding radio
channel environment and are allowed to intelligently access the
subchannels. The system is operated in a time-slotted manner.
In each time slot, the spectrum resource licensed to the MBS
is divided into multiple subchannels. The MUs use OFDMA
technology to access the MBS.

The MBS and the SCBSs share a spectrum in the network.
At each time slot, each subchannel of the MBS is allocated
to one MU, and N nearby small cells can also use this sub-
channel, i.e., each SCBS assigns one most appropriate user
to each subchannel during that time slot. Since the SCBSs
share a spectrum with the MBS, the cross-tier interference will
greatly restrict the network performance. Interference prices are
proposed as a mechanism to allow the MBS to protect its MUs
and meet their interference power constraints by charging the
SCBSs. We assume that the maximum interference power that
each macrocell user (MU) can tolerate is Q̄, i.e., the aggregate
interference from all the SCBSs should not be larger than Q̄.
The SCBSs will adaptively adjust the transmit power based
on the channel condition and the interference prices offered by
the MBS.

Due to the limited capacity of backhaul links and the com-
peting interests of the MBSs and SCBSs, we consider that each
MBS and SCBS only has the state information of the channels
between itself and its own users, as well as the incident channels
between its users and the other BSs [30]. However, each BS
does not know the state information of the channels between
other BSs and their users. In the scenario considered in this
paper, the SCBSs are sparsely deployed, and therefore, the
mutual interference between the small cells is negligible. In
practice, this scenario is applicable to the small-cell networks

deployed in the sparse areas, such as rural areas. However,
the proposed schemes can be extended to the densely-deployed
scenarios by taking the mutual interference between different
SCBSs into account. We only demonstrate the situation of one
subchannel, since we mainly focus on how the decisions in the
MBS and SCBSs affect each other. The model can be extended
to multiple subchannel situations using various techniques,
such as the dual-decomposition technique [31].

To facilitate the communication of channel gain information,
we assume that the channel gains are mapped into a finite set
of states, which is widely used in the literature and practical
networks [32], [33]. Nevertheless, our proposed scheme can be
extended to the scenario where the channel gains are modeled
as an infinite set of states. In our proposed scheme, the MBS
does not know the exact value of the channel gain h(n), n ∈ N,
from SCBS n to its scheduled small-cell user (SCU), but it can
collect the fixed distribution of the channel gain as defined in
Assumption 1 from SCBS n, through the backhaul link. For
SCBS n, the distribution of the channel gain g(nm) between
itself and the scheduled MU served by MBS m is defined in
Assumption 2, which can be collected from MBS m through
the backhaul link.

Assumption 1: For MBS m, the channel gain h(n) between
SCBS n and its scheduled SCU has R positive states, which
are h

(n)
1 , . . . , h

(n)
R with probability ρ

(n)
1 , . . . , ρ

(n)
R , respectively,

and
∑R

r=1 ρ
(n)
r = 1. Without loss of generality, we assume that

h
(n)
1 > · · · > h

(n)
R .

Assumption 2: For an arbitrary SCBS n, the channel gain
g(nm) between SCBS n and the scheduled MU served by MBS
m has S positive states, which are g(nm)

1 , . . . , g
(nm)
S with prob-

ability ϕ
(nm)
1 , . . . , ϕ

(nm)
S , respectively, and

∑S
s=1 ϕ

(nm)
s = 1.

III. PROBLEM FORMULATION

In heterogeneous networks, BSs may not serve a common
goal or belong to a single authority. One example scenario is
that each small cell operates in a closed-access mode, where a
set of subscribed home users is allowed to access the small cell.
Therefore, a mechanism is needed so that the MBS can control
the interference received by its MU from the SCBSs within
the interference tolerance margin. On the other hand, if each
SCBS pays for the interference it causes to the MU, each SCBS
needs to decide which SCU to assign to each subchannel and its
optimal transmission power. According to such characteristics,
we employ a Stackelberg game [34] to jointly maximize the
interference revenue of the MBS and the individual utilities of
the SCBSs in the heterogeneous network. Stackelberg games,
which are also known as the leader–follower games, are an
extension of noncooperative games. In a Stackelber game, there
is a group of players called leaders and of other players called
followers. The leaders can anticipate and take into considera-
tion the behavior of the followers and then act. After the actions
of the leaders, the followers take their actions. In the proposed
game, the MBS is the leader, and the SCBSs are the followers.
The strategy of the MBS is to set interference prices, and those
of the SCBSs involve both subchannel assignment and power
allocation.



BU et al.: RESOURCE ALLOCATION FOR OFDMA-BASED HETEROGENEOUS NETWORKS WITH INCOMPLETE CSI 1039

A. MBS Level Problem With Incomplete CSI

The MBS offers an interference price to each SCBS and tries
to maximize the revenue obtained from selling the interference
quota to SCBSs within the interference power constraints.
The offered interference price to SCBS n, n ∈ N, can be
defined as yn. There are two different kinds of interference
power constraints: peak interference power constraints and av-
erage interference power constraints [35]. A peak interference
power constraint is the short-term constraint that limits the
peak interference power at each channel gain. An average
interference power constraint, which is a long-term constraint,
limits the average interference power over all different channel
gains. In general, the average interference power constraint is
preferable to the SCBSs, because it allows more flexibility for
dynamically allocating transmit power over different channel
gains. On the other hand, the peak interference power con-
straint is a better option for the MUs. However, the average
interference power constraint can be also preferable to the
MUs in terms of achievable limits of the ergodic and outage
capacities [35].

In the scenario with peak interference power constraints, the
revenue of the MBS obtained from all SCBSs can be calcu-
lated by

Um(y) =
N∑

n=1

g(nm)pn

(
h(n), yn

)
yn, (1)

where y = {y1, . . . , yN} is the interference price vector, pn
denotes the transmit power for SCBS n, and it is a function of
channel gain h(n) and interference price yn. The optimization
problem for the MBS can be formulated as

max Um(y) = max
y�0

{
N∑

n=1

g(nm)pn

(
h(n), yn

)
yn

}
, (2)

s.t.
N∑

n=1

g(nm)pn

(
h(n), yn

)
≤ Q̄, (3)

where y � 0 means yn ≥ 0, ∀n ∈ N. In our scheme, the aver-
age interference power constraint is used since the MBS does
not know the exact value of the channel gain h(n) from SCBS
n to its scheduled SCU, but it can collect the distribution of
the channel gain. In the scenario with the average interference
power constraint, the given optimization for the MBS can be
converted into a problem that considers the expected revenue
Ūm(y) in terms of various channel gains h. Let subscript h
of E indicate that the expectation is calculated with respect
to h. The optimization problem for the MBS can be reformu-
lated as

max Ūm(y) = max
y�0

{
Eh

[
N∑

n=1

g(nm)pn

(
h(n), yn

)
yn

]}
,

(4)

s.t. Eh

[
N∑

n=1

g(nm)pn

(
h(n), yn

)]
≤ Q̄. (5)

Therefore, the optimal interference price for the MBS is

y = argmax
y�0

{
N∑

n=1

R∑
r=1

ρ(n)r g(nm)pn

(
h(n)
r , yn

)
yn

}
, (6)

s.t.
N∑

n=1

R∑
r=1

ρ(n)r g(nm)pn

(
h(n)
r , yn

)
≤ Q̄. (7)

In the scenario where the channel gains are modeled as an
infinite set of states, we assume that the random variable
channel gain h(n) has a probability density function tn(h

(n)).
The expected revenue is given by the expectation of func-
tion Um(y).

B. SCBS Level Game With Incomplete CSI

For energy-efficient communications, it is desirable to the
maximize transmission rate and take the electricity cost into
account [5], [36]. The energy efficiency metric used for each
SCBS is its weighted transmission rate minus the weighted
electricity cost [36], [37]. The electricity consumed by an SCBS
can be divided into two parts: One part is independent of the
transmit power and includes the circuit power, signal processing
power, and so on; the other part is equal to the total transmit
power over the power amplifier efficiency [38].

Based on the interference price provided by the MBS, each
SCBS needs to allocate the subchannel to one appropriate SCU
and adjust its transmit power to maximize its individual net
utility. For example, when the weighted sum of the data rates
of all of its SCUs are considered as its utility, each SCBS will
assign the subchannel to the SCU who can yield the maximal
weighted data rate. Therefore, our proposed method works
well with different fairness mechanisms, which will be used
to choose the appropriate SCU. Then, the resource allocation
problem turns into a power allocation problem. In the following
presentation, we do not consider interference caused by the
MBS to the SCBSs’ users. In the scenario where that interfer-
ence needs to be considered, the interference and noise power as
observed by a SCBS’s user will be given by σ2

n + pmg(mn) (σ2
n

denotes the additive white Gaussian noise, pm is the transmit
power of the MBS, and g(mn) is the channel gain from MBS
m to the scheduled user of SCBS n) instead of only σ2

n.
Therefore, the net utility function for SCBS n can be defined
as [37], [39]

Un(pn) = W log

(
1 +

pnh
(n)

σ2
n

)

− μnxpn − λnyng
(nm)pn, ∀n, (8)

where W denotes the bandwidth of each subchannel. Without
loss of generality, it is assumed that σ2

n = σ2, ∀n, in the rest
of this paper. Parameters μn and λn denote weights, which
represent the tradeoff between the transmission rate, energy
cost, and interference cost. In this paper, we consider the
scenario where the weights are known in advance, which is
called the a priori approach commonly used in the literature
[40]. In a real-world application, these parameters need to be
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carefully chosen to match the characteristics of the SCBSs. The
electricity price scale factor is denoted by x. In an SCBS, the
dynamic electricity part dominates its electricity consumption,
which is the opposite of the energy consumption pattern of
MBSs [41]. Therefore, in utility function (8), only the dy-
namic part of the electricity consumption is considered. To
extend our work to the densely deployed scenario, the net
utility function for SCBS n(∀n) defined in (8) would be
changed to

Un(pn,p−n) = W log

(
1 +

pnh
(n)

σ2 +
∑

l �=n plhln

)

− μnxpn − λnyng
(nm)pn, ∀n, (9)

where p−n is a vector of power allocation for all SCBSs except
SCBS n, i.e., p−n = [p1, . . . , pn−1, pn+1, . . . , pN ]T , and hln

denotes the channel gain between SCBS l and the scheduled
SCU in SCBS n.

In the sparsely deployed scenario, since SCBS n does not
know the current channel gain g(nm), the net utility function
can be reformulated as

Ūn(pn) = W log

(
1 +

pnh
(n)

σ2

)
− μnxpn

− λnynpn

(
S∑

s=1

ϕ(nm)
s g(nm)

s

)
, ∀n. (10)

Therefore, the optimal transmit power for SCBS n is

pn = argmax
pn≥0

{
W log

(
1 +

pnh
(n)

σ2

)
− μnxpn

− λnynpn

(
S∑

s=1

ϕ(nm)
s g(nm)

s

)}
. (11)

In the scenario where the channel gains are modeled as an infi-
nite set of states, we assume that the random variable channel
gain g(nm) has a probability density function znm(g(nm)). The
expected channel gain is the expectation of the random varia-
ble g(nm).

IV. ANALYSIS OF THE PROPOSED STACKELBERG GAME

Here, we will first analyze the proposed Stackelberg game
and then obtain the SE of this game. A backward induction
method is used to analyze the proposed game, since this ap-
proach can capture the sequential dependence of the decisions
in the stages of the game. Finally, we investigate the same
resource allocation problem in the complete CSI scenario and
compare the performance in this scenario with that in the
incomplete CSI scenario.

A. Analysis of the Resource Allocation Problem for the SCBSs

To maximize its net utility, each SCBS needs to adjust its
transmit power pn based on the provided interference price

and the channel gain of its scheduled SCU. For an arbitrary
SCBS n, its net utility function is a concave function of pn
since

∂2Ūn

∂p2n
=

−W
(
h(n)
)2(

σ2 + pnh(n)
)2 < 0. (12)

Therefore, the optimal resource allocation strategy for SCBS n
can be denoted as

p∗n =

⎛
⎝ W

μnx+ λnyn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

) − σ2

h(n)

⎞
⎠

+

,

(13)

with (·)+ Δ
= max(·, 0). This is actually utility-based water-

filling. We assume that the electricity price x is always
less than Wh(n)/(σ2μn). The reason is that if the electric-
ity price is higher than that, SCBS n will stop transmit-
ting no matter what the provided interference price is. If the
interference price yn is too high (i.e., yn > (Wh(n)/σ2 −
μnx)/(λn(

∑S
s=1 ϕ

(nm)
s g

(nm)
s ))), SCBS n will also stop trans-

mitting. We also observe from (13) that given a fixed pricing
policy, when the channel gain of the SCBS is higher, the
SCBS performs a non-decreasing optimal resource allocation
strategy.

To extend our work to the densely deployed scenario, the
optimal resource allocation strategy for SCBS n could be
denoted as

p∗n =

⎛
⎝ W

μnx+ λnyn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

)

−
σ2 +

∑
l �=n plhln

h(n)

)+

. (14)

Since one SCBS’s optimal resource allocation strategy is af-
fected by others’, noncooperative game theory [42] can be used
to model the resource allocation problem of the SCBSs in the
densely deployed scenario. One of the most commonly used
solution concepts in a noncooperative game is called a Nash
equilibrium, which is an equilibrium where every player plays
the best-response strategy when taking others’ decision into
account.

Proposition 1: The best response of SCBS n is given by

pn = BRn(p−n) (15)

with

BRn(p−n) =

(
W

μnx+ λnyn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

)

−
σ2 +

∑
l �=n plhln

h(n)

)+

. (16)
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The following iterative algorithm can be used to obtain the
Nash equilibrium for this non-cooperative resource allocation
game in the densely-deployed scenario.

Algorithm 1. Iterative Resource-Allocation Algorithm

1. Initialization: set pn = 0, ∀n ∈ N,
iteration count k = 0

2. Repeat iterations
(a) k = k + 1
(b) for n = 1 to N SCBSs do
(c) Estimate total interference plus noise level
(d) pn[k] = BRn(p1[k − 1], . . . , pn−1[k − 1],

pn+1[k − 1], . . . , pN [k − 1])
(e) end for
(f) until k≥Kmax or ‖pn[k]−pn[k−1]‖/‖pn[k−1]‖ ≤

ε, ∀n ∈ N

3. End iteration

where Kmax is the maximum iteration count, and parameter ε
is set to a small value, such as 0.0001.

B. Analysis of the Interference Price Problem for the MBS

To maximize its revenue, the MBS dynamically adapts the
offered interference prices based on the energy-efficient re-
source allocation response of the SCBSs and the total inter-
ference power constraints. Since the response strategy of each
SCBS is as explained in the previous section, (13) is substituted
into (4) and (5). For an arbitrary SCBS n, we introduce the
following indicator function:

V (n)
r =

⎧⎪⎨
⎪⎩ 1, yn ≤

Wh
(n)
r

σ2 −μnx

λn

(∑S

s=1
ϕ

(nm)
s g

(nm)
s

)
0, otherwise.

(17)

The utility function Ūm(y) becomes a piecewise function,
which is not totally differentiable. However, when given V

(n)
r ,

function Ūm(y) becomes a continuous differentiable function.
We let

L(n)
r =

Wh
(n)
r

σ2 − μnx

λn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

) , ∀n. (18)

Note that L
(n)
1 > · · · > L

(n)
R , since we assume that h

(n)
1 >

· · · > h
(n)
R . All L

(n)
r s need to be sorted in ascending or-

der, and without loss generality, let L
(1)
1 > · · · > L

(1)
R >

L
(2)
1 > · · · > L

(2)
R > · · · > L

(N)
R . Hence, we obtain RN in-

tervals [0, L(N)
R ], . . . , [L

(1)
2 , L

(1)
1 ]. Since for all convex opti-

mization problems, their optimal solutions must satisfy the
Karush–Kuhn–Tucker (KKT) conditions, the optimal inter-
ference price solutions must satisfy the KKT conditions as
well. Therefore, the optimal interference price solutions within
different range limits of interference power constraints can
be obtained by solving the KKT conditions, as presented in
Theorem 1, where [·]ba = min(b,max(·, a)). The Lagrange

multiplier α within each range limit can be obtained using the
binary search algorithm [43], which has low complexity. Thus

Q0=
N∑

n=1

R∑
r=1

ρ(n)r g(nm)

×

⎛
⎝ W

μnx+λnfn(0)
(∑S

s=1ϕ
(nm)
s g

(nm)
s

)− σ2

h
(n)
r

⎞
⎠ ,

(19)

Q1 =

N∑
n=1

R∑
r=1

ρ(n)r g(nm)

×

⎛
⎝ W

μnx+λnL
(N)
R

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

)− σ2

h
(n)
r

⎞
⎠ ,

(20)

Q2 =

N∑
n=1

R∑
r=1

ρ(n)r g(nm)

×

⎛
⎝ W

μnx+ λnL
(N)
R−1

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

) − σ2

h
(n)
r

⎞
⎠

− ρ
(N)
R g(Nm)

×

⎛
⎝ W

μNx+λNL
(N)
R−1

(∑S
s=1 ϕ

(Nm)
s g

(Nm)
s

)− σ2

h
(N)
R

⎞
⎠ ,

(21)

QNR−1 =

2∑
r=1

ρ(1)r g(1m)

×

⎛
⎝ W

μ1x+ λ1L
(1)
2

(∑S
s=1 ϕ

(1m)
s g

(1m)
s

) − σ2

h
(1)
r

⎞
⎠ ,

(22)

QNR = ρ
(1)
1 g(1m)

×

⎛
⎝ W

μ1x+ λ1L
(1)
1

(∑S
s=1 ϕ

(1m)
s g

(1m)
s

) − σ2

h
(1)
1

⎞
⎠.
(23)

Theorem 2: For the MBS, the optimal interference price y∗

can be obtained as follows.

1) When Q̄ ≥ Q0

y∗n = fn(0) =

⎡
⎢⎢⎢⎢⎣

√
Wμnx∑R

r=1

ρ
(n)
r σ2

h
(n)
r

− μnx

λn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

)
⎤
⎥⎥⎥⎥⎦

L
(N)

R

0

. (24)
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2) When Q1 ≤ Q̄ < Q0

y∗n=

⎡
⎢⎢⎢⎢⎢⎢⎣

√√√√W
(
μnx+αλn

(∑S

s=1
ϕ

(nm)
s g

(nm)
s

))
∑R

r=1

ρ
(n)
r σ2

h
(n)
r

−μnx

λn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

)
⎤
⎥⎥⎥⎥⎥⎥⎦

L
(N)

R

0

, (25)

N∑
n=1

R∑
r=1

ρ(n)r g(nm)

×

⎛
⎝ W

μnx+ λny∗n

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

) − σ2

h
(n)
r

⎞
⎠− Q̄=0.

(26)

3) When Q2 ≤ Q̄ < Q1, we obtain (27) and (28), shown at
the bottom of the page.

4) When QNR ≤ Q̄ < QNR−1

y∗1=

⎡
⎢⎢⎢⎢⎢⎢⎣

√√√√ρ
(1)
1 W
(
μ1x+αλ1

(∑S

s=1
ϕ

(1m)
s g

(1m)
s

))
ρ
(1)
1

σ2

h
(1)
1

− μ1x

λ1

(∑S
s=1 ϕ

(1m)
s g

(1m)
s

)
⎤
⎥⎥⎥⎥⎥⎥⎦

L
(1)
1

L
(1)
2

,

ρ
(1)
1 g(1m)

⎛
⎝ W

μ1x+λ1y∗1

(∑S
s=1ϕ

(1m)
s g

(1m)
s

)− σ2

h
(1)
1

⎞
⎠−Q̄=0,

y∗n=∞, n ∈ {2, . . . , N}.

Proof: See Appendix A. �
The theorem intuitively shows that a higher threshold has the

potential to admit more SCBSs, and the optimal interference
prices decrease first with the increase in the threshold and then
become constant, at which point the value of no longer affects
the SCBSs’ decisions.

Remark 1: From the system design perspective, the given
results are very useful in practice. For example, if the MBS
sets the interference price for a SCBS to ∞, this SCBS will
not transmit. Moreover, if the system is designed to admit these
N SCBSs, the tolerable interference power constraint Q̄ needs
to be set above this threshold, i.e.,

N−1∑
n=1

R∑
r=1

ρ(n)r g(nm)

×

⎛
⎝ W

μnx+ λnL
(N)
1

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

) − σ2

h
(n)
r

⎞
⎠

+ ρ
(N)
1 g(Nm)

×

⎛
⎝ W

μNx+ λNL
(N)
1

(∑S
s=1 ϕ

(Nm)
s g

(Nm)
s

) − σ2

h
(N)
1

⎞
⎠ .

C. Existence of the SE for the Proposed Stackelberg Game

The objective of the proposed Stackelberg game is to find the
SE, from which neither the MBS nor the SCBSs have incentives
to deviate. Here, we prove that the solutions p∗n in (13) and y∗

y∗n =

⎡
⎢⎢⎢⎢⎢⎢⎣

√√√√W
(
μnx+αλn

(∑S

s=1
ϕ

(nm)
s g

(nm)
s

))
∑R

r=1

ρ
(n)
r σ2

h
(n)
r

− μnx

λn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

)
⎤
⎥⎥⎥⎥⎥⎥⎦

L
(N)

R−1

0

, n ∈ {1, . . . , N − 1}, (27)

y∗N =

⎡
⎢⎢⎢⎢⎢⎢⎣

√√√√
(
1−ρ

(N)

R

)
W
(
μNx+αλN

(∑S

s=1
ϕ

(Nm)
s g

(Nm)
s

))
∑R−1

r=1

ρ
(N)
r σ2

h
(N)
r

− μNx

λN

(∑S
s=1 ϕ

(Nm)
s g

(Nm)
s

)
⎤
⎥⎥⎥⎥⎥⎥⎦

L
(N)

R−1

L
(N)

R

, (28)

N∑
n=1

R∑
r=1

ρ(n)r g(nm)

⎛
⎝ W

μnx+ λny∗n

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

) − σ2

h
(n)
r

⎞
⎠

− ρ
(N)
R g(Nm)

⎛
⎝ W

μNx+ λNy∗N

(∑S
s=1 ϕ

(Nm)
s g

(Nm)
s

) − σ2

h
(N)
R

⎞
⎠− Q̄ = 0

....
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presented in Theorem 2 are the SE for the proposed game. For
the proposed game with incomplete CSI, the SE is defined as
follows.

Definition 1: ySEn and pSEn are the SE of the proposed game
if for every n ∈ N, when yn is fixed

Ūn

(
pSEn
)
= sup

pn≥0
Ūn(pn), (29)

and for every n ∈ N, when pn is fixed

Ūm

({
ySEn
})

= sup
yn≥0

Ūm ({yn}) . (30)

We will show that the optimal interference prices y∗ of (6)
with constraint (7) can be obtained by solving (39) in the
Appendix due to Property 1 [44].

Property 1: The Lagrangian L(y, α, β, γ) associated with
the interference price problem is jointly concave in {yn} ∀n ∈
N, with yn ≥ 0, when pn is calculated in (13).

Proof: See Appendix B. �
Due to Property 1, y∗n in Theorem 2 is the global optimum

solution, which can maximize the MBS’s utility Ūm. Therefore,
y∗n satisfies (30) and is the SE ySEn .

Property 2: The utility function Ūn of SCBS n is a concave
function of its own transmit power pn when the interference
price offered by the MBS is fixed.

Proof: See Appendix C. �
Together with Property 1 and Property 2, we conclude the

following Theorem 3.
Theorem 3: The pair of {y∗n}, n ∈ N, defined in Theorem 2,

and {p∗n},n ∈ N in (13), is the SE for the proposed game.
In practice, the following steps can be performed to obtain

the SE of the proposed Stackelberg game.

1) The MBS collects information about μn, λn and the
distribution of the channel gain h(n) from SCBS n (∀n)
through the backhaul link. SCBS n (∀n) collects the
distribution of the channel gain g(nm) from the MBS
through the backhaul link.

2) The MBS calculates the value of each L
(n)
r (∀n) and uses

them to compute the range limits defined in Theorem 2.
3) The MBS decides the optimal interference price y∗n (∀n)

based on the interference power constraint Q̄ presented
in Theorem 2. These optimal interference prices are then
fed back to the SCBSs through the backhaul links.

4) After receiving its interference price, SCBS n (∀n) de-
cides the optimal transmit power p∗n according to (13).

D. Comparison With the Complete CSI Scenario

To demonstrate the performance of our proposed game-
theoretical scheme, here, we will investigate the energy-
efficient resource allocation and interference control problems
in the complete CSI scenario. In this scenario, the MBS knows
the channel gains of each SCBS to its scheduled SCU, and the
SCBS knows the channel gain from itself to the scheduled MU.
It is important to analyze how this scenario differs from the
incomplete CSI scenario, since the complete CSI scenario gives
the upper bound for the SE in the incomplete CSI scenario.

With complete CSI, the optimal resource allocation strategy
for each SCBS can be calculated as follows:

p∗n =

(
W

μnx+ λnyng(nm)
− σ2

h(n)

)+

. (31)

For the MBS, the optimal interference price y∗ under different
interference power constraints is presented in Theorem 4, which
can be proved using the method presented in the incomplete CSI
scenario. The Lagrange multiplier α can be obtained by using
the binary search method [43].

Theorem 4: Assuming that L1 > · · · > LN , where Ln =
(Wh(n)/σ2 − μnx)/(λng

(nm)), the optimal interference price
y∗ can be obtained as follows.

1) When Q̄≥
∑N

n=1 g
(nm)(W/(μnx+ λnfn(0)g(nm))−

σ2/h(n))

y∗n = fn(0) =

⎡
⎣
√

Wμnxh(n)

σ2 − μnx

λng(nm)

⎤
⎦
LN

0

. (32)

2) When
∑N

n=1 g
(nm)(W/(μnx+ λnLNg(nm))− σ2/

h(n))≤Q̄<
∑N

n=1 g
(nm)(W/(μnx+ λnfn(0)g(nm)) −

σ2/h(n))

y∗n = fn(α) =

⎡
⎣
√

Wh(n)(μnx+αλng(nm))
σ2 − μnx

λng(nm)

⎤
⎦
LN

0

, (33)

N∑
n=1

g(nm)

(
W

μnx+ λny∗ng
(nm)

− σ2

h(n)

)
− Q̄ = 0.

... (34)

3) When g(1m)(W/(μ1x+ λ1L1g
(1m))− σ2/h(1)) ≤ Q̄<∑2

n=1g
(nm)(W/(μnx+λnL2g

(nm))−σ2/h(n))

y∗1=f1(α)=

⎡
⎣
√

Wh(1)(μ1x+αλ1g(1m))
σ2 − μ1x

λ1g(1m)

⎤
⎦
L1

0

, (35)

g(1m)

(
W

μ1x+ λ1y∗1g
(1m)

− σ2

h(1)

)
− Q̄ = 0. (36)

y∗n = ∞, n ∈ {2, . . . , N}. (37)

We will show a performance comparison between the complete
CSI and the incomplete CSI scenarios in Section V.

V. SIMULATION RESULTS AND DISCUSSIONS

We use computer simulations to evaluate the performance
of the proposed scheme. We also compare the performance
of our proposed scheme with incomplete CSI with that of an
existing scheme [45], where all of the CSI is assumed to be
known. We assume that there is one MBS and two SCBSs
(SCBS1 and SCBS2) in the heterogeneous network, and each
unknown channel gain has two states with the uniform probabil-
ity. The parameters are set as follows: W = 1, h(1) = [1.0 0.9],
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Fig. 2. Energy efficiency metric taking the power consumption cost into ac-
count during transmission (μ1 denotes a weight, which represents the tradeoff
between the transmission rate and the energy cost of SCBS1).

h(2) = [1.0 0.8], σ2 = 0.2, μ = 0.4, x = 1, λ = 2, g(1m) =
[0.05 0.1], and g(2m) = [0.1 0.3]. These parameters stay the
same in the following simulations, unless otherwise stated.
Note that the exact shape of the figures in this section change
with the parameters, but the insight remains the same.

We first study how the weight parameter μ affects SCBS’s
energy efficiency metric. When μ = 0, maximizing the energy
efficiency metric is equivalent to maximizing the transmission
rate. As μ increases, there is a tradeoff between transmission
rate and power consumption. Fig. 2 shows that the energy effi-
ciency metric first increases with the transmit power and then
decreases. For a given transmit power, the energy efficiency
metric is a decreasing function of μ.

We study how an SCBS’s net utility is affected by its energy-
efficient power allocation decision and the corresponding chan-
nel gain g(nm). We also investigate how an SCBS should
adapt its transmit power strategy based on the interference
price offered by the MBS and under different CSI scenarios.
Fig. 3 shows that the net utility function is a concave function,
which matches the proof in Section IV-A. Therefore, there
exists an optimal transmit power for each SCBS to maximize
its net utility. With the increase in the transmit power, the
net utility first increases due to the corresponding increase in
the transmission rate and then decreases since the net utility
gain on the transmission rate cannot balance the electricity
cost and interference cost. For a given transmit power, the net
utility is lower with a higher g(nm), since the SCBS has to pay
more for its interference in this situation. Fig. 4 shows that
each SCBS tries to decrease its interference cost by lowering
its transmission power as the interference price increases. For
the same interference price, higher g(nm) leads to higher total
interference cost, due to higher interference. The figure also
shows that the optimal transmit power in the incomplete CSI
scenario is between the power values for the best and worst
channel gains in the complete CSI scenario.

We then analyze how the optimal interference prices y∗ and
the optimal transmit power p∗n change with the variation of the

Fig. 3. Net utility of SCBS1 with the change in the energy-efficient power
allocation strategy (g(1m) is the channel gain between SCBS1 and MU m).

Fig. 4. Optimal transmit power for an SCBS with the variation of interference
price.

interference power margin Q̄ in dB. Fig. 5 shows that when
Q̄ is below a threshold, only SCBS1 is allowed to transmit,
and the optimal interference price is offered to this SCBS. To
prevent SCBS2 from transmitting, the MBS offers it an infinite
interference price. When Q̄ passes the threshold, both SCBSs
can perform the energy-efficient power allocation. The optimal
interference prices decrease with the increase of Q̄ first and then
reach a stable level when the total caused interference is below
Q̄. For a given Q̄, the optimal interference price of SCBS1

is higher than that of SCBS2, since the channel gain g(1m) is
lower than g(2m). Fig. 7 shows that the optimal transmit power
first increases and then becomes constant when the value of Q̄
does not affect the SCBSs’ decisions, since the optimal transmit
power of each SCBS is a nondecreasing function of its offered
optimal interference price, as shown in Fig. 5. When Q̄ is below
a threshold, SCBS2 is not allowed to transmit, and therefore, the
optimal transmit power is zero. The optimal transmit power of
SCBS2 begins lower than that of SCBS1 but becomes higher,
although its offered optimal interference price is still lower
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Fig. 5. Optimal interference prices for the SCBSs with the change in the
interference power margin. The dashed red line marks the vertical asymptote
of SCBS2.

Fig. 6. Rate of the SCBSs with the variation of the interference power margin.

than that of SCBS1. This is because the optimal transmit power
depends not only on the optimal interference price but on the
channel gains between the SCBSs and the MUs as well.

We analyze how the transmission rate of the SCBSs and
the expected revenue of the MBS change with the interference
power margin Q̄. Fig. 6 shows that the transmission rate of each
SCBS has the same trend as its corresponding optimal transmit
power shown in Fig. 7, since the optimal transmit power
determines the transmission rate. The figure shows that when
Q̄ is less than −15 dB, the curve of SCBS1 + SCBS2 merges
with that of SCBS1, since only SCBS1 is allowed to transmit.
Fig. 8 shows that with the increase of Q̄, the expected revenue
of the MBS first increases and then reaches a stable level. The
reason is that with the increase of Q̄, the MBS provides lower
interference prices, and the SCBSs correspondingly increase
their transmit power. The expected revenue keeps increasing
until the value of Q̄ is set to greater than or equal to some
threshold (i.e., the total interference caused by the SCBSs with
their optimal resource allocation strategies) and then has no

Fig. 7. Optimal transmit power for the SCBSs with the variation of the
interference power margin.

Fig. 8. Expected revenue of the MBS with the variation of the interference
power margin (λ denotes a weight, which represents the tradeoff between the
transmission rate and interference cost).

impact on the BSs’ decisions. The figure also shows that the
weight parameter λ of the SCBSs has a negative impact on the
expected revenue, since higher λ means lower optimal transmit
power.

We compare the expected revenue of the MBS in our incom-
plete CSI scenario with that in the complete CSI scenario. We
also compare the performance of our proposed scheme with
that of an existing scheme [45], which is an energy-efficient re-
source allocation scheme for heterogeneous wireless networks
assuming perfect CSI. A gradient-based iteration algorithm is
used in [45] to obtain the solution to the resource allocation
problem. In Fig. 9, the channel gains are set to the following:
g(1m) = [0.3 0.4] and g(2m) = [0.5 0.7]. The figure shows that
the MBS receives higher revenue from the SCBSs when the
CSI is known, since the MBS can make better interference
price decisions with complete CSI. Therefore, it is beneficial
for the MBS to carry on different incentive strategies to make
the SCBSs share their channel gain information with it. When
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Fig. 9. Revenue of the MBS with the variation of the interference power
margin.

Fig. 10. Total net utility of the SCBSs with the variation of the interference
power margin.

interference power margin Q̄ reaches a certain level, the rev-
enue of the MBS becomes stable, since the optimal interference
price offered by the MBS becomes constant, and the optimal
transmit power therefore becomes constant. In reality, it is
difficult to know all of the CSI in real time due to the limited
backhaul capacity. Fig. 10 shows that the SCBSs obtain higher
net utility using our proposed scheme than the existing scheme.
For the existing scheme, the total net utility of the SCBSs does
not necessarily increase with the interference power constraint
Q̄, since the incomplete CSI leads the SCBSs to make subop-
timal transmit power decisions. Fig. 11 also indicates that our
proposed scheme performs better than the existing scheme in
improving the total revenue of the MBS.

VI. CONCLUSION

In this paper, energy-efficient resource allocation has been
studied for two-tier heterogeneous networks with limited back-
haul capacity, where CSI is not known completely. To meet the
interference power constraints of its MUs, the MBS offers non-

Fig. 11. Revenue of the MBS with the variation of the interference power
margin.

uniform interference prices to the SCBSs. The SCBSs perform
energy-efficient resource allocation to perform interference
control and improve energy efficiency of the network. We
formulated the problems of interference control and resource
allocation in the heterogeneous network as a Stackelberg game
with incomplete CSI. A backward induction method was used
to analyze the proposed Stackelberg game. The closed-form
solution of the proposed Stackelberg game was obtained with
various interference power constraints. Then, we proved that
the solutions are the SE for the proposed game. We presented a
comparison study of the proposed scheme in an incomplete CSI
scenario and a complete CSI scenario. Simulation results show
that our proposed scheme is better than the the existing scheme
in terms of the total net utility of the SCBSs and the total
revenue of the MBS. The proposed scheme can be extended
to the imperfect CSI scenario, e.g., with channel estimation
errors. In this kind of scenarios, it is important to consider the
uncertainty in the CSI distribution, and the robust optimization
theory can be applied to solve the corresponding problem. Each
uncertain parameter is modeled by the sum of its estimated
value and the uncertain part [46]. When robust optimization is
applied, the Stackelberg game and its equilibrium are referred to
as the robust Stackelberg game and the robust SE, respectively.

APPENDIX A
PROOF OF THEOREM 2

In the following, we demonstrate how to obtain the optimal
interference prices when y ≤ L

(N)
R . The same method can be

used to obtain the optimal interference prices in other intervals.
When y ≤ L

(N)
R , all V (n)

r = 1. The Lagrangian associated
with the given interference price problem can be written as [47],

L(y, α, β, γ)

=

N∑
n=1

R∑
r=1

ρ(n)r g(nm)yn



BU et al.: RESOURCE ALLOCATION FOR OFDMA-BASED HETEROGENEOUS NETWORKS WITH INCOMPLETE CSI 1047

×

⎛
⎝ W

μnx+ λnyn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

) − σ2

h
(n)
r

⎞
⎠

−α

(
N∑

n=1

R∑
r=1

ρ(n)r g(nm)

×

⎛
⎝ W

μnx+λnyn

(∑S
s=1ϕ

(nm)
s g

(nm)
s

)− σ2

h
(n)
r

⎞
⎠−Q̄

⎞
⎠

+

N∑
n=1

βnyn−
N∑

n=1

γn

⎛
⎝yn− Wh

(N)

R

σ2 − μNx

λN

(∑S
s=1 ϕ

(Nm)
s g

(Nm)
s

)
⎞
⎠ ,

(38)

where α, βn, and γn are non-negative dual variables associated
with the constraints

N∑
n=1

R∑
r=1

ρ(n)r g(nm)

⎛
⎝ W

μnx+λnyn

(∑S
s=1ϕ

(nm)
s g

(nm)
s

)− σ2

h
(n)
r

⎞
⎠

≤ Q̄, yn ≥ 0,

and yn ≤ (Wh
(N)
R /σ2 − μNx)/(λN (

∑S
s=1 ϕ

(Nm)
s g

(Nm)
s )).

Then, the KKT condition can be written as follows [47], [48]:

∂L(y, α, β, γ)
∂yn

= 0, ∀n, (39)

α ≥ 0, βn ≥ 0, γn ≥ 0, ∀n, (40)

N∑
n=1

R∑
r=1

ρ(n)r g(nm)

×

⎛
⎝ W

μnx+ λnyn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

) − σ2

h
(n)
r

⎞
⎠ ≤ Q̄,

(41)

yn ≥ 0, yn ≤
Wh

(N)

R

σ2 − μNx

λN

(∑S
s=1 ϕ

(Nm)
s g

(Nm)
s

) , ∀n, (42)

α

(
N∑

n=1

R∑
r=1

ρ(n)r g(nm)

×

⎛
⎝ W

μnx+λnyn

(∑S
s=1ϕ

(nm)
s g

(nm)
s

)− σ2

h
(n)
r

⎞
⎠−Q̄

)
=0,

(43)

βnyn = 0, ∀n, (44)

γn

⎛
⎝yn −

Wh
(N)

R

σ2 − μNx

λN

(∑S
s=1 ϕ

(Nm)
s g

(Nm)
s

)
⎞
⎠ = 0, ∀n. (45)

According to (39)

∂L(y, α, β, γ)
∂yn

=
g(nm)W

(
μnx+αλn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

))
(
μnx+ λnyn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

))2

−
R∑

r=1

ρ
(n)
r g(nm)σ2

h
(n)
r

+ βn − γn = 0. (46)

Lemma 5: βn = 0, ∀n.
Proof: Assume that βn �= 0. According to (44), yn = 0.

According to (45), γn = 0. Therefore, (46) and (43) can be
rewritten as the following equations, respectively:

g(nm)W
(
μnx+ αλn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

))
(μnx)2

−
R∑

r=1

ρ
(n)
r g(nm)σ2

h
(n)
r

+ βn = 0. (47)

α

(
N∑

n=1

R∑
r=1

ρ(n)r g(nm)

(
W

μnx
− σ2

h
(n)
r

)
− Q̄

)
=0. (48)

Based on (47), (48) can be rewritten as

α

⎛
⎝ N∑

n=1

⎛
⎝−g(nm)Wαλn

(∑S
s=1ϕ

(nm)
s g

(nm)
s

)
μ2
nx

2
−βn

⎞
⎠−Q̄

⎞
⎠=0.

(49)
Therefore, α = 0, and (47) can be rewritten as

g(nm)W

μnx
−

R∑
r=1

ρ
(n)
r g(nm)σ2

h
(n)
r

+ βn = 0, (50)

which contradicts W/(μnx) > σ2/h
(n)
r since βn > 0. There-

fore, βn = 0, ∀n. �
Lemma 6: γn = 0, ∀n.

Proof: If γn �= 0, according to (46),

yn =

√√√√W
(
μnx+αλn

(∑S

s=1
ϕ

(nm)
s g

(nm)
s

))
∑R

r=1

ρ
(n)
r σ2

h
(n)
r

+ γn

g(nm)

− μnx

λn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

) , (51)

which contradicts with (45). Therefore, γn = 0, ∀n. �
Therefore, the KKT conditions can be summarized as

follows [48]:

yn=fn(α)=

⎡
⎢⎢⎢⎢⎢⎢⎣

√√√√W
(
μnx+αλn

(∑S

s=1
ϕ

(nm)
s g

(nm)
s

))
∑R

r=1

ρ
(n)
r σ2

h
(n)
r

−μnx

λn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

)
⎤
⎥⎥⎥⎥⎥⎥⎦

L
(N)

R

0

,

(52)
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∂2L(y, α, β, γ)
∂y2n

=
−2g(nm)Wλn

(
μnx+ αλn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

))(∑S
s=1 ϕ

(nm)
s g

(nm)
s

)
(
μnx+ λnyn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

))3 < 0, (56)

∂2L(y, α, β, γ)
∂yn∂yj

= 0, j ∈ N, j �= n. (57)

α

(
N∑

n=1

R∑
r=1

ρ(n)r g(nm)

×

⎛
⎝ W

μnx+λnyn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

)− σ2

h
(n)
r

⎞
⎠−Q̄

⎞
⎠=0,

(53)

N∑
n=1

R∑
r=1

ρ(n)r g(nm)

×

⎛
⎝ W

μnx+ λnyn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

) − σ2

h
(n)
r

⎞
⎠ ≤ Q̄,

(54)
where α has to be chosen so that conditions (53) and (54) are
satisfied, and yn is a function of α, denoted fn. When α = 0,
yn becomes

yn = fn(0) =

⎡
⎢⎢⎢⎢⎣

√
Wμnx∑R

r=1

ρ
(n)
r σ2

h
(n)
r

− μnx

λn

(∑S
s=1 ϕ

(nm)
s g

(nm)
s

)
⎤
⎥⎥⎥⎥⎦

L
(N)

R

0

. (55)

Based on (53), when Q̄ ≥
∑N

n=1

∑R
r=1 ρ

(n)
r g(nm)(W/

(μnx+ λnfn(0)(
∑S

s=1 ϕ
(nm)
s g

(nm)
s ))− σ2/h

(n)
r ), α must

be 0. When Q̄ <
∑N

n=1

∑R
r=1 ρ

(n)
r g(nm)(W/(μnx+

λnfn(0)(
∑S

s=1 ϕ
(nm)
s g

(nm)
s ))− σ2/h

(n)
r ), in order to meet the

conditions in (52)–(54), α�=0 andQ̄≥
∑N

n=1

∑R
r=1 ρ

(n)
r g(nm)×

(W/(μnx+ λnL
(N)
R (
∑S

s=1 ϕ
(nm)
s g

(nm)
s ))− σ2/h

(n)
r ). In this

situation, the bisection search algorithm can be used to
search for the optimal interference prices. When Q̄ <∑N

n=1

∑R
r=1 ρ

(n)
r g(nm)(W/(μnx + λnL

(N)
R (
∑S

s=1 ϕ
(nm)
s ×

g
(nm)
s ))− σ2/h

(n)
r ), no yn meets the given KKT conditions.

APPENDIX B
PROOF OF PROPERTY 1

In the following, we demonstrate how to prove Property 1
when y ≤ L

(N)
R . The same method can be used to prove

Property 1 in other intervals. Taking the second-
orderderivatives of the Lagrangian, we obtain (56) and
(57), shown at top of the page. Therefore

∂2L(y, α, β, γ)
∂y2n

∂2L(y, α, β, γ)
∂y2j

−
(
∂2L(y, α, β, γ)

∂yn∂yj

)2

> 0,

∀n �= j. (58)

Moreover, L(y, α, β, γ) is continuous in yn; therefore, when
0 ≤ yn ≤ L

(N)
R , L(y, α, β, γ) is strictly concave in each

yn(∀n), and jointly concave over {yn}(n ∈ N) as well.

APPENDIX C
PROOF OF PROPERTY 2

Taking the second-order derivatives of utility Ūn, we obtain

∂2Ūn

∂p2n
=

−W
(
h(n)
)2(

σ2 + pnh(n)
)2 < 0. (59)

Therefore, Ūn is a concave function of pn.
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