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Abstract—1In this paper, a forward decoding procedure is
developed for the compress-and-forward (CF) relaying scheme.
This procedure uses a layered framework and is based on
exploiting a feature of the N-to-1 mapping inherent in the
underlying Wyner-Ziv binning. It is shown that exploiting this
mapping enables the relaxation of the constraint on the rate of the
relay codewords representing the bin indices. For the cooperative
multimessage network, the proposed procedure achieves the same
rate region as the short-message noisy network coding (SNNC)
scheme. However, this procedure is more advantageous for other
networks including the two networks presented herein. The first
network is a relay chain one with two destinations, whereas the
second network is a partially cooperative multimessage one with
three destinations. In both networks, side information is available
to a subset of the decoding nodes, but not to the rest of the nodes,
and in both cases, the network benefits from the relaxation of the
rate of the CF bin indices. This relaxation results in rate regions
larger than those achieved by the conventional CF and SNNC.

Index  Terms—Relay channel, compress-and-forward,
short-message noisy network coding, Wyner-Ziv binning,
layered framework, side information, relay chain, partially
cooperative multimessage network.

I. INTRODUCTION
OMPRESS-AND-FORWARD (CF) [1] is a classical
relaying scheme for communicating over relay channels.

In conventional CF, the source transmits a new codeword in
each time block. The relay uses a pre-designed codebook to
generate descriptions of its received signal. Using Wyner-Ziv
binning, the codewords in the codebook of this description are
randomly partitioned into non-overlapping bins, which results
in an N-to-1 mapping from the description codewords to the
bin indices. In each block, the CF relay provides a description
of its received signal and sends its bin index in the next
block to facilitate decoding at the receiver. Decoding at the
CF receiver comprises three steps [1]: 1) decoding the bin
index from the relay; 2) using the received signal as side
information to decode the relay description codeword in the
bin; and 3) recovering the transmitted codeword from the
source with the facilitation of the relay description. The last
two steps can also be performed jointly [2].
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CF relaying was originally proposed for the three-node relay
channel, but was later extended to channels with multiple
relays [3]-[5]. CF is also known to be capacity achieving for
various classes of relay channels [6]-[10].

Akin to CF is the noisy network coding (NNC) scheme
provided in [11]. The philosophy that underlies this scheme
resembles, to some extent, that of CF. However, there are
three differences between the CF scheme and the NNC one.
First, in contrast with random binning used in CF, in NNC the
relay transmits a codeword that bears a 1-to-1 correspondence
with the description codeword. Second, in NNC the source
uses repetitive transmission, wherein one long message is
encoded over a large number of blocks. This is in contrast with
conventional CF, wherein a new short message is transmitted
by the source in each time block. Finally, in NNC, the received
signals in all time blocks are concatenated and decoded jointly;
in CF the decoding is performed on a forward block-by-block
basis.

Repetitive encoding of long messages over a large number
of blocks incurs significant delay, which renders short
messaging more desirable. Variations of the original NNC
that use short message encoding (SNNC) were proposed
in [12]-[15]. Despite their differences, both NNC and SNNC
decoding use the inherent 1-to-1 mapping between the descrip-
tion codewords at the relay and its transmitted codewords. This
1-to-1 mapping can be seen as a special case of the general
Wyner-Ziv binning with equal rate of the Wyner-Ziv codes
and the description codewords at the relay.

In [12], SNNC was studied for the standard three-node
relay channel when forward and backward decoding are used.
In [13] and [14], it was shown that SNNC yields the same
rate region as NNC when either backward decoding or joint
decoding with concatenated blocks is used in the multimessage
network considered therein.

Forward decoding that uses the SNNC codebook structure
was investigated for the multimessage network in [15]. This
decoding is based on ordered partitions of the nodes, thereby
resulting in a set of constraints on the achievable rate. Using
a geometric approach, it was shown that, in the multimessage
network considered in [15], there exist ordered partitions
that yield a rate region that coincides with the one achieved
by NNC.

In the standard three-node relay channel, conventional CF,
NNC and SNNC achieve the same rate. However, in more
general multimessage networks, NNC and SNNC achieve rate
regions larger than that achieved by conventional CF.

In this paper, we consider a multimessage network similar
to the one considered in [11], [13], and [15]. For this network,

0018-9448 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



LUO et al.: EXPLOITING THE N-TO-1 MAPPING IN CF RELAYING

we develop a decoding procedure based on the conventional
CF codebook structure. The proposed procedure uses multiple
layers of the joint typicality sets for decoding. At each layer, a
subset of the transmitted codewords and the codewords of the
relay descriptions are successfully decoded. The codebooks
that contains these successfully decoded codewords are used
to construct the joint typicality set at the next decoding
layer. Such sequential construction of the joint typicality set
at each layer provides a hierarchical structure whereby the
joint typicality set at one layer is a proper subset of that
at the layer below it. This construction provides in effect a
systematic method for obtaining the ordered partitions con-
ceived in [15]. In addition to the layered framework, the
proposed decoding procedure exploits the N-to-1 mapping that
underlies the Wyner-Ziv binning. We show that this procedure
is able to achieve the same rate region as that achieved by
SNNC in the multimessage network. However, because of the
N-to-1 mapping, this procedure enables the relaxation of the
constraint on the rate of the bin indices, which will be shown
to be beneficial in certain cases. In particular, we will provide
hereinafter instances in which the N-to-1 mapping yields rate
advantages. A key feature of those instances is that side
information from the source is available only to subset of the
nodes. This can be caused, for instance, when the link between
the source and the receiving node is broken. The lack of side
information may induce rate loss when the relay description
is used to recover the CF bin indices. In such situations it is
more beneficial for the receiving node to recover the CF bin
indices directly without side information, which enables the
node to take advantage of the relaxed constraint on the rate of
the CF bin indices. To investigate the gain of the relaxation
of the rate constraint on the CF bin indices, we consider
two networks. In the first network, a source broadcasts a
common message to two destinations, which are assisted by a
chain of two cascaded relays, cf. [16]. In this chain, the first
relay receives signals from the source, uses the CF strategy
and forwards the bin indices of its description codewords
to the second relay and the two destinations. The second
relay only receives signals from the first relay and uses the
decode-and-forward (DF) strategy to assist the destinations in
recovering the bin indices transmitted by the first relay. In the
second network, a source S sends common messages to two
receivers D1 and D, with the assistance of a relay R. The relay
R cooperates with S in the transmission to Dj and D3, and also
sends independent messages to its own destination D3. Unlike
D; and D», destination D3 does not have direct link from S and
hence the link between R and D3 is a standard point-to-point
one. Without the signal from S, destination D3 can only
recover the message from R without the cooperation from S.
Therefore, the network is only partially cooperative. It will be
shown that for the considered networks, the relaxation of the
rate constraint provided by the N-to-1 mapping enables larger
rate regions to be achieved.

Notation: Regular face upper and lower case letters
will refer to random variables, and their corresponding
realizations, respectively. Boldface letters will refer to length-n
sequences, and the calligraphic font will be used to refer to sets
of nodes. A sequence x of an index s transmitted or selected
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Fig. 1. Standard three-node relay channel (SNNC or CF).

by a node di in block b is denoted by X (sk,»). A sequence of
random variables of node index dj is denoted by Xj. A tuple
of random variables is denoted by X 4 £ (X; : dx € A). The
sum rate of the codebooks of a set of nodes .4 is denoted by

RA= Y g caRay-

II. PRELIMINARIES

We begin by reviewing the achievable rate of SNNC [13]
(with 1-to-1 mapping) and conventional CF (with N-to-1
mapping) [2] in the standard three-node relay channel [1]
shown in Fig. 1. Our goal in this section is to gain insight
into the relay transmission rate and its impact to the achievable
rate.

For both SNNC and conventional CF, the source sends X;
in each block and the relay and the receiver receive
Y> and Yp, respectively. Upon receiving Y», the relay obtains
a description, Y,, of its received signal, which is mapped
to X5. The relay then sends X in the next block to the receiver
to facilitate decoding. The difference between SNNC and
conventional CF in the codebook structure is the relationship
between \A(z and Xj;. In SNNC, each y, is mapped to a
distinct x,, whereas in conventional CF, potentially multiple ¥
are assigned to one bin index which is mapped to an xj.

Let Ry, Iéz and Iéz be the rates of the codewords that
represent the source message, the relay bin index and the relay
description of its received signal, respectively. Consider the
probability mass functions (pmfs) of the form

p(x1, X2, YD, ¥2, ¥2) = p(x1) p(x2 p(yD, y21x1, X2) p(F2|x2, ¥2).

In SNNC [13], [15], Iéz = Iéz, and the following rate can
be achieved:

Ry < I(X1; Ya, Yp|X2), (la)
Ry < 1(Xy, X2; Yp) — I(Y2; Y2|X1, X2, Yp).  (1b)

In conventional CF, Iéz < Iéz, and the rate satisfying (la)
and the following constraints is achievable, cf. [2, Sec. 16.7]:

[(X1; Yp|X2) — [ (Y2; Ya| X1, X2, Yp) + Ra,
I1(X2; Yp).

Ry
Ry

IA

(2a)
(2b)

A

Choosing Iéz = I(X3; Yp) in (2b) maximizes R; and yields
the same rate expression as SNNC.

For the three-node relay channel, it was shown
in [2, Remark 16.3] that the achievable rate is maximized
when the two constraints in (1) are equal, which yields

1(X2; Yp) = 1(Y2; V2| X2, Yp). A3)

It can be seen that when (3) is satisfied, CF is able to achieve
the same rate as SNNC and yields Ry = I(Xp;Yp) =
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Fig. 2. An N-node multimessage network.

1(1?2; Y21X2, Yp) < 1(1?2; Y21X2) < 12’2, which contrasts the
condition in SNNC, wherein éz = ﬁg.

In the next section, it will be shown that the result that
CF achieves the same rate as SNNC but yields a lower rate on
the bin indices can be extended to more general multimessage
networks.

III. A LAYERED FORWARD DECODING PROCEDURE
FOR MULTIMESSAGE NETWORKS

In a relay network with multiple receivers, when SNNC
(with 1-to-1 mapping) is used, the rate of the codewords
representing the bin indices at the relay is an intermediate
parameter and can be eliminated from the expressions of the
achievable rate region. In contrast, when conventional CF
(with N-to-1 mapping) is used in the presence of multiple
receivers, the rate of the codewords representing the bin
indices at the relay cannot be readily eliminated. The decoding
of the relay transmitted codewords at each receiver imposes a
constraint on the rate of the bin indices. This constraint appears
in the achievable rate expressions and induces a rate loss in
comparison with SNNC.

In this section, we analyze a CF forward decoding proce-
dure in which two component strategies are combined: the
N-to-1 mapping characteristic of conventional CF [1] and the
sliding-window decoding of the relay messages characteris-
tic of SNNC, see e.g., [15]. Combining these components
results in a new decoding procedure that subsumes conven-
tional CF and SNNC, and therefore enables potentially higher
rates to be achieved. Indeed, subsequent developments in
Theorems 1 and 2 show that combining these components
yields the same rate expressions as NNC and SNNC but with a
more relaxed constraint on rate of the bin indices at the relays.
The advantage of the relaxed constraint on the rate of the bin
indices will be illustrated in detail in the next section.

Consider the multimessage network shown in Fig. 2. The
network contains a set of nodes N = {1,..., N}, each of
which acts as a source, a receiver and a relay. As a source,
node dy € N sends an independent common message through
the transmission of X to the set of its destinations Dy, < N.
The set of nodes that wish to send messages to di is denoted
by Sq; € N. As a relay to assist the transmission of
other nodes, dy provides a description, SA(k, of its received

signal Yy, , and facilitates the decoding at other nodes through
the transmission of Xj. Cooperation between nodes in this
network is based on the facilitation provided by the encoding
procedure at each node and the use of the received signal as
side information in the decoding procedure at each receiver.

In recovering the messages from the nodes in Sy, the
receiver at dy can treat the information of the messages from
the nodes in N\ S, as interference. Using this approach and
SNNC (with 1-to-1 mapping), expressions for the achievable
regions are provided in [15]. In Theorem 1 herein, this result
is extended to the codebook structure that bears the general
N-to-1 mapping. In contrast, in Theorem 2, an achievable rate
region is provided for the case when the receiver at dj treats
the interference from the nodes in N\ Sy, as noise instead of
attempting to decode it.

Theorem 1: Let (x,lcvzl)(k, p(yNxM), x{j:]ydk) be the
general discrete memoryless multimessage network. A rate

tuple (R, ..., Ry) is achievable if:
Rs < min_  I(Xs; Ve, Yy|Xse
s=, Join (Xs: Yge, Yo | X s0)

I(YN\SL’YN\SLIXNa S"de)+RS’ (4)

for all subsets S C AN and S € S = N\ S, such that
S¢NDg # @; the set Dg 2 UyesDyy, SC 2 S\ S. O

The implications of the inequalities in (4) can be inferred
by considering a three node network. In such a network, there
are two possibilities for S: § = {1} and S = {1, 2}. For the
first possibility, there are two cases for S:S=¢and S = {2}.
Using these possibilities in (4) yields the following bounds on
the source rate, Rj:

forS={1}, S={2), S=0, S =12},

Ri < I(X1; Y, Yp|X2); (52)
for S =1{1,2}, S=0, S=8=0

Ry < I(X1, X2; Yp) — Ig?z; Y2| X1, X2, Yp); (5b)
for S ={1}, S =2}, S={2}), & =40,

R < I(X1; Yp|X2) — [(Y2; Y2|X1, X2, YD) + Ra.  (5¢)

The first two bounds are identical to the standard
CF bounds, cf. [2, Sec. 16.7] and (la) and (1b). For the

third bound we note that choosing Rz > I(?z; Y21X2, Yp)
reduces (5¢) to (5a), and choosing éz > 1(Xy; Yp)
reduces (5¢) to (5b). This implies that for this scenario, (5¢) is
redundant and subsequently, the proposed scheme does not
yield an advantage beyond conventional CF in the three node
network.

The expression on the right hand side of (4) can be regarded
as a generalization of the rate achieved by NNC and SNNC.
In particular, as shown in Remark 2, when RS satisfies the
conditions in (12), the rate expression in Theorem 1 reduces
to the one achieved by NNC and SNNC. As such, using
the proposed signalling strategy in particular networks can in
general yield a rate region that includes the rate region that can
be achieved by the NNC and SNNC schemes; the additional
advantage of the proposed scheme follows from exploiting
the N-to-1 mapping as elucidated in detail in the proof of
Theorem 1 and the examples in Sect. IV-A and I'V-B.
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Proof: ~ The decoding procedure uses strong joint
typicality [17] and features a layered framework. For layer 1
in this framework, the receiver considers the codebooks of all
the nodes in the network and constructs the set containing the
codewords that are jointly typical with the signal received in a
particular block. For layer 2, the receiver considers only those
codebooks that correspond to exactly one codeword in the
joint typicality set in layer 1, and subsequently constructs the
set containing the codewords that are jointly typical with
the signal received in the following block. Hence, the
codebooks considered at layer 2 is only a subset of those
at layer 1. Subsequent layers are constructed in a similar
way until all the relay description codewords are successfully
decoded. (Further discussions on the number of decoding
layers will be provided a the end of Sect. III.) Using the joint
typicality sets at all the layers jointly, the receiver recovers the
source messages. The details are as follows. 5

Codebook Generation: For node di, generate 2n(Ri+Re)
independent identically distributed (i.i.d.) Xx(my, sx), each
according to the distribution p(xx) = [T pGeri), me €
[1: 2nRY s e [1 : 2"Bx]; for each Xy (myg, sx), generate
2Rk qi.d. i (zklmyk, sk), each according to the distribution
p@lxe) = [Ty pOilxe), 2k € [1: 27741,

Random Binning: For node di, randomly partition the
set {1,---,2"R) into 2"R* bins. Let sx = By (zx) denote the
N-to-1 mapping corresponding to random binning at d.

Encoding: Let b be the current block. At the end of
block b, node dj

o finds zx such that (Jx(zklmi,pb, sk.b), Xk(mi,p, Sk.b),
¥4, (b)) are jointly e-typical. By the covering lemma
in [2], such a z; exists as n — oo if

R > I(Yi; Ya, |1 Xy). (6)

If more than one such z; exist, choose the smallest z;
and let zx,p = zx;
o determines sy = By (zk,) and lets si p+1 = Sk.
Codewords xy(mygp,Sk,») are sent in block b from
all di € V.
Decoding Procedure: We provide a layered forward
decoding procedure for dj.
Let i, j denote the decoding layer and the block number of
the received signal used at layer i, respectively. Let {4, be the
layer at which the decoding at dj; ends. We have

j=b—tlg +i. %)

Using this relationship, we drop the block number j from the
expressions in the analysis of the decoding procedure when it
is clear. Furthermore, in analyzing the decoding at dj, node
identity dy is omitted from the subscript of {4, (£ £ tq,) and
various sets of nodes when it is clear.

Let £ be the maximum number of the decoding layers in
the network, i.e., £ £ maxg ez Ca,. At any d € N,

l<i<é¢<L<N-1. ()

Consider the receiver at di. Assuming that in block b > ¢,
sA/,b—¢ has been successfully recovered, the receiver at dy
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« constructs the following jointly e-typical set:

(X-Am,i > 5’./41(]),,' > Ydi (b -0+ l)) )

(The sets of nodes A, ; and Ay, for i < ¢ will be
made clear below.)

o forms the set Ay, ;41 : for each node d; in this set, there
exists a unique Xy, (7114,) in the jointly e-typical set in (9),
and dj € Ay

o forms the set A;(yc);4+1: which contains the node dj,
,dl € Apm.iv1 N AE(J),j7 for all j < i; (The set Ag(”jj
is defined below.)

« forms the set A?(J),i+1 : for each node d; in this set,

there exist multiple ¥4 (24 |714,) in the jointly e-typical

set in (9), and d; € Ay iv1 \ Azge),it1s
o forms the set A;(y)iy1 : for each node d; in this set,

there exists a unique ¥4, (24 |#14,) in the jointly e-typical
set in (9), and d; € Ay iv1 \ Azge),it1s
o proceeds to layer i + 1 if Ag(]) i1 79
o ends at layer i when Ag(l) i1 =9
Using the jointly e-typical sets in ¢ layers jointly, the
receiver at dy declares that mg g = ms 4, Was sent in
block b—¢; and that spr = §xs was sent in block b—£+1.

Let Ag, = Am 1 = Ay U Ao and Ag, =
A.(1).e+1. Furthermore, let A, = N, A1 = N,

2(1)’1 £ ¢ and Ao £ (. In Lemmas 1 and 2, we provide
useful properties of the above sets.

Lemma 1: By definition, the sets formed by di in the
decoding procedure have the following properties, for i < ¢,
LA = A \ At o
2. Ay A?(J),i and A;(je,; are disjoint, .AZ(]),,-UAE(J)J U

z2(JO),i = Am,is
Ae,, € Ami € Anm,j, fori > j;

(A UAY ) D= Acyi-t € Az,s for i >
Ay N Ao = 0

A, S Ay © A

For the receiver at di, dp € Dg i and dy € Ap,,
dyp € Ay(y),i- Hence, dy € Ay, di € Ag,.

8. A;(]),€+1 =0.

Lemma 2: For the sets formed by the receiver, define

Aznyivint = (AL 1y VAL ) )\ Ao, i) U AL ) - The
following equality holds:

N AW

Acon.ini+t = Az).i \ Aza),it1- (10)

Proof: See details in Appendix A. [ ]
Analysis of the Probability of Error: See detailed analysis

in Appendix B. n

Now, we make three remarks.

Remark 1: When Ay, = A¢,, we have S = A, \A¢, =0
and 8¢ = S¢. The result in Theorem 1 reduces to the following
simplified form:

R(S) < I(Xs; Vse, Ya |Xse) — I1(Vs; Ys|Xar, Vse, Ya,),
(11)

for SNSy, # 0.
The simplified form of the achievable rate region coincides
with that of NNC and SNNC.
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Remark 2: The rate region described in Theorem 1 reduces
to the simplified form in (11) when R S satisfies the following
condition:

A

Y‘Sv‘c, deIX Vc) - R

Rg > min{I(XSC\SQ.; S S\Se>

10}3; Ys|Xse, f’gc, Ya)} (12)
Proof:  See detailed proof in Appendix C. ]

Remark 3: Theorem 1 shows that the proposed scheme
achieves the same rate region as NNC and SNNC but with
reduced rates of codewords representing the bin indices.
This reduction will be shown to result in a rate advantage
in Sect. IV.

Proof: To expose the reduction in the rate of the bin
indices, it suffices to show that the right hand side of (12) is
upper bounded by R & We have

I(Ve YglXse, Ve, Yay)
= D> I(Yi; YglXse, Vi, V. Yay)
ieS
= D IV YilXse, Vi, Yoo Yay)
ieS
DI YilX))
ieS
RSV,

IA

IA

where we have used S C &¢. Clearly, the lower bound on R s
is lower than R S ]

We now consider the case in which the transmitted code-
words from the nodes in N\ S, can only provide information
about the bin indices to facilitate decoding at di, and the
receiver at dy treats the information representing the message
indices in Xpans, g, 38 noise. Using this approach, we provide
the following theorem.

Theorem 2: Let (xN_, X, p(yN[xN), x¥_,Va,) be the
general discrete memoryless multimessage network. A rate
tuple (R, ..., Ry) is achievable if

Rr = I(X1,Us; Yg., Ya | X1e, Use)
— IV \p gei Yon 5ol X8y UN- Yo, Ya) + R, (13)

for all subsets S C N, S C 8¢ = N\S and T C S, where
T # (; the subset S =8¢ \S’ and 7¢ =54\ 7. (]
Similar to the case of Theorem 1, we note that the expres-
sion on the right hand side of (13) can be regarded as a
generalization of the rate achieved by NNC. In particular,
when Rg satisfies the criteria in (18), the right hand side
of (13) reduces to (11), cf. Remark 5 and [11, Th. 3]. Hence,
in general, the signalling strategy that underlies Theorem 2
offers the potential of achieving rate regions that include those
achieved by the corresponding NNC scheme; the advantage
of that signalling strategy follows from exploiting the N-to-1
mapping as elucidated in detail in the proof of Theorem 2 and
the example in Sect. IV-B.
Proof: Using the same philosophy as that used in the proof
of Theorem 1, the decoding procedure herein also features a
layered framework. Details are provided below.

Codebook Generation: For node di, generate Z"Rk
iid. w(sx), each according to the distribution p(ur) =
TT, pQuri), sk € [1: 2"Rx]; for each wi(si), generate 2R
i.i.d. xg (mg|sx), each according to the distribution p (xg|ug;) =
[Ti=) p(ekilsi), me = [1 : 2"R]; for each wi(si), gener-
ate 2"Rx iid. Vi (zk|sk), each according to the distribution
p@rlur) = 172 pGilski)s zi € [1: 278,

Random Binning: For node di, randomly partition the
set {1,---,2"%} into 2"R* bins. Let sx = Bx(zx) denote the
N-to-1 mapping at dy as the result of binning.

Encoding: Let b be the current block. At the end of
block b, node dj

« finds an index z; such that (¥x(zk|sk,»), Wk (sk,0),¥Ya, (P))
are jointly e-typical. By the covering lemma in [2], such
a zx exists as n — oo if

R > I(Yi; Ya, \Up). (14)

If more than one such z; exist, choose the smallest z;
and let zx,p = 2x;
o determines sy = By (zk,) and lets si p+1 = Sk.

Codewords xi(mpg,p|sk,p) are sent in block b from
all dy e N.

Decoding Procedure: Similar to the procedure provided
in the proof of Theorem 1, the procedure herein employs
the layered forward decoding strategy, and the relationships
in (7) and (8) hold. The main difference between the two
procedures lies in the sets formed at the receiver at each
decoding layer.

Consider the receiver at dr. Assuming that in block b,
sn/,p—¢ has been successfully recovered, where ¢ £ tq,, the
receiver at dj

« constructs the following jointly e-typical set:

(XA,,,’,'au.AS’l‘ay.Az(/),pydk (b - + l)) (15)

(The definition of the sets of nodes A i, As,; and Ay,
for i < ¢ is given below.)

« forms the set A ;41 : for each node d; in this set, there
exists a unique ug, (54,) in the jointly e-typical set in (15),
and d[ S -As,i;

« forms the set Ay, ;41 : for each node d; in this set, there
exists a unique Xg, (1114 |S4) in the jointly e-typical set
in (15), and d; € Ap,i N Ay it1s

o forms set A;(je)it1, which contains the node d; €

Asit HAE(J) i for all j < i; (The set -AE(J) i is defined
below.)
o forms the set A€ : for each node d; in this set,

2(J),i+1
there exist multiple ¥4 (Z4154) in the jointly e-typical
set in (15), and d; € Ay iv1 \ A;e)i+15

o forms the set A;();41 : for each node d; in this set,
there exists a unique ¥4 (Z4154) in the jointly e-typical
set in (15), and d; € Ay iv1 \ Azse),it1s

o proceeds to layer i + 1 if A;(]),i+1 # 0.

« ends at layer i when A;(y),iy1 = 9.
Using the jointly e-typical sets in ¢ layers jointly, the
receiver at dy declares that mg g = ms ,, Were sent in
block b—¢; and that spr = §p were sent in block b—£+1.
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Let Az, & Apmet1, Ar, 2 Age1 = Az0),001 U A (g0) 041
and Ay, A;),e+1. Furthermore, let A, = Sdy»
As 1 £ N, AZ(/)J £ N, A;(]),l £ ¢ and Az(l‘),l £ 0.

1> >

In Lemmas 3 and 4 we provide the counterparts of

Lemmas 1 and 2 for the decoding procedure of Theorem 2.
Lemma 3: The sets formed by the receiver at dy € A in the
decoding procedure have the following properties, for i < ¢,
L. ‘Afn,iJrl = Am,i \Am,i+1’ Ag,iJrl = As,i \As,i+1;
2. Ay ‘Ag(J),i and A;(yc),; are disjoint, Ay, UAE(J),I- U
270, = Ay,is

3. .Agm - .Am,i - .Am,j, .Agx - -As,i - .Asjj, fori > j;

4. (Axy,i U A;(]),i) =A;),i-1 € Ay,j, fori > j;

5o Ay N A ey = 05

6. Ar. € Aypyit1 € Ais

7. For the receiver at Vdi, di € Ds, and dy € Ay,
dy € Az(]),i~ Hence, di € Ay, di € ‘.-

8. A1 =1

9. Az(l),i - As,i, Am,i - As,i-
Lemma 4: For the sets formed by the receiver, define
A
Az(]),i\i+1 = ((AE,,-H \ AE(J)J-) \-AZ(J"),i) U Ag(/)’i+1~ The

following equality holds:

Aconini+t = Az),i \ Aza),it1-

(16)
Proof: Replacing A} .., and Ay, ; by AT, | and A,
respectively, the lemma can be proved using a technique

similar to the one in the proof of Lemma 2. Details are omitted.

|
Analysis of the Probability of Error: See details in
Appendix D. ]

Next, we make three remarks.

Remark 4: When A; ; = Ay ,, we have S = Ac\NAe ;=9
and 8¢ = S¢. The result in Theorem 2 reduces to the following
simplified form:

R7 < I(XT,Us; Yse, Ya | XTe, Usc)

_I(YS’ YSIXSdk’UND YS"aydk)° (17)
for 7 #£ 0.
O

The simplified form of the achievable rate region coincides
with [11, Th. 3].

Remark 5: The rate region described in Theorem 2 reduces
to the simplified form in (17) when R & satisfies the following
condition:

Iég. > min{I(USC\S-C; ?Sc, de|X7v—C, US'C)’

I(Vg: Y| X7e,Use, Vg, Ya)).  (18)

Proof: Detailed proof is provided in Appendix E. ]
Remark 6: Theorem 2 shows that the proposed scheme
achieves the same rate region as NNC but with reduced bin
indices rates. This reduction will be shown to result in a rate
advantage in Sect. IV-B.
Proof: To expose the reduction in the rate of the bin
indices, it suffices to show that the right hand side of (18) is
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upper bounded by R & Towards that end, we write
I(YSV; Y| X7e,Use, Yg., Yay)

= > I(Yi: Y5|X1e, Use, Y, V.., Ya,)
ieS

= D 1YV YilX7e, Use, Y, Yo Ya,)
ieS

< > 1(Y; Yi|Uy)
ieS

= Iég,

where we have used S C §¢. Clearly, the lower bound on R s

is lower than IQ’S [ ]

Since the 1-to-1 mapping satisfies the condition in (18),
the achievable rate region of the simplified form in (17)
can also be obtained by using short message encoding with
1-to-1 mapping. This observation extends the results provided
in [13] and [15] for SNNC.

To obtain an upper bound on the maximum number
of decoding layers, we recall that the decoding procedure
described in the proofs of Theorems 1 and 2 progresses from
one layer to the next depending on the outcome of a joint-
typicality test. In particular, if at a given layer i, multiple
description codewords of a particular node are found to be
in the joint-typicality set, the decoding procedure excludes
the codebooks corresponding to the multiple description code-
words and progresses to the next layer, i.e., layer i + 1.
The decoding procedure stops once it reaches a layer with
no multiple description codewords of any node in the joint-
typicality set. From this procedure, it can be seen that the
number of candidate description codebooks examined in each
layer decreases strictly from one layer to the next, which
implies that the maximum number of layers, £, is upper
bounded by N — 1. Hence, the decoding delay in the network
can be upper bounded by N — 1 blocks. In block 1, each node
uses a message index and a known bin index in encoding.
From block 2, each node performs the encoding as described
in the procedure provided in the proofs of the theorems. To end
the transmission, each node continues to encode and transmit
for N — 2 blocks using a known message index and the bin
index of the description of its received signal in the previous
block.

Finally, we note that for the cooperative multimessage
network shown in Fig. 2, the results of using N-to-1 mapping
in Theorem 1 and 2 do not yield a rate gain in comparison with
their simplified forms which can also be achieved by SNNC
(with 1-to-1 mapping). However, our goal is not to show
the rate advantage of the N-to-1 mapping in this network,
but rather to show its advantage in the network instances
considered in the next section.

IV. EXPLOITING THE GAIN OF N-TO-1 MAPPING

In this section, we consider two network instances in which
side information is only available to a subset, but not to the rest
of the receiving nodes. We will show that for these instances
the relaxation of the bin indices rate constraints resulting
from the N-to-1 mapping renders the decoding procedures
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>e D:

Fig. 3.

A two-destination broadcast relay chain network.

in Theorems 1 and 2 more advantageous than their SNNC
counterparts.

The first network is a relay chain one in which a source
broadcasts a common message to two destinations, which are
assisted by a chain of two cascaded relays. In this chain,
the first relay receives signals from the source, uses the
CF strategy and forwards the bin indices of its description
codewords to the second relay and the two destinations. The
second relay only receives signals from the first relay and
uses the DF strategy to assist the destinations in recovering
the bin indices transmitted by the first relay. In this case, the
relaxation of the rate of the bin indices of the CF description
codewords provided by Theorem 1 benefits the decoding at
the second relay and is able to provide a rate gain over SNNC
and conventional CF.

The second network is a multimessage one in which, in
addition to the source messages, a CF relay has its own
independent messages to send to a separate receiver that
has no access to side information. The transmission of the
bin indices by the CF relay causes interference to this
receiver. We show that the N-to-1 mapping that underlies
Theorems 1 and 2 results in a reduction in the rate of the
bin indices, thereby providing a rate gain over other schemes
that use 1-to-1 mapping.

We now analyze the achievable rates of these two networks.

A. Achievable Rate of a Broadcast Relay Chain Network

We now describe the two-destination relay network shown
in Fig. 3. In this network, a source S wishes to send a
common message to two destinations D; and D, through
the transmission of X; with the assistance of a CF relay R
and a DF relay R, in a chain. The received signals at relay
R; and Rj are denoted by Y;,i = 2, 3, respectively, and the
received signal Y3 is independent of X;. The received signals
at Dy and D are denoted by Yp,,i =1 and 2, respectively.

Without R, the network reduces to a broadcast relay
channel, cf. [18]. In that case, using N-to-1 mapping yields the
same achievable rate R; as 1-to-1 mapping. However, since
Y3 is independent of X, correct decoding at Ry imposes a
constraint on the rate of the CF bin indices.

We evaluate three relaying strategies in the analysis of the
achievable rate of this network. In all the considered strategies,
node S uses the standard CF codebook structure. The relay Ry
uses the standard DF codebook structure and procedure.! The
difference between these three strategies lies in the way that
the relay Ry operates. In particular, in

« Strategy 1, the decoding procedure combines DF decod-

ing and the decoding procedure of Theorem 1;

o Strategy 2, the decoding procedure combines DF decod-

ing and the decoding procedure of SNNC; and in

« Strategy 3, the decoding procedure combines DF decod-

ing and the decoding procedure of conventional CF.

The detailed procedures are provided in Appendix F.

Next, we provide the achievable rate expressions for these
strategies for the discrete memoryless case and the Gaussian
case.

1) The Discrete Memoryless Case: The achievable rate
corresponding to the above relaying strategies for the discrete
memoryless case are provided in the following corollary.

Corollary 1: For the discrete memoryless network in

Fig. 3, (X1, p(2lx1) p(y3|x2) p(YDy > YD, 1X1, X2, X3), V2 x V3 X
Vb, X Vb,), the rate R is achievable, where

« for Strategy 1,
Ry < sup min min{/(X1: 2, Y, |X2, X3),
i=1,

[(X1; Yp,|X2, X3) — I(Y2; Y2|X1, X2, X3, YD)
+min{/(X>; Y31X3), I (X2, X3; Yp,)}}; (19)

« for Strategy 2,
R < sup min min{/ (X V2, Y, X2, X3),
=1,

1(X1, X2, X3; Yp,) — 1(Ya; V2| X1, X2, X3, YD,),
(20)

subject to

(Y2 Y2| X2, X3) < 1(X2; Y3|X3);

« for Strategy 3,
Ry < sup min {min{/(X); Ya, Yo, 1X2, X3),
=1,

1(X1; Yp,1X2, X3) — I(Y2; Y2|X1, X2, X3, Yb,)
+ min{/ X2; ¥3|X3), m%n2 I1X2, X3; Yp)}}, (21)
=1,

where, for all strategies, the supremum is taken over the
pmfs of the form

p(x1,x2, X3, 2, ¥3, YDy, ¥2) = p(x1) p(x2|x3) p(x3)
p(nlx)p(3lx2) p(yp,, ¥D, X1, X2, X3) p(F2lx2, X3, ¥2).

O

Proof: See details in Appendix. F [ ]
We note that Strategies 2 and 3 can be regarded as special
cases of Strategy 1. Hence, Strategy 1 offers the potential

'Herein we provide the achievable rate expressions when Ry operates in
the DF mode. The counterparts of the expressions when Ry operates in the
CF mode can be readily obtained using the procedure in Theorem 1, SNNC
and conventional CF. However, to maintain focus, the expressions pertaining
to this case are not presented.
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Fig. 4. A two-destination Gaussian broadcast relay network with a relay
chain, where Z’ is an independent additive noise and Z,, Z3, Zp, and
Zp, ~N(Q,1).

of yielding a higher achievable rate than Strategies 2 and 3.
We will next show that this is actually the case when the
network is Gaussian.

2) The Gaussian Case: Now, we compare the considered
strategies for the Gaussian network depicted in Fig. 4. The
network shown in this figure is composed of scalar chan-
nel coefficients, independent additive Gaussian noises and
Gaussian codebooks with average power constraints. As shown
in Fig. 4, the transmitted signals from nodes S, R; and R are
denoted by X; ~ N(0, P;), where P; is the average transmit
power, i = 1,2, 3, respectively. The gain of the S-to-R; and
S-to-D; links are denoted by asr and asp;,,i = 1,2. The
gain of the Ri-to-Ry and Rj-to-D; links are denoted by arr
and arp,,i = 1,2, respectively. The gain of the Rj-to-D;
link is denoted by ars;,i = 1,2. The independent additive
noises on the S-to-Rj, and Rj-to-Ry links are denoted by
Z» and Z3, respectively, and that at the receiver D; is denoted
by Zp,,i = 1,2. All noises are Gaussian distributed with
zero mean and unit variance. Using this notation, the received
signals at Ry, Ry and D;,i = 1,2, can be expressed
as

Y, = asgX1 + 2>,
Y3 = arr X2 + Z3,
Yp, = asp, X1 + arp, X2 + ars, X3 + Zp,,

Yp, = asp, X1 + arp, X2 + ars, X3 + Zp,. (22)

Denoting the description of the received signal at R; by Y, =
Y2+ N’, where N’ ~ N(0, N’) [19], we now define following
signal-to-noise ratios (SNRs):

2 2
VSR = QSRPI, YRR = dgr P2,
2
YRD; = dgrp, P2

y' =N, i=1,2.

2
ysp; = asp, P1,

2
YRS; = ags; P3,

Let C(x) = %logz(l + x) and let p be the correlation

coefficient between X, and X3, i.e., p = E(XT/%,?. Using the
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technique in [20], we have
I(X1; Ya, Yp,|X2, X3) = C( T+ -+ )’SD,),
1(X1; Yp,| X2, X3) = C(ysp;)»
(X2, X3: Yp,) = C(yRD"HRS"Hpm),
' 1+ ysp,

1(X1, X2, X35 Yp;) = C(ysp; + yRD; + 7RS;
+ 2p/7RD; IRS;)>
1(X2; Y3|X3) = C((1 — p*)7RR),
1(Y2; Ya1X1, X2, X3, Yp,) = C(1/y),

. 1+ ysr
1(Y2:Y2|X2,X3)=C( ; )

Using these results in Corollary 1, we have the following
proposition.

Proposition 1: For the network shown in Fig. 4, the rate R;
is achievable, where

« for Strategy 1:

Ry < max min mm{C( VSR -

P,y i=12 1+ ")’C(ySDi) - C(%)

+ +2p./
4 min{C ( YRD; T VRS; P/ VRD; YRS; )
1+ ysp;

e - Py} i
« for Strategy 2:

R; < max min min{C( VSR l),
pyy’ i=1,2 1+

C ()’SDf+ YRD; + VRS;
+2p/YRD; JRS;) — C(l/)’/)},

subject to
1+
C( ?SR
Y

) = = pPme):
« for Strategy 3:
R < gla;xlril%nz{mln{C(l Ty -+ VSD,>,
C(ysp,) —C(1/y")
+min{C((1 - pz))’RR),
min (VRDi + JRs; + 2pM)}”

i=1,2 1 + ysp;

where, for all strategies, p € [—1,1],y’ > 0.

To illustrate the advantage of Strategy 1, in Fig. 5 we plot
the achievable rates provided in Proposition 1 for the three
strategies when ysg = 2, ysp, = 1, ysp, = 2, yrD, = 2,
YRD, = 1, YRS, = 2, YRS, = 1 and 0 < yrr < 4.

From Fig. 5 it can be seen that when yrr < 0.7, Strategies 1
and 3 achieve the same rate, which is higher than that achieved
by Strategy 2. For yrr > 0.7, Strategy 1 achieves a higher
rate than both Strategies 2 and 3. Fig. 5 also shows that for
yrRR < 1.6, Strategy 3 achieves a higher rate than Strategy 2,
and for yrr > 1.6, Strategy 2 achieves a higher rate than
Strategy 3. Note that if yrg is sufficiently large, the constraint
on 7’ in the achievable rate of Strategy 2 becomes inactive.
In that case, Strategies 1 and 2 yield the same rate.
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Fig. 5. Achievable rates of a two-destination Gaussian broadcast relay chain
network in Fig. 4, ysr = 2,7sp; = L,ysp, = 2, YRD; = 2, 7RD, = 1,
YRS} =2, 7RS, = 1.
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Fig. 6. A two-message three-receiver partially cooperative network.

B. Achievable Rate Region of a Partially
Cooperative Multimessage Network

In this section, we consider an example that belongs to a
class of multimessage networks. In this class, each source node
wishes to send an independent message to its destinations
with the assistance of relay nodes. Each relay node has its
own independent message and wishes to send it to its own
destinations through the direct link without the assistance of
other nodes. The destinations of the relay nodes do not have
direct links from other nodes. The set of destinations of the
source nodes and the set of destinations of the relay nodes
are disjoint. Each destination recovers its intended messages
without collaboration.

Fig. 6 shows an example of such a network. In this example,
source S wishes to send a common message to two receivers
D; and D,, with the assistance of node R. In addition, node R
has its own independent message and wishes to send it to a
third destination, D3. Since the only link to D3 is the R-to-D3
one, node R sends its message to D3 without being assisted
by S. Hence, the network is only a partially cooperative one.

For the network in Fig. 6, we consider a relaying scheme
in which node R facilitates decoding at D; and D, by
transmitting the bin index of a description of its received
signal. Let X; and X, be the codewords sent by S and R,
respectively. Let Y, and Yp, be the received signal at R and

D;,i = 1,2,3, respectively, and let Y, be the codewords

corresponding to the description of R of its received signal.

We use R;, R, Rz and Iéz to denote the rate of X7, the rate

of the independent message sent from R to D3, the rate of the

relay bin indices and the rate of the description codebook at
the relay, respectively.

Without D3, the network reduces to a broadcast relay
channel, cf. [18]. In that case, Theorems 1 and 2 imply that
using either the N-to-1 or the 1-to-1 mapping yields the same
achievable rate, R;. However, the presence of D3 and the fact
that its received signal, Yp,, does not contain information
about X implies that these rates are not necessarily identical.
To explore this possibility, we consider the following decoding
strategies:

1. Use SNNC codebook structure at S and R. Use SNNC
decoding procedure (Theorem 1 with R, = 12’2) at D;,
i = 1,2,3. The corresponding achievable rate region is
denoted by R;.

2. Use SNNC codebook structure at S and R. Only decode
desired codewords at D;,i = 1,2, 3, and treat the unde-
sired signal as noise (Theorem 2 with éz = Iéz). The
corresponding achievable rate region is denoted by R,.

3. Use CF codebook structure at S and R. Use the decoding
procedure in Theorem 1 at D; and D3, and directly recover
the intended message from R at D3. The corresponding
achievable rate region is denoted by R3.

4. Use CF codebook structure at S and R. Use the decoding
procedure in Theorem 2 at D1 and D», and directly recover
the intended message from R at D3. The corresponding
achievable rate region is denoted by R4.

Next, we provide the achievable rate expressions for these
strategies for the discrete memoryless case and the Gaussian
case.

1) The Discrete Memoryless Case: In the following corol-
lary we provide expressions for the rate regions that can
be achieved by each of the above strategies in the discrete
memoryless case:

Corollary 2: For the discrete memoryless network in
Fig. 6 (X1 x &2, p(y2, YD, ¥D, |x1, x2) p(yD51X2), V2 x VD, X
Vb, X Vb;), consider fixed pmf of the form:

« for Strategies 1 and 3,

p(x1,x2, 32, ¥2, YDg»> YD3)
= p(x1)p(x2)
xp(D2lx2, y2) P(y2, YDy ¥, X1, %2) p (D3 1x2).
« for Strategies 2 and 4,
p(x1, X2, 1, Y2, Y2, YDg» YD3)
= p(x1) p(x2fu) p(u)
x p(J2lu, y2) p(y2, YD > YD, 1X1, ¥2) p(YD3 |x2).
Using Strategy 1, the rate pair (R, R7) is achievable, where
Ri+ Ry = min{l (X1, Xa; Y,) = 1(F2; V2| X1, X2, Y))),

(26a)
Ry < min 1(Xy: V2, Y, X2), (26b)
=1,
Ri + Ry < 1(X2; Yp,) — I (Ya; Ya|X1, X2, Yp,). (26¢)
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Zy ~ N(0,1)

Fig. 7.

Gaussian particularization of the network in Fig. 6.

Using Strategy 2, the rate pair (R, R7) is achievable, where

R < _m}nz{l(Xl,Uz; Yp,) — I[(Y2; Ya|X1, Ua, Yp,)}, (27a)
=1,

Ry < min (Xy; Y2, Yp, |U2), (27b)
=1,

Ry < min{I(X2; Yp,|U), [(X2: Y,) — 1 (Ya; Y2|Ua, Ypy,)}.

(27¢)

Using Strategy 3, the rate pair (R, R2) is achievable, if the
sum rate and R; satisfy (26a) and (26b), respectively, and the
following constraints on Ry and R, are satisfied:

Ri < I(Xy; Yp,|X2) — I (Ya: Ya| X1, X2, Yn,) + Ra,
Ry < I(X2; Yp;) — Ra.

(28a)
(28Db)
Using Strategy 4, the rate pair (R;, R2) is achievable, if

R, satisfies (27a) and (27b), and the following constraints on
Ry and R; are satisfied:

Ry < I(X1; Y, |Ua) — [(Y2; Y2|X1, Us, Yp,) + R, (29a)
Ry < min{/(X2; Yp;|U2), I (X2; Yp;) — Ra}. (29b)
O

Next, we will particularize the network in Fig. 6 to the
Gaussian case.

2) The Gaussian Case: Now we consider the case that
each link in Fig. 6 is an additive white Gaussian channel
with i.i.d. zero mean unit variance Gaussian noises Z, at R,
and Zp, and at D;, i = 1,2, 3, respectively. Nodes S and R
are assumed to use Gaussian codebooks with average trans-
mit power constraints. This case is shown in Fig. 7. For
constructing the codebook of node R in Strategies 2 and 4,
we use ag € [0, 1] to represent the fraction of power that
R allocates to transmit the bin index and a1 = 1 — ag to
represent the fraction of power that R allocates to transmit
its own message index. The SNRs of the S-to-R, S-to-D;
and R-to-D; links are denoted by psgr,ysp; and yRrp;,
i =1,2,3, respectively. The variance of the additional noise
in the relay description of its received signal is denoted
by v’ [19]. Using these notations and a technique similar
to the one in [20], Corollary 2 can be readily used to
obtain expressions for achievable rates on this network. These
expressions are recorded in the following proposition.

Proposition 2: For the Gaussian network shown in Fig. 7,
the rate pair (Ry, Ry) is achievable, where for
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o Strategy 1,

Ry + Ry = min Cysp, +yrp,) = C(1/7"),  (30a)
R .
1 firilinzc(lﬂ +ysn) (30b)
Ri + Ry < C(yrp;y) — C(1/7); (30c)
o Strategy 2,
. YSD; + @0 YRD; ,
R < (-2 TORD: ) o/, 31
L= o (1 + (1 —(ZO))’RD;) (v Gy
VSR VSD;
R <C + i , 31b
=T T = e G1b)
. I+ ysr\ .
R = min{C((1 — a0)rros). Crmoy) = (7 ) |
(3lc)
o Strategy 3,
R1, R; satisfy (30a) and (30b), (32a)
Ri < min C(ysp,) =C(1/y) + Ro,  (32b)
=1,
Ry < C(yrpy) — Ra, (32¢)
- L+ psrY .
R gc( - ) (32d)
o Strategy 4,
R1, R satisfy (31a), (31b) and (32d), (33a)
. YSD; / >
Ry < Cl——————) —-C( R,
r=nn (1+(1—0!0))’RDi> SRR
(33b)
Ry < min{C((1 — a0)7rD; ). C(7RD,) — Ra},  (330)

where, for all strategies, ag € [0, 1].
We now compare the rate expressions of Strategies 1 and 3.
From Remark 2, constraint (32b) on R; in Strategy 3 coin-
cides with (30b) in Strategy 1 when Rz = max;— QC(

MTVSD,')) Without loss of generality, assume ysp;, < ysD,.
P 1 VSR .
Then let Ry = C(y, + 7)},(1”31)1)). From the decoding at Dy

and D, the constraint on R from the decoding at D is tighter
than that at D, in both strategies according to (30b). It can
be seen that the sum rate constraint from (32b) and (32c) in
Strategy 3, C(ysp,) +C(yrp;) —C(1/y”), is more relaxed than
that in (30c) in Strategy 1. Note that (30a) is a common sum
rate constraint in both strategies. Hence the sum rate constraint
in Strategy 3 is more relaxed than that in Strategy 1 in general.
This implies that in general, the constraint on R in Strategy 3
is more relaxed than that in Strategy 1 for the same constraint
on Rj. Therefore, we obtain R; C Rj3.

To compare the rate expressions of Strategies 2 and 4, it
can be shown that from Remark 5, constraint (33b) reduces

1y ysrR(1+(1—=ag)yrD;)
y" "y’ (I+(I—ag)yrp; +7sD;)

to (31a) when Ry = max;—;»C

C(% + y;—?) Using this in (33c) implies that Strategy 4

yields a more relaxed constraint on R, in comparison with the
constraint in (31c) for Strategy 2. Hence, we have Ry C Ry4.
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Fig. 8.  Achievable rate region for the network in Figure 7. (ysp = 2,

7sp, = L, yRD; =4, 7sp, =2, YRD, = 1. yRD; = 1.)

Fig. 8 provides the achievable rate regions of each strategy
for an SNR instance in which ysr = 2, ysp, = 1, yrp, = 4,
ysD, = 2, YRD, = 1, yrp; = 1. For this instance, it can be seen
from Fig. 8 that R; € Ry € R4 € R3. Strategy 1 in which
D; and D; treat the undesired signal from R as interference,
in comparison with Strategy 2 in which D and D» treat the
undesired signal from R as noise, yields smaller achievable
rate region. Interestingly, under this SNR condition, treating
the undesired signal as interference at D1 and D; in Strategy 3
does not induce additional rate loss in comparison with treating
it as noise in Strategy 4. Hence it is beneficial to use Strategy 3
which yields a larger achievable rate region.

V. CONCLUSION

In this paper, we provided a layered forward decoding pro-
cedure that enables exploiting the N-to-1 mapping that under-
lies CF relaying. This procedure relaxes the rate constraint
on the bin indices, and is subsequently able to yield a rate
advantage over CF-based schemes that use the 1-to-1 mapping.
To illustrate the advantage of this procedure, we considered
two networks, a two-destination broadcast relay chain network
and a partially cooperative multimessage network. In both
networks, side information is only available to a subset of the
receiving nodes, but not to the rest of the receiving nodes. Our
findings are confirmed by numerical evaluation of Gaussian
instances of these networks.

APPENDIX A
PROOF OF LEMMA 2

To prove the lemma, consider
Az().ini+1
= (A i1 VAL N Ao, ) UAL ) i
= (Afn,i+1 \ (Ag(J),i U Az e).i)) U Ag(l),i+1
= (A vt \ Ami \Az),)) U ALy 4
= (Afn,i+1 NA:).) U (A;Cn,i+1 \ Api) U A;(I),Hl
= (A i1 N A VAL ) i1
2 (A 1 YAy i) N (A, AL ) i)
= (A YA ) i) DA

= ((-Am,i \ -Am,iJrl) U -Ag(]),i_H) N -Az(]),i

= (Am,i \ (Azeyivt U Azyit1)) N Ay
2 (Azg).i N Ami) \ (Azeyitt U Azgy.ig)
= A;1),i \ (Azeyit1 U A ),it1)

= Az1),i \ Azey,ivt \ Az),itt

£ A \ Azt

The proof uses the properties in Lemma 1. In particular,
(a) follows from Property 2; (b) follows Property 1 such that

m.it1 \Ami = @; (c) follows from Property 4; (d) follows
from Property 1; (e) follows from Property 2 and 3; (f) follows
from Property 2; (g) follows from Property 5.

APPENDIX B
ANALYSIS OF PROBABILITY OF ERROR FOR THEOREM 1

Without loss of generality, assume that for any node dy € N,
m; = 1, s; = 1 were transmitted and z; = 1 was selected in
block b—-¢,b—C+1,...,b.

We begin the analysis of the probability of error by pro-
viding the following lemma, which applies to any decoding
layer i at any given decoding node d.

Lemma 5: Let U and V be all the nodes whose codewords
Xy and SA(V are considered at a given layer of the decoding
procedure. Let the codewords of M C U and Z C V be
X € Xy and Y z C SA(V, respectively, where for each node
in M and each node in Z there are multiple codewords that
lie in the joint typicality set at the considered layer. For any
sets G C M and F C Z,

P((Xg((m,s) # (1,1)), Yr@z # 1), Xang, Y2\ 7,
XM S\ 25 Ya) € AW < 2t BmtRatRz=T0), - (34)
and

P((xg(1,1), §£(1), X0, Y207 Xt 31 2> Ya) € AD)

< 2n(RM+IéM+1€z—IO), (35)
where
To = I(X M5 Xemts Y25 Ya)
+ > 1T Xy, Yoz, Vi, Yal X0, (36)

ieZ
where f’;gi = YAv{di/eZ:iki,}, fori e Z.
Proof: Using joint typicality lemma in [2, Sect.2.5.1], the
first statement in the lemma can be readily obtained.
To prove the second the statement in the lemma, consider
that the probability P(Xg((m,s) # (1,1)), f(f(z # 1),
X Ms Yz, Ya) € .AL")) can be upper bounded by

2"(Rg+Rg+R7=T)  yhere (37a)
T' = I(Xg: Xoun m» Yz, Ya)
+ D1 Xypmugs Yoz, Vi, YalX). (37b)

ieF
Note that if Rg + IégA + Rr < T, the probability
PXg((m,s) # (1,1), Yrz # 1), xnm> Y2, Ya) €
.AE")) vanishes as n — 0, which contradicts the definition
of G and F. Hence (37a) and (37b) provide

Rg+ Rg+Rr>T. (38)



LUO et al.: EXPLOITING THE N-TO-1 MAPPING IN CF RELAYING

Now, the probability P((xg((1,1)), §7(1), X6, Y2\ 7,
X\ Ms> Y25 Ya) € Aﬁ”)) can be upper bounded by

P((xg((1, 1),97(1), X006, Y 20 £ X0 M» T 25 Yo) € A)
< 2”(RM\Q+1§M\Q+[%Z\}‘*II), (39)

where

T = [(Xm\g: Xenmugs Yo\ zur, Ya)

+ > I Xy, Yo\ zur Yi Yal X0)
ieZ\F

= I1(X m; Xoooms Yoz, Ya) — 1(Xg; Yz, Yal X m)
+I1(Xag: YFIXin mugs Yoz, Ya)
+ D1V Xy, Yy 2. Vi, Yal Xi)

ieZ
— D1 Xy, Yoz, Vi, YalX0)
ieF

= I1(Xp: Xenms Y2, Ya)
+ Zl(ﬁ'; Xu, Vv z, Yi,, YalXi)
ieZ
— I1(Xg: Yy\ 2. Yal Xen M)
+I(X g YEIXuomugs Y25 Ya)
- Zl(?i; Xunmugs Yoz, Vi, YalXi)

ieF
- Z 1(Y:; X gl Xennmug> Y2, Yic s Ya)
ieF

= I1(X 5 Xeooms Yo\ 25 Ya)
+ Zl(ﬁ'; Xu, Vv z, Yi,, YalXi)
ieZ
— I1(Xg: Yy\ 2. Yal Xea m)
- Zl(?i; Xunmugs Yz Yic,» Yal Xi)

ieF
=Ih-T (40)
> I()—Rg—lég—R]:, 41)

where (40) follows from (36) and (37b), and (41) follows
from (38). Substituting (41) in (39) yields the result of the
second statement in the lemma, which completes the proof of
the lemma. [ |

We note that by definition, the following relationship holds
between the sets in Lemma 5 and the sets defined in the
decoding procedure:

U= Anis, V=Ani\Ae),itls
M = Afn,i+w Z= AE(J),i+1~

(42a)
(42b)

Using Properties 4 and 5 in Lemma 1, set Z can also be
written as

Z = A0y, \ Ac),itt \ Azt (43)
Furthermore, using Property 2 in Lemma 1, we have
VA Z = (Ami \ Azey,iv) \ AL ) i
= A;(1),it1- (44)
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Now we analyze the probability of error. Define the
following events for layer i in the decoding procedure:

Ein = (%, (1, 1), §20),i (111, 1), Ya (b — €+ 1)) ¢ AD;
Ein = {(Xae

m,i+1

(l’ﬁ, 3:)5 X.Am’;_H (l’ 1)5 ?'AE(J)J_'—I (2| 15 1)5

YA VA NAey s Gl ), 5 4y 0 (L D,

Yy (b — € +i)) € A™, for some 11, 2, § € B()).

The receiver at dy makes an error if any event in
E 2 Ui&i.1) U(Ni&i2) occurs for some m # 1,5 # 1.
Using the union bound, the probability of error is given by
P(&) = P((Ui& 1) U(Ni&i2)) = PUi&i1) + P(Ni&ip) <
> P(&i.1) + P(Ni&;2). By the conditional typicality lemma
in [2], P(&,1) — 0 as n — oo. Now we upper bound
P(N;&; ). Consider the probability P(&;2) for the case that
(m,s) # (1,1) for x;(m,s),d € A which can be

m,i+1°
bounded by
P(&ip) < Z 27"Bi  where (45a)
m-Am,i ’S-Am,i ’Z'Az,i
3
pi=> pij. and (45b)
j=1

Bin = I(XA,C",H_]; Y-Az(l),H—l » Ya IXA;n,i+1)’

>

i€(AL i AL Az
T(Yis XAy s YA gy i Y Ya | Xi),

Biz = Z I(Yi§XA,,,,,-aY((A;;LH,\Aij(J)’,.)\Az(Jc)!;)u
€AY ) 41

Auyitts Yics Yao | Xo).

Note that using chain rule and Lemma 2, we can rewrite f;
in (45b) as

ﬁi = I(X-A,Cn,,q_l ; YAz(/),H—l ’ de |X-Am,i+l)

+ > I3 X 4,0 YAy 00 Vi Ya X,
i€ A (1), \Az(1),i+1

which can be shown, by substituting the sets using (42), (43)
and (44), to have same the form as (36) in Lemma 5.

For node df ¢ ¢ € M £ AfmiH and dy € F C
z 4 A ().i4+1> multiple x;(m, §) and yx(Z|m, $) are found
in the joint typicality set, respectively, at layer i. For the case
(m, §) # (1, 1) and Z # 1, the probability of the event is given
by P(&;2), for which an upper bound is provided in (45). For
the case (7, 8) = (1, 1) and the case Z = 1, substituting sets
in Lemma 5 using (42) provides that the probability of these
cases can also be upper bounded by (45).
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Hence, we can upper bound the probability P(N;&;2) as

¢
P(( &)
i=1
14
=1 X
i=1 mAm,i ’SAm,i ’Z'Az,i
l

C S qcC o
A i1 A 1t A N+

i=lm
i:[l H 2nR, H 2n1§/ . 2—n Zi:l ﬁi,j

i=1 lemA)c;’ i le A (y),ini+1

[T 2% 1[I
leA;(1).e-1\¢

lem 4c le A, \Ae,
{m N

P(&i2)

=nbi

IA

IA

< 5 3
7—nR; onRi o3 Bij
— oRa, A, TRAL A

" ZLI (éAz(J),i\Az(J),fH *Z?:] ﬁia./). (46)

Using chain rule and the definition of .Agz, we can expand
Bia as
Bin =1(X g, 3 Y oons Y X Ay i)
+I(XAfn,i+1 ; I}Az(/),wfl\Azu),wfl 1 X Ao ?Az(f),fﬂ)
= T(X e, Vs Yal Xy 0)
HLX e, 5 Y Ay A X A YA Ya). (47)

We define

Bin = 1(X 4

m,i+1

VA Y X Ay i)
Birp = I(XAfn,i+1; i}Az(J),I-H\AQ 1X Ay 15 ?Afz s Yap).
Now, consider the summation of f; 1,1 from two consecutive
decoding layers £ and ¢ — 1:
XA\ A 115 ?AQ Ya | X A1)
+1(XA,“,,’[3 ?-Afz Y@ X Ay \ A 10 X A1)
= T(X A\ A i1 XAC 5 ?Afz Ya XA, 1)
= I(X Ay \Anrsrs Vi Yol X, 000)

where the first equality follows the chain rule and in the last
equality we have used

(Am,€ \ Am,€+1) U Afn,g = Am,é’—l \ Am,é’+1

by Property 1 and 3 in Lemma 1.

Using the same technique iteratively, it can be shown that
Y Bia = I(Xa Ay YA, Ya|Xa,,,,)  Hence,
> Bira yields

¢

Z,Bi,l,l = I(XAm,l\Ain,[+l; Y-A[z s Yoy |XAm,€+1)
i=1

m,i

= 1(XA, \Ay,: YA, Ya X a,,)- (48)

Next, consider the summation of f;> and f;3 in (46) for
all possible z. We define fi 23 — RA. ) \A().i1» Where

Binus — RAz(J),[\Az(J),[+I
ie(Aﬁ;,Hl\Agu),i)\“‘lz(/‘),i
I(Yis XA, YA Vi Ya | Xi) = Ri
+ Z (—Ié,‘ + I(?,'; XAm,[’ ?IC;» Ya,,
€A

Y,
ie(AL i ) \Aeyi
_I(Ylv Yi |X.Am’l‘ 5 YAZ(J)’[+] 5 YIC,*) de)
- Z I(YAvlv Yl’|X.Am’ia YA"C,', de)

7 c
i€ AL i1

2,

i1 VAL ONA o) DUA i1 1Xi))

IA

Y((-A,Cn,H_]\-Ag(])’i)\Az(J‘),[)UAz(J),i+1)
= =T VA NAe YA VAL N\ Aoy,
IXAm,i 4 Y-AZ(J),H—I 4 de)
- I (Y'AE(J)JH ;

|X.Am,i ° Y((A;;,’i+1 \AZ(])’Z‘)\AZ(J"),i)UAz(J),i+1 > de)

YAE(J),:’H

= 1(?(“451,#1 \AZ ) I\A i YA;(]),i+l;

Y('A;,Hl \‘AZ(J),i)\'AZ(J")J ’ Y‘AZ(]),i+l
X s> Vi Vi)
== 1(?A1(J),i\-/42(]),i+l; YA, )\ i
1X A, },}Az(‘/),[-ﬂ - Yap),

where in the first inequality we have used (6), the second and
third equalities follow the chain rule, and in the last equality
we have used (10) from Lemma 2.

By definition, A7) ¢+1 = A¢,, hence Ay r41\ Ae, =0
and f¢,1,2 = 0. Now, for layer ¢ and ¢ — 1, we calculate
Beaus — Ragy (A en + Be-1.12

+ Br-1203 — kAz(]),{—l\Az(J),l
= - I(?Az(J),f\Alg; YA ).\ A | X Ao ?AQ s Ya)
(X 3 ?AZ(,),{\AQ 1 XA, ?Afz , Ya,)
- I(f}Az(J),f—I\Az(J),f; YAy e-\Acy.e
XApiis ?Azm,{, Ya,)
= I(f}Az(J),f\Alg; YA\ A N X Aoy ?AQ s Ya)
- I(i}Az(J),f—I\Az(J),f; YAy e-\ Az e
|X-Am,[—1 > ?Az(]),l’ Yq,)
== I(i}(Az(J),f—l\Az(l),[)U(Az(J),f\-A[z);
YAy, 01\ A ).V A ), 0\ AL
X dpiis Y, Ya)

= 1Y) \A YA\ AL X A s YA Ya)s
(49)
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where the first and second equalities follow the chain rule, and
in the last equality we have used

(A, N\ Azny,iv) U (Aznyivn V Ae) = Az, \ Ae,

(50)

for Vi < ¢, which is a direct consequence from Property 6 in
Lemma 1.

Usmg this  technique iteratively, ~ we  obtain
Z, ,,31 1.2 + Bipuz — R-A(_(J),t\AZ,(J),f+| = _I(YAZ(J),f\Ala;
Ay VA | X A, YAla’ Y4,). Consider the summation over

all ¢ layers, we have

l
Z:Bi,l,Z + Biauz — RAZ(]),i\Az(J),i+1

i=1
= _I(?AZ(J),I\AQ; YA \Ac 1 X Ay ?Afz Yaq). 1)
Using (48) and (51), the probability in (46) can be upper
bounded by
P(N;&i2)
< MRy A, ~RALNAL)  =n(EE Bt i+ 20 (Bin 2 +Bi2u3))

— o(Ra, \4y, ~T(A)

where Z(A) is given by
(X A1\ Ay, Ya, > Ya, 1X4,,)

_I(Y-Az(l),l\-A[z; YAz(J),I\-A[z IXAm,l > YAQ » Ya) + R4, \Ag,
Using A1 = A;),1 by definition, Z(.A) can be written as

I(X.Am’] \Ag,, 3 YA(Z > de IXA(,,,)
_I(YAm,l\-A[z; YAm,l\-A(z |X-'4m,l ’ YAfZ s de) + R-A[m \-Afz :
Let S £ Ay \ Ag,, S¢ £ Ay, hence 8¢ = N\ S. Let
S 2 A, \ Ae,, € £ Ag,, hence S¢ = A, \ S. The above
result yields that P(E) — 0 asn— oo, if
RS = I(X57 S() de|X8()
_I(YN\3L7 YN\3L|XN9 YSC, de) + RS‘

Using the technique similar to the one in [13], it can be shown
that for § N Sy, = ¥, the constraints in the above inequality
can be dropped and dy € Ds. By Property 7 in Lemma 1,
dr € A, = S¢. Hence dy € 5S¢ N Dg. This completes the
proof of the theorem.

APPENDIX C
PROOF OF REMARK 2

To prove the lemma, first we note that when

SC\S(" YS¢9de|XS¢) S(‘\S‘c»

the probability of error tends to 0 as n — oo if the rate
expression in (4) satisfies

Rs>1(X (52)

Rsusage

I(XSU(S,\SF), oo deIXgp)
I(YN\SU Yangel Xns Yo, Ya)

= I(XN\S(, Yo de|XSL)

I(YN\SU Ynse X ¥, Ses Ya),

Ry \S¢ T

IA
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where we have used
SUSN\S) =N\ &
since ‘S:'C C 8¢ and 8¢ = N\ S. Redefine S £ N\ & and
S¢ £ §° we have
Rs < I(Xs: Yse, Yo | Xse) — I (Vs: Ys|X w7, Yse, Ya,),
which is the simplified form of the rate expression (11).

Next, in general the rate expression in (4) can be modified
to the following form:

Rs = 1(Xs: Yoo, Yol Xse)

—1(Xs3 Vg el Xse, ¥

— 1Py o Vapge X Do Ya) + R
= I(Xs: Yse, Yo | Xs0)

H (Vge 565 Voo el X Voo Yay)

S(" de)

—I(YA’N\SC; Yangel X Yo, Ya) + Rg
—I(Y ager Yoy gelXses Yo, Yay)

= I1(Xs; ?Sc, Yo Xse) — (Vs: Ys|Xnr, Yse, Ya,)
+Rs— (Vg YelXse, Vg, Yay). (53)

where the first two steps follow the chain rule; in the last

equality we have also used chain rule and &€\ 8¢ =8 and
N\ S)\ (S\ &) =8, all by definition.
It can be seen that if
Re>1(Yg: YelXse, Ve, Yay), (54)

the rate expression in (53) reduces to its simplified form (11).

APPENDIX D
ANALYSIS OF PROBABILITY OF ERROR FOR THEOREM 2

Without loss of generality, assume that for any node dy € N,
m; = 1, s; = 1 were transmitted and z; = 1 was selected in
block b—¢,b—C+1,...,b.

We begin the analysis of the probability of error by provid-
ing the following lemma, which is a counterpart of Lemma 5
and applies to any decoding layer at any decoding node d.

Lemma 6: Let U,V and V be all the nodes whose code-
words Xz, Uyy and SA(V are considered at a given layer of the
decoding procedure. Let the codewords of M C U, T C W
and Z € V be Xp € Xy, Uy € Uy and ?Z - ?V,
respectively, where for each node in M, each node in W
and each node in Z there are multiple codewords that lie in
the joint typicality set at the considered layer. For any sets
GCMHCJ and F C Z,

P((Xg(m#1), Up(s 1), Yrz#1), X, Un, Yz 7,
Yd) c Agn)) < 2n(RM+Ié\7+I%szO);
(55)

X\Ms WA T > Y\ 2,

and

P((xg(1), up (1), §£(1), Xp1\65 Ui, Y20 7,

Yd) c Agn)) < 211([{,\44’[?\74‘1%3*10),
(56)

XA\Ms> W T > YD\ 25
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where
Zo =1(Xm,Ug; ?V\Z, YalXepm; U g)
+ > 1Y Xy, Uy, Yz, Vi, YalUs), (57
Proof: Usiirelg the following substitution in Lemma 5,
(Xm> Ug) 2 Xpq and (Xy, Uyy) = Xy,

the result in Lemma 6 can be readily obtained. ]

We note that by definition, the following relationship holds
between the sets in Lemma 6 and the sets defined in the
decoding procedure for Theorem 2:

U=Ani, W=Asi, V=Ai\Aue)itts
M = A;,Hl’ J= Ag,i+1’ zZ= A;(]),i+1'

(58a)
(58b)

Using Properties 4 and 5 in Lemma 1, set Z can also be
written as

Z = A1), \ Az),iet \ Aze)iv- (59)
Furthermore, using Property 2 in Lemma 1, we have
VA Z = (Asi \ Azey,it) \ ALy
= Ay(),i+1- (60)

Now we analyze the probability of error. Define the follow-
ing events for layer i in the decoding procedure:

Ein = {(xa,, (A1), uyg, (1), ¥z, (11,
Yo (b — € +10) ¢ AP);
Eia ={U0x (), 0y, 1),
X, 0118), Xae o (1), x4, (1D,
Yo, i1 G0 Yo ag ) Ao, G5,
A0y (D), Y (b — € + 1)) € A,
for some m, Z and § € B(2)}.

The receiver at dy makes an error if any event in
E 2 Ui&1) UNi&ip) for some m # 1,§ # 1 occurs.
Using the union bound, the probability of error is given by
P(&) = P((Ui& ) U(Ni&i2)) = PUi&1) + P(Ni&ip) <
> P(&i.1) + P(Ni&;2). By the conditional typicality lemma
in [2], P(&1) — 0 as n — oo. Now we upper bound
P(N;&;2). Consider the probability P(&;2) for the case that
m # 1 for x;(m|s),d; € .AfnjiH and § # 1 for w(s),d; €
Ag’i 41> Which can be bounded by

P(&p) < Z 27" where (61a)
’nAm![ ’SAS,i ’ZAZ,i
3
pi=> pij. and (61b)
j=1

Bi1 = I(X./él,‘,'u-_,_I s UA;',H_I ; YA:(J),:’+1 » Yay |X-/4m,i+1 > UAs,i+l)’
ﬁi,z =

>

TE(AT 1 ALy D\ A
I(Yls X.Am’i 5 U.Ax’i 5 Y.Az(/),,'_,_l 5 Y’C,- 5 de |Ul'),

Biz = 1(Yi; X 4

>

€AY ) 41

m,i % U-Ax,i s

Y(('ASC,H—I \AL ) N Aoy, DA )41 Yic;, Ya |Up).

Note that using chain rule and Lemma 2, we can rewrite f;
in (61b) as

ﬁi = I(XA,L:,,’,'+1 4 U'AE,H»I ; YAz(]),H»l 2 de |X.Am,[+| 4 U-AS,H—I)

+ 2>
i€ A1), \Az(1),i+1

I(Yi; XA, Us, YA Yic,, Ya 1 Xi),

2(J),i+1°
which can be shown, by substituting the sets using (58), (59)
and (60), to have same the form as (57) in Lemma 6.

For node d; € G € M £ A iv1-dh € HE T = AS i
anddy ¢ FC Z 2 g(!),i+1’ multiple x;(7|5), u(s) and
¥« (Z|$) are found in the joint typicality set, respectively, at
layer i. For the case m # 1,5 # 1 and Z # 1, the probability
of the event is given by P(&;2), for which an upper bound is
provided in (61). For the case m = 1, the case § = 1 and the
case Z = 1, substituting sets in Lemma 6 using (58) provides
that the probability of these cases can also be upper bounded
by (45).

Now consider the probability of event &; » over the ¢ layers:

4
P(()&i2)

i=1
¢

=11 X

=LA, S A 52A,

n =

=1 MAS 1S AS T AN+

P(&i2)

2—’15:'

IA

—1
- MM 2% [ 2% 2 Siibii
i=1 lem“Argui-H leA (1), iNi+1
< 5 3
H onRi H o—nR H onR g Bij
lem«‘\ﬁm le Ag, \ Ay, leA ()01

— "R, A, 9 TMRAL A,
s D 3
" 2=t (R gy \A gy iy ~2j=1 Bid) (62)

Using chain rule and the definition of Ay, we can
expand f; | as

:Bi,l = I(X.A,‘;,’,-Jrl > U'Ag,iﬂ; YAZ(]),{H > de |X.Am,i+1 > U.As,i-H)
+ I(X-A;;,’;_H ’ U-ASC,H_] ; YAz(/),i+l\Az(1),{+l

1X Ao UAg i Y-Az(l),{-H)
=1 (X, > Un, Y Yol XA, 00 Uagiy)
X g, Ua

m,i+1 ’ s,i+1 ’

; YAz(/),i+1\A[z

|X-Am,i+l > UAs,i+1 > YA'.AZZ > de)- (63)
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We define

Bii = 1(X 4 Ua

m,i+1 ’

ﬁi,l,Z = I(X.Afn’i_*_1 5 U'A.‘y:,[-*—l 5 YAZ(J)’[+]\A(’Z

e Y, Ya | X - UA, 1))
IXAm,f+1 > U-As,i+l > f}Alz s Yap).
Now, consider the summation of f; 1,1 from two consecutive
decoding layers ¢ and € — 1:
(XArn,[\Ain,f+l > UAx,{\As,[+1; ?AZZ s Yoy |XAm,€+1 > UAS,[+1)
HTXag, > Ute 5 YAy Ya Xy )\ A rits Xy
Us\As i1 UAsein)
= I(X 4, \ Ay 41> XAfn,{’ UA; \A; 410 UAEJ; ?Afz  Ya
IXAm,[+1 > U-Ax,€+l)
= T(X A -\ A1 UA o \Ag i1 ?AQ » Yoy
IX A 1o UA 11)

where the first equality follows the chain rule and in the last
equality we have used

(Am,e \ Ame+1) U A = Ape—1 \ Ao,
(As,e \ As,e+1) U AS = Ag -1\ As e
by Property 1 and 3 in Lemma 3.
Using this technique iteratively, we obtain Zf:; Biig =

I(XAW’;.\Afm s UA A 1?,4[2 s Ya1X 4, » Ua,, ). Consider the
summation over all ¢ layers, we have

l
Zﬁi,l,l =1(X A, \Ag,,» Ua A Y, Ya X4, Ua,,)-

i=1
(64)
Next, consider the summation of f;» and f;3 in (62) for

all possible z. We define fi 23 — RA. ) \A().i1» Where

Bi2us = R,y i\ Aoy
1€(AY 111 VAL ) D\ Az
IV XA, Ud YA Y, Ya U — R
+ > —Ri+1(¥;:Xa,,.Ua,. Y. Ya.
€A s

Y((AE,,»H \VAL NA ), DUA 0,41 |Ui)

Z

IA

>

1€ (AT 1 VAL ) N\ Ao,
_I(Yls Yi |X.Am’l‘ 5 U.Ax’i 5 YAz(/),H—l 5 Y}Ci 5 de)
- D> I YilXa,, Ua,s Y Yas
€A
Y(('A.‘;,I-H \VAL ) N\ A0y, D) UA )41 )
= _I(Y(Asc,H—l\Ag(J),i)\Az(J‘),i; Y(A.‘;,HI\Ag(J),i)\-Az(Jf),f
IXAm,i > UAs,i > YAz(J),H—I » Ya,)
_I(Y‘AZ(J),H—I ; YAE(J),:’H |XAm,i ’ UASJ ?

Y((Aﬁ,m \AL ) D\ Az gy, DA )41 Ya,)
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= _I(Y(Ag,m \'Ag(J),i)\Az(J‘)J > Y'Ag(]),i+l ;
Y(’A.‘;,I-H \Ag(./),i)\AZ(/C)J ’ YA?(J),,'H

IXAm,i > U-Ax,i’ YAz(/),H—l s Ya,)

_I(?-Az(]),i\-Az(]),iH; YAy i\ Ayt

X s> Ui YAy 10 Yai)s
where in the first inequality we have used (14), the second and
third equalities follow the chain rule, and in the last equality
we have used (16) from Lemma 4.

By definition, Ay ¢+1 = A¢,, hence A ) 41\ Ar, =0
and f¢ 1,2 = 0. Now, for layer £ and ¢ — 1, we calculate
Beouz — IéAz(J),f\Az(J),Hl + Pe-1.1.2

HPe-1203 — Ry o\ A
< =TV A A YA A | X Ao Uy YA Yay)
H(Xag - U, ?Az(,),f\AZZ XA, UA,, ?AZZ, Ya)
_I(f}Az(J),f—I\Az(J),f; YAy e-\Acye
1 X A eo1> Uk ooy ?Az(J),[’ Ya,)
= _I(?Az(J),f\A[z; Y-Az(l),[\-A[z IXAm,[—l > U-As,l—l > ?AQ > Ya,)
_I(?-Az(J),{—l\-Az(]),{; Y-Az(J),[—l\-Az(J),[
X Ay i Uy s YAy 00 Yai)
= _I(?(-Az(]),{—l\-Az(J),{)U(Az(J),[\-AfZ);
Y(-Az(]),{—l\Az(]),l)U(Az(]),l\AfZ)
XA is Uy YA, > Yar)
= _I(f}AzU),f—l\Alz; Yoo\ Ae.
X Ao Ui Y Ya), (65)

where the first and second equalities follow chain rule, and

in the last equality we have used a property similar to (50),

which is a direct consequence of Property 6 of Lemma 3.
Using  this  technique iteratively, ~ we  obtain

¢ 5 )
2P + P — R:‘lau),t\Azuw = AT A
Y‘AZ,(J),T\'A[Z IXAm,z_' ’ U'As,f’ Y'A[z ’ de)'

Consider the summation over all ¢ layers, we have

l
Zﬁi,l,Z + Bi2us = Ry i\ Ay

i=1
= _I(YAz(j)J\A[Z; Y.AZ(])’]\.A[Z |X.,4m,] P U.A;y] s YAfZ P de)-
(66)

Using (64) and (66), the probability in (62) can be upper
bounded by

P(Ni&i2)
< "Ry A, —Rag\ar ) p=n(Ei) fira+ Zin Buiathiovs)
— o(Ra, \4y, ~T(A)
where Z(A) is given by
TX A\ Ay UA A YA Yo X 4y, Uay)
- I(Y-Az(l),l\-Afz; YAZ,(J),I\-AZZ |X-Am,l > U-As,l > YAQ s Ya)
+ Ra A,
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Using Ay,1 = Az (s),1 by definition, Z(A) can be written as

I(X.Am,]\.A[m 5 UASJ \.A[S ) Y.A[z 5 de |X.A[m 5 U.A{S)
=T (YA, A YA AN XA, UA s YA, Ya) R A A, -

Let T £ Ay \ Ag,, 7€ 2 Ag,. Let S = £ A1\ A,
S¢ 2 A, hence SS =N\ S. Let S 2 Ap, \ Ar., 8¢ 2 Ay,
hence S¢ = Ay, \S’ . The above result yields that P(£) — 0
as n — oo, if

Ry < I(X7,Us: Y., Ya| X7, Use)

—I(Y_/\/’\Sv"’ Y_/\/’\S“‘lxsdk’ U/\/’, YS" de) + RSV'

Assume that the constraint is violated for 7 = (4, we have

I(Y/\/\sr’ YyngelXsy Un, Y., Ya,)

> 1(Us; Y4, Y| X, » Use) + Rg. (67)

In this case, the constraint on Ry can be bounded by:

Ry < I(X7,Us: Yg., Yo | X7e, Use)
I(YN\S‘, Yyn gl Xy Uns Yo Ya) + Rg
=I(X7:Y 5(, Yo | X7e, Use)
+1(Us; Y., Yo | X, » Use)
- I(YN\SC; Yyngel X5, U Yo, Ya) + Rg

< I(X7: Yg., Ya | X1e, Use),

where the last inequality follows from (67). This implies that
the receiver can treat the signal from the nodes in S \ 7
as noise. Hence, the constraint for the case 7 = (J can be
dropped. This completes the proof of the theorem.

APPENDIX E
PROOF OF REMARK 5

To prove the lemma, first we note that when

Rg=1U Ug.), (68)

S‘\S" YS‘ de|X

Teo

the rate expression in (13) yields

R < I(XT, Ug 50\ g5 SmdelXTc,Ugc)
— (Vg0 YN\SL|X5d LUNL Y, Ya)
=1(X7, Uppi g3 Y, Y s Yap | X7e, Ug,)
IV pr g3 Vg1 X UN Ve V),
where we have used S€¢ C 8¢ and 8¢ = N\ S. Redefine

S L N\ S and 8¢ £ &¢ yields the simplified form of the
rate expression (17).

Next, in general, the rate expression in (13) can be modified
to the following form:

Ry < I(X7,Us: Yse, Yg| X7e, Use)
—I1(X71,Us; ?S‘;\gchTc, Use, V.. Ya,)
- 1(?N\SC; Yy 51 XSy UN Yo, Ya) + Rg
= (X7, Us: Yse, Ya | X7e, Use)
+1(YVge 563 Vg 51X UN Yoo Yay)
- 1(?N\SC; Yy sl X, Uns YS Ya) + R
— (¥ se\8¢> Yso\gel XTe, Use, Yo, Yay)
= I(X71,Us: Yse, Yg | X s¢)
—(¥s; Ys|Xs, »Un, Yse, Ya,)

+Rg — I(Yg: Y| X7e, Use, Voo, Ya),

where in the last equality we have used 8¢ = &¢ \3 and

N\S)\(S\S) = S due to S¢ € 8¢ € N and 8¢ = N\ S.
It can be seen that if
Rg = 1(Yg: YglX7e, Use, Y., Yap), (69)

the rate expression reduces to its simplified form (11).
Conditions (68) and (69) together provide the desired result.

APPENDIX F
PROOF OF COROLLARY 1

Codebook generation and the encoding procedure incorpo-
rates those in Theorem 1 and the standard DF [1]. The detailed
procedures are provided herein for completeness.

a) Codebook generation:

o Generate 281 ii.d x; (m1), each according to distribution
p(x1) =[Ii2) p(r1), my € [1:2"71],

« Generate 2"%3 ii.d x3(s3), each according to distribution
p(x3) = [Tiz; p(x3i), s3 € [1:2"55].

« For each x3(s3), generate 21R2 1 id xy (s2), each according
to Vdistribution p(x2lx3) = [, p(xailxzi),s2 € [1 :
2k,

o For each (x2(s2),x3(s3)) pair, generate iid
¥2(z2), each according to distribution p(y2/x2,x3) =
[T, pGailxai, x3i), z2 € [1: 2R,

b) Random Binning:

iy

o Randomly partition the set {1,2,--- ,2”&2} into 27k
bins. Let so = B»(z2) denote the N-to-1 mapping as the
results of binning. 5 5

o Randomly partition the set {I,2,---,2"R2} into 2R
bins. Let s3 = By (sy) denote the N-to-1 mapping as the
results of binning.

c) Encoding: In block j,
« source S encodes X1 (my, j11);

erelay R; finds an index z such that
(x2(s7), x3(s), Y2(zls2,j, 83,j), y2(j)) ~ are  jointly

e-typical. Such a z exists as n — oo if
Ry > 1(Y2; V2| X2, X3). (70)
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If there exist more than one such z, choose the smallest
one and let 73 j = z;

relay Ry finds the bin index s j41 = Ba(zz,j) and
83,42 = Ba(s2,j41)-

relay Rp finds a wunique index s such that
(x2(s2),X3(s3,7),y3(j)) are jointly e-typical. The
probability of error tends to 0 as n — oo if

Ry < I(X2; Y3|X3), (71)

and obtains s3 ;41 = Ba(s2);

codewords x;(m1,;),X2(s2,;) and X3(s3 ;) are sent into
the channel.

d) Decoding and probability of error: Now, we upper
bound the probability of erroneous decoding at the des-
tinations and analyze the constraints on the rate of bin
indices R2 and Rg

o Using Strategy 1, the decoding procedure at the
destinations D;, i = 1, 2, partially follows the one in
Theorem 1. In addition, at each decoding layer, the
codeword transmitted by the relay R, that represents
the bin index of s, i.e., x3(s3) where s3 = B(s7)
for each 5o, must be jointly typical with the received
signal at the next layer. Hence, using Theorem 1
and (70), when the following constraints are satisfied,
the probability of error tends to 0 as n — oo.

Ri <I1(X1; Y2, Yn,|X2, X3), (72a)
Ry <I(X1; Yp,|X2, X3) —I(Y2; Y2 X1, X2, X3, YD)
+ Ry, (72b)
Ry <I(X1; Yp,|X2, X3) —1(Y2; Y2| X1, X2, X3, YD)
+1(X2; Yp,1X3) + Rs, (72¢)
Ry <I(X1; Yp,|X2, X3) —I(Y2; Y2 X1, X2, X3, YD)
+ 11Xz, X3; YD[). (72d)

Now we simplify these constraints. First, it can be
seen that when

Ry> Ry — min 1(Xa; Y| X3), (73)
=1,

the constraint (72c) is more relaxed than (72b).

We note that random binning imposes §3 < kz,

which is satisfied under condition (73). Hence (72c)

can be dropped without inducing additional con-
straint.

Next, we consider the constraint (72b) in two cases.

m case 1: 1(Ya; Ya|X2, X3, Yp,) < I(X2; ¥3|X3).
In this case, choosing I(f’z; Y121X2, X3, Yp,) <
Iéz < I(X3; Y3|X3) renders the constraint (72b)
to be more relaxed than (72a).

m case 2: 1(Ys; Ya|Xo, X3, Yp,) > 1(X2: Y3|X3).
In this case, choosing Iéz < I(Xy; Y3|X3) <
I(?z; Y>|X>, X3, Yp,) renders the constraint (72b)
to be more relaxed than

R1 < I(X1; Yp,1X2, X3)
—I(Y2; V2|X1, X2, X3, Yp,)
+1(X2; ¥31X3). (74)
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Constraint (72d) and (74) provide

R <I1(X1; Yp,|X2, X3)
—I1(Y2; V21X1, X2, X3, Yp,)
+ min{/ (X2; Y3|X3), [ X2, X3; Yp,)}. (75)

In both cases, constraint (71) and the condition
éz < ﬁg which is imposed by random binning are
satisfied. Therefore, constraint (72b) can be dropped,
and (72a) and (75) yield (19).

Using Strategy 2, the 1-to-1 mapping implies
ﬁz = kz, and hence (70) and (71) impose the
following constraint:

1(Y2; Y2|X2, X3) < Ry = Ry < I(X2; Y3|X3). (76)

Howeyver, for the case Rz = 12’2, constraint (72b)
is more relaxed than (72a). Furthermore, con-
straint (72c) can be dropped when selecting

R; > ma );mm{l(X3, Yp;),
Ry — I(Ya; Yp, | X2, X3, Y,)
—1(X2; Yp,|1X3)}. (77

Constraints (72a), (72d) and (76) yield (20) in the
corollary.
Using Strategy 3, the recovery of s, at the destination
D; implies that
Ry < min {1 (Xa; Yp;|X3) + min{Rs, 1 (X3; Yp)}},
i=l,
(78)
in which the rate Ié3 can be chosen as
Rs = 1(X3; Yp,), (79)

such that the right hand side of (78) is maximized,
and we obtain

v

Ry < _mlinZI(Xz,X3; Yp,). (80)
=1,

If (71) is not blndlng, it can be seen from
(79) and (80) that R3 < Rz can be satisfied.
On the other hand, if (71) is binding, we can choose
§3 < Iéz = I(X3; Y3|X3). In both cases, the
constraint R3 < R, imposed by random binning can
be satisfied and we have

Ry < min{I(X2; Y3|X3), _m}HZ{I(Xz, X3; Yp,)}
i=1,
(81)

Next, the destinations use sp to recover mj. The
probability of erroneous decoding tends to O as
n — oo if

Ry < I(X1; Y2, Yp,| X2, X3) (82)
Ry < I(Xy; Yp,|X2, X3)

—1(Y2; Y2|X1, X2, X3, Yp,) + Ro.  (83)
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Hence, when choosing

Ry = min{I ((Y2; Y2|X2, X3, YD,),
min{/(X>; ¥3]X3), ,m%nz{l(Xz, X3; Yo},
=1,

which satisfies the constraint Iéz < 1@2 imposed
by random binning. The constraints (82) and (83)
yield (21).

This completes the proof of the corollary.
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