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Abstract—As one of the multiple-input-multiple-output
(MIMO) techniques that work close to capacity, Hochwald
and ten Brink proposed to send forward error correction
(FEC) coded two-dimensional symbols from multiple an-
tennas in each time slot and decode them using a maximum
likelihood decoder. This can be generally considered as the
transmission of multidimensional symbols in each time slot
and here is referred to as multi-antenna multidimensional
constellations (MMCs). Polar codes are a new class of
forward error correction codes that benefit from simple
rate matching and low complexity decoders, and therefore,
facilitate the design of efficient systems. Due to the avail-
ability of partial channel state information at the receiver in
time varying fading systems, the performance of uncoded
MMCs can be improved by employing MMCs designed
for partially coherent systems. However, the choice of the
constellation in presence of FEC codes is of importance.
In this paper, we propose the concatenation of the polar
codes and MMC as a high-performance scheme for time
varying fading systems. We further study different methods
of design of the scheme in partially coherent systems and
discuss the choice of the constellation.

I. INTRODUCTION

Multiple-input-multiple-output (MIMO) systems can
provide high rates and reliability by using spatial diver-
sity and multiplexing. The linear increase in capacity
of MIMO systems with the minimum of the number
of transmit and receive antennas at high signal-to-noise
ratios (SNRs) as shown in [1], [2] indicates the great
potential of these systems as a viable solution to achieve
higher spectral efficiency and better performance. To
achieve the capacity of MIMO systems, high perfor-
mance high spectrally efficient schemes are needed. Mul-
tilayer MIMO schemes such as V-BLAST, introduced
in [3], [4], can provide high spectral efficiencies. Once
they are used with forward error correction (FEC) coding
across all antennas, they can partially exploit transmit
diversity [5]. However, they suffer a performance loss
due to the use of successive cancellation based decoders
(SCD) and the lack of utilization of full receive and
transmit fading diversity. To provide high performance
with high spectral efficiency, Hochwald and ten Brink
proposed to transmit FEC coded 2B-quadrature ampli-
tude modulation (QAM) symbols from multiple antennas

in each time slot1 and decode them using a maximum
likelihood decoder [6]. This scheme can in general form
be described as a multidimensional symbol transmitted
on a MIMO vector channel, i.e., the transmission of
each two dimensions of a multidimensional constellation
using one transmit antenna each. Here, we refer to this
scheme as a multi-antenna multidimensional constella-
tion (MMC). As explained in [6], MMC might be one
of the most efficient schemes used with FECs to nearly
achieve the capacity of MIMO channels.

Later, Lampe et al. in [7] and Lamarca and Lou
in [8] evaluated different methods of FEC coding for
this scheme, including bit-interleaved coded modulation
(BICM), multilevel coding (MLC) and hybrid coded
modulation and found that among them MLC shows
better performance. For constructing MLC in [7], a B
level code is designed for the signal of each transmit
antenna independently that results in an MLC with NtB
levels for Nt transmit antennas. However, as the main
shortcoming of the aforementioned schemes, the bit-to-
symbol mapping was only designed for the signal of each
antenna independently. Later, Martin et al. proposed to
use MLC with a 2Nt dimensional (2NtD) multidimen-
sional bit-to-symbol mapping designed jointly for the
signal of all antennas [9].

When designing MLC with multistage decoding
(MSD), by employing an appropriate labelling algo-
rithm, the variability between bit-channel capacities to
be used with binary codes of different rates should
be increased. Forney in [10], [11] proposed a formal
set partitioning algorithm that has been only suitable
for regular multidimensional constellations that lie on a
lattice and cannot provide the best performance for any
number of levels. To design the bit-to-symbol mapping,
Martin et al. employed Forney’s set-partitioning method
and they used only a special case of MLC in which
only three different component codes were used for a
16-point 8-dimensional (16-8D) constellation. However,
a better rate matching, resulting from increasing the
number of levels of MLC, can improve the performance
substantially. In [12], a general set-partitioning algorithm

1This can be seen as the multidimensional Cartesian product of PAM
constellations known as cubic constellations.978-1-5386-3531-5/17/$31.00 c© 2017 IEEE
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Figure 1. The system block diagram.

for designing multilevel coded-modulation for irregular
multidimensional constellations has been proposed. This
algorithm can be used for designing multilevel codes
with the maximum number of levels, i.e., B.

Polar codes, introduced by Erdal Arikan in [13], are
a new class of FEC codes, that benefit from simple rate
matching and the availability of a variety of decoders
with different complexity-performance trade-offs. Due to
the conceptual similarity with MLC/MSD, the multilevel
polar code works better than polar coded-modulation
constructed using BICM [14]. Therefore, evaluating the
performance of polar coded MMCs as a flexible candi-
date for a variety of applications, e.g., in time-varying
channels, is of importance.

In most time varying fading systems, perfect channel
state information at the receiver (CSIR) is not available.
In addition, by increasing the number of transmit an-
tennas, the spectral loss and the complexity of CSIR
estimation increases [15]. Therefore, the performance
evaluation and the design of MMC under imperfect CSIR
is of importance.

For coherent MMC system models, typically a QAM
constellation is used for each two dimensions of the
multidimensional signal [6], [7], [9]. Although this con-
stellation works well for the coherent model, it shows an
early error floor in partially coherent systems. Therefore,
the signal has to be designed given the partially coherent
system statistics. Among the notable works for designing
partially coherent multidimensional constellations, Bor-
ran et al. in [16], [17] employed the Kullback-Leibler
(KL) distance and optimized spherical constellations
for partially coherent systems. Baccarelli and Biagi in
[18] presented flexible space-time constellations that are
matched to the channel estimation error and improve
the performance. Giese and Skoglund in [19] designed
space-time codes based on the asymptotic pairwise error
probability of the partially coherent channel. Yadav et al.
in [20] employed the cut-off rate to design constellations
for partially coherent systems which show higher mutual
information in comparison to KL distance based constel-
lation design and the constellation designed in [18]. The
cut-off rate can be employed to design constellations for
MMCs as well [20]. However, once the FEC code is
used, the best choice of the constellation may not be the
one with the highest mutual information and may depend
on the structure of the FEC code.

In this paper, we design the polar coded MMC scheme
using MLC/MSD and BICM; we propose to use B-level
set-partitioning-based bit-to-symbol mapping to improve
the performance in comparison to MLC with a lower

number of levels; and we evaluate the performance of the
scheme in the presence of the channel estimation error
with a variety of constellations. The rest of the paper is
organized as follows: The system model is described in
Section II; the constellation design method, the labelling
algorithm and the polar code construction method for
MLC/MSD and BICM are explained in Section III; the
simulation results are reported in Section IV; and the
conclusions are presented in Section V.

II. SYSTEM MODEL

The communication system is equipped with Nt trans-
mit and Nr receive antennas, respectively. The data are
divided into groups of Ktot bits each coded with a
FEC code of total length Ntot and total rate Rtot =
Ktot/Ntot. Then, each B coded bits are mapped to
one of the multidimensional symbols of MMC scheme
using a multidimensional bit-to-symbol mapping and
each two dimensions of the multidimensional symbol
are transmitted using one of the transmit antennas in
the same time slot. Therefore, the entire codeword is
transmitted in Ntot/B channel uses. At the receiver
side, the channel output log-likelihood-ratios (LLRs) are
calculated and the LLRs are passed to the decoder. The
system model is sketched in Fig. 1. The system can be
represented as

r = sH + w, (1)

where r is the 1 × Nr received vector, s is the 1 × Nt
transmitted vector, H is the Nt×Nr flat fading channel,
and w is zero-mean complex additive white Gaussian
noise (AWGN) with variance N0/2 per dimension. The
structure of a symbol of MMC can be described as

s = [s(1), s(2), . . . , s(Nt)], (2)

where s(1), s(2), ..., s(Nt) are different 2D dimensions of
a multidimensional constellation point s. The channel
H is independent and identically distributed (i.i.d.) and
remains constant during the transmission of signal s. The
channel H can be separated into two parts as

H = Ĥ + H̃, (3)

where Ĥ is the Rayleigh fading channel estimate with
distribution CN (0, (1 − σ2

E )I), and H̃ is the additive
channel estimation error with distribution CN (0, σ2

EI)
achieved when the linear minimum mean square error
(LMMSE) channel estimator is employed [17]. Here, σ2

E

is the channel estimation variance varying between 0 and
1, corresponding to coherent and non-coherent system
models, respectively. The probability of receiving r,



given the transmitted vector s and the channel estimation
Ĥ, can be written as [17]

Pr(r | s, Ĥ) =
exp{(1 +

σ2
E

N0
‖s‖2)−1‖r− sĤ‖2}

πNr (1 +
σ2
E

N0
‖s‖2)Nr

. (4)

In this system, σ2
E is estimated at the receiver and

fed back to the transmitter to select the corresponding
constellation.

A. MLC/MSD
The MLC scheme consists of independent encoders

for each binary channel of a constellation. Each level of
MLC uses a code of length N and rate Ri and therefore,
the total length and the rate of the code are Ntot = BN
and Rtot = 1

B

∑B
i=1Ri, respectively. After encoding of

all levels, each set of code bits {c1n, c
2
n, ..., c

B
n }, for n =

1, ..., N , are mapped to an MMC and are transmitted
over the channel.

In MSD, the code-bits of each level are deduced
with the aid of the received symbol and previously
deduced code-bits of upper levels [21]. At each level
after decoding, the received message word is fed to an
encoder and the generated codeword ĉ reduces part of the
ambiguity for the demapper of the next level to compute
more reliable LLRs. Therefore, the LLR estimation at
each level can be given by

λb = ln

∑
s∈Xb,0

Pr(r | s, Ĥ)∑
s∈Xb,1

Pr(r | s, Ĥ)
, (5)

where b = 1, 2, ..., B, Xb,0 and Xb,1 are the set of all
MMC points containing zero or one in their bth position
given the upper level code-bits, respectively.

B. BICM
In BICM, one binary code of length Ntot and Rtot is

interleaved, divided into chunks of B bits, and mapped
to the MMC symbols. In the decoder side, the LLRs
of binary channels of a constellation are computed
interdependently. The LLR estimation of BICM, for the
bth binary channel, can be given by

λb = ln

∑
s∈X̄b,0

Pr(r | s, Ĥ)∑
s∈X̄b,1

Pr(r | s, Ĥ)
, (6)

where X̄b,0 and X̄b,1 are the set of all MMC points
with zero or one in their bth position, respectively. In
BICM, an additional interleaving is applied on the code-
bits prior to bit-to-symbol mapping and the correspond-
ing deinterleaving is applied on estimated LLRs at the
receiver.

III. DESIGN ELEMENTS

In this section, we briefly review the design elements
and explain a method of designing practical polar coded
MMC. To this end, we explain the constellation design
method, bit-to-symbol mapping and polar code construc-
tion method for both MLC/MSD and BICM.

A. Constellation Design Method

As explained in Section I, multidimensional constel-
lations for MMC can be obtained based on KL distance
and the cut-off rate. In [20], it is shown that maximizing
the cut-off rate generates constellations with equal or
higher mutual information than the KL distance. Here,
we employ the cut-off rate to generate the constellations
and we compare them with the spherical KL constel-
lations optimized in [17]. For generating the cut-off
rate, the pairwise Bhattacharyya coefficient for MMCs,
ρ(si, sj), can be written as [20]( √

1 +
σ2
E

N0
‖si‖2

√
1 +

σ2
E

N0
‖sj‖2

1 +
σ2
E

2N0
(‖si‖2 + ‖sj‖2) +

(1−σ2
E)

4N0
‖si − sj‖2

)Nr

.

(7)
Using (7), the cut-off rate R0 can be written as

R0 = −log
{

1

22B

2B∑
i=1

2B∑
j=1

ρ(si, sj)
}
. (8)

To find the constellation, the optimization problem can
be given as

maximize R0

subject to
1

2B

2B∑
v=1

‖sv‖2 ≤ 1,
(9)

B. Labelling Algorithm for MLC/MSD

A set-partitioning algorithm for multidimensional con-
stellations is proposed in [12] that can be employed to
design the bit-to-symbol mapping for partially coherent
constellations. Here, we employ this method to generate
the bit-to symbol mapping for MMCs. As noted in [16],
for a partially coherent constellation, a more relevant
metric than the Euclidean distance for the distance of
points should be used. Here, for set-partitioning of KL
distance based optimized constellations, KL distance
and for the cut-off rate based optimized constellations,
−ρ(si, sj) are used as the pairwise distance to generate
the bit-to-symbol mapping.

C. Polar Code Construction for MLC/MSD

In [12], a simulation-based design of multilevel polar
codes is proposed. Here, we employ this method to
design our codes. In this method, a multilevel polar
code with rate one for all levels is constructed and after
evaluation of the bit-channel first error events through
simulation with a SCD, the best Ktot bit-channels are
selected as the information set. This includes a different
number of information bit-channels {k1, k2, ..., kB} for
each level of the MLC. We use this method for con-
structing polar codes used with BICM as well. In this
case, only one binary FEC encoder is used.



D. Labelling Algorithm for BICM

For BICM, the union bound on the probability of bit
error rate can be used to find a Gray-like mapping [22].
This bound can be written as

Pe =
1

B2B

2B∑
i=1

2B∑
j=1

H(i− 1, j − 1)ρ(si, sj). (10)

where H(i, j) is the Hamming distance between index
i and j. For generating the bit-to-symbol mapping, the
binary switching algorithm (BSA) can be employed [22],
[23]. From the first label to the last, BSA swaps the
position of each two labels until a mapping that pro-
vides a lower Pe is generated. This process is repeated
iteratively until Pe remains constant for a large number
of iterations. Although this algorithm works well for
small size constellations, generating good bit-to-symbol
mappings for large size constellations is difficult.

E. The Design Procedure

For designing the polar coded MMC with either MLC
or BICM, first we optimize the constellation, we then
find a good bit-to-symbol mapping using the BICM
or MLC labeling algorithm, and we finally design the
polar code given the constellation and the bit-to-symbol
mapping. A random interleaver is used to construct the
BICM with a length of Ntot. For designing the polar
code given a FER, the bisection design SNR search
algorithm in [12] can be employed.

IV. NUMERICAL RESULTS AND DISCUSSIONS

The performance of the polar coded scheme concate-
nated with MMC with two and four transmit antennas
is evaluated in this section. For all cases, a code of
rate Rtot = 1/2 is employed with SCD and successive
cancellation list decoder (SCLD) [24]. For decoding of
polar codes, the SC and SCL decoders are used for each
level independently. For the SCLD+CRC decoder, the
CRC sequence is CRC-16-CCITT for each encoder. All
polar codes are designed using the method described
in Section III at the SNR corresponding to a FER of
10−2. For the sake of comparison, a turbo coded MMC
based on BICM is constructed. The turbo code structure
is explained in the LTE standard [25]. The turbo code
is decoded using the iterative BCJR with 5, 10 and 12
iterations. The channel is modeled as a Rayleigh fading
with AWGN and a coherence time of one channel-use.
In the case of MLC, for 4 bits-per-channel-use (bpcu),
Ntot is 2048 and 2056 bits for polar and turbo codes,
respectively. For 6 bpcu schemes, Ntot is 1536 and
1608 bits for polar and turbo codes, respectively unless
otherwise stated. For BICM, all code lengths are 2048
bits unless otherwise stated. The MMC has 256 and 4096
points corresponding to spectral efficiencies of 4 bpcu
and 6 bpcu, respectively. All gains are reported at a FER
of 10−2.

A. Coherent Model

In this subsection, the performance of the system with
the perfect CSIR (σ2 = 0) is evaluated. For constructing
polar codes with BICM, a multidimensional Gray bit-to-
symbol mapping is used2.

Fig. 2 shows the performance of the multilevel po-
lar coded MMC (MLPCM), polar coded MMC with
BICM (BIPCM) and turbo coded MMC with BICM
(BITCM) in 2 × 2 antenna configuration for 4 bpcu.
The MMC is constructed by the Cartesian product of
4-PAM on 4 dimensions. The component code rates of
MLPCM are {0.03,0.15,0.24,0.52,0.53,0.75,0.84,0.95}.
The results indicate that MLPCM outperforms BIPCM
for SCD, SCLD and SCLD+CRC by 1.2 dB, 0.6 dB
and 0.8 dB, respectively. Results also show that MLPCM
with SCLD and SCLD+CRC outperform BITCM with
12 iterations by 0.9 dB and 0.3 dB and BITCM with 5
iterations by 1.2 dB and 0.6 dB, respectively. BIPCM
with SCLD+CRC performs close to BITCM with 10
iterations. Furthermore, MLPCM with SCD and BIPCM
with SCLD have the same performance as BITCM
with 5 iterations. Clearly, MLPCM with SCLD and
SCLD+CRC outperforms BIPCM and BITCM. Note that
the complexity of the BCJR decoder with 5 iterations is
more than that of SCLD and SCLD+CRC.
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Figure 2. FER comparison of the MLPCM, BIPCM, and BITCM for
4 bpcu and 2× 2 antenna configuration.

The comparison of MLPCM and BIPCM and
BITCM with 2 × 2 antenna configuration for 6
bpcu is provided in Fig. 3. The MMC is con-
structed by the Cartesian product of 8-PAM on 4
dimensions. The component code rates of MLPCM
are {0,0.03,0.06,0.23,0.25,0.45,0.59,0.77,0.80,0.91,0.94,
0.98}. The results show that similar to Fig. 2, MLPCM
outperforms BIPCM for SCD, SCLD and SCLD+CRC
by 2 dB, 1.3 dB and 1.4 dB, respectively. In the case

2Multidimensional Gray mapping for cubic constellations is the
Cartesian product of PAM Gray mapping.



of 6 bpcu, MLPCM with SCD in addition to SCLD
and SCLD+CRC outperforms BITCM with 12 iterations
by 0.9 dB, 1.3 dB and 1.9 dB, respectively. It can be
seen that BIPCM with SCLD+CRC also outperforms
BITCM with 12 iterations by 0.5 dB. It is noticeable
that MLPCM even with low complexity SCD shows
a substantial performance advantage in comparison to
BIPCM and BITCM at high spectral efficiencies.
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Figure 3. FER comparison of the MLPCM, BIPCM and BITCM, for
6 bpcu and 2× 2 antenna configuration.

Fig. 4 shows the MLPCM in comparison to MMC
proposed by Martin et al. in [9], and BITCM for
4 × 4 antenna configuration and 6 bpcu. The MLPCM
is constructed using 12 component codes of rates
{0.07,0.07,0.12,0.20,0.30,0.41,0.55,0.70,0.77,0.87,0.94,
0.99} by using a circular 8-QAM constellation on
each antenna. Multilevel polar codes are optimized
for Martin et al. bit-to-symbol mapping, proposed in
[9], with 16-QAM constellation for each antenna and
the component code rates are {0.09,0.51,0.90}. The
MLPCM with SCD and SCLD outperform polar coded
scheme constructed using the MMC scheme in [9]
by 0.8 dB and 0.4 dB, respectively. Here, MLPCM
schemes outperform BITCM with 5 and 12 iterations.

B. Partially Coherent Model

In this subsection, the performance of MMC with
2× 2 antenna configuration in the presence of imperfect
CSIR is evaluated. In each case, the constellation is
optimized using the cut-off rate and the KL distance
given a SNR value and a σ2 value. The comparison
of MLPCM and BIPCM with σ2 = 0.01 is presented
in Fig. 5. The cut-off rate and the KL distance based
constellations are optimized at Eb/N0 = 5.5 dB. In
this case, MLPCM outperforms BIPCM. Among the
constellations used with MLPCM, the cubic constellation
outperforms spherical KL distance optimized constella-
tion in [17] by 0.4 dB and the cut-off rate optimized
constellation by 0.25 dB. Therefore, the cut-off rate and
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Figure 4. FER comparison of the MLPCM, and BITCM, for 6 bpcu
and 4× 4 antenna configuration.

KL distance optimized constellations, that have higher
mutual information, for low values of σ2 perform worse
than the cubic constellation due to the better match of
the cubic constellation with the polar code structure.
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Figure 5. FER comparison of the MLPCM and BIPCM in presence
of channel estimation error with σ2 = 0.01 for 4 bpcu and 2 × 2
antenna configuration.

Finally, Fig. 6 provides a comparison of BIPCM
and MLPCM when σ2 = 0.1 and Ntot =
4096. The cut-off rate based constellations are op-
timized at Eb/N0 = 12 dB. The rates of
MLPCM with cut-off rate optimized constellation
are {0.10,0.17,0.27,0.41,0.54,0.71,0.84,0.95}. The re-
sults indicate that BIPCM and BITCM show very poor
performance due to the difficulty of finding good bit-
to-symbol mapping using a BSA algorithm for large
size constellations. Once more, MLPCM presents good
performance and the cut-off rate optimized constellation
outperforms cubic constellation since cubic constella-
tions are quite suboptimal for σ2 = 0.1.
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Figure 6. FER comparison of the MLPCM and BIPCM in presence of
channel estimation error with σ2 = 0.1 for 4 bpcu and 2× 2 antenna
configuration.

V. CONCLUSION

In this paper, we proposed the concatenation of po-
lar codes with MMC using MLC and the BICM. We
explained the method of construction of the scheme
for coherent and partially coherent systems, including
the constellation design, the bit-to-symbol mapping gen-
eration, and the polar code design and we evaluated
the performance of the scheme in different channel
conditions. The numerical results showed that MLPCM
provides a substantial performance advantage in com-
parison to BIPCM and BITCM especially at high spec-
tral efficiencies. Furthermore, the constellation with the
highest mutual information is not necessarily the best
choice when used with polar codes. In partially coherent
systems when σ2 is close to zero, cubic constellations
outperform constellations optimized by using the cut-
off rate or the KL distance of the partially coherent
system. At high values of σ2, cut-off rate optimized
constellations show better performance. In all cases,
MLC outperforms the BICM.
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