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Abstract—Due to their unconstrained mobility and capability
to carry goods or equipment, unmanned aerial vehicles (UAVs)
or drones are considered as a part of the fifth-generation (5G)
wireless networks and become attractive candidates to carry a
base station (BS). As 5G requirements apply to a broad range of
uses cases, it is of particular importance to satisfy those during
spontaneous and temporary events, such as a marathon or a rural
fair. To be able to support these scenarios, mobile operators
need to deploy significant radio access resources quickly and
on demand. Accordingly, by focusing on 5G cellular networks,
we investigate the use of drone-assisted communication, where
a drone is equipped with a millimeter-wave (mmWave) BS.
Being a key technology for 5G, mmWave is able to facilitate
the provisioning of the desired per-user data rates as drones
arrive at the service area whenever needed. Therefore, in order to
maximize the benefits of mmWave-drone-BS utilization, this paper
proposes a methodology for its optimized deployment, which
delivers the optimal height, coordinates, and coverage radius of
the drone-BS by taking into account the human body blockage
effects over a mmWave-specific channel model. Moreover, our
methodology is able to maximize the number of offloaded users by
satisfying the target signal quality at the cell edge and considering
the maximum service capacity of the drone-BS. It was observed
that the mmWave-specific features are extremely important to
consider when targeting efficient drone-BS utilization and thus
should be carefully incorporated into analysis.
Index Terms—5G networks and beyond; mmWave; human
body blockage; network slicing; drone-cell communications.

I. I NTRODUCTION AND MOTIVATION
The recent developments in unmanned aerial vehicles
(UAVs) attracted an increased attention from the wireless
communications community. It is envisioned that UAVs are
about to become a part of the fifth generation (5G) of wireless
networks [1]. One of the emerging applications is the use
of the UAVs equipped with wireless transceivers, or drone
base stations (BSs), which have been proposed to improve
the connectivity levels in 5G systems and beyond [2]. In
particular, latest research illustrates that autonomous flying
robots become an attractive solution to boost network capacity
on demand, which is particularly desirable for spontaneous
and temporary events, such as rural fair [3] or marathon
use cases [4]. This paper specifically argues for the use of
drones enhanced with high-rate millimeter-wave (mmWave)
radio technology to support these scenarios.
While an autonomous fleet of drones flying around the
city [5] may still be a futuristic concept, the utilization of
several specialized drones operating under human control is
possible from an engineering perspective already today [6],
[7]. At the same time, the use of drone-BSs introduces new

challenges, such as extra operating costs, endurance, and backhauling [2], [8]. In order to seamlessly integrate drone-BSs
into the 5G system architecture, a new concept named network
slicing might become an appropriate candidate [2]. Slicing
can facilitate the integration of aerial BSs with the terrestrial
network by providing a slice with the necessary fronthaul,
backhaul, and network functions by also considering mobility
of the drone-BS. Smart integration of drones into the 5G
infrastructure additionally requires efficient drone placement
mechanisms to improve the overall system performance.
Despite a number of research works on drone deployment [9]–[11], the specifics of mmWave-based drone-assisted
communication has remained insufficiently studied so far. Operating in extremely high frequency (EHF) bands and having
larger bandwidths at its disposal, mmWave radio technology
is being shaped as the 5G New Radio [12]. Along with their
benefits, mmWave systems are facing many challenges. One
of these is shorter wavelengths for which smaller objects, such
as humans, become obstacles for the line-of-sight (LoS) radio
propagation [13], [14]. Hence, it is crucial to account for the
human body blockage when evaluating the performance or
planning the deployment of mmWave-BSs. In contrast to lower
frequencies, another challenge at mmWave bands is that the
path loss (PL) increases significantly with the growing distance
from a transmitter (Tx) to a receiver (Rx) [15]. Hence, there is
a trade-off between placing a drone at a higher altitude (which
would provide better LoS links) and keeping the PL minimal
(which increases with the growing distance).
There are several important benefits that motivate the utilization of mmWave-based drone-BSs, particularly for the
temporary and spontaneous events, as described below:
• Able to arrive at the crowded location quickly, drones
equipped with wireless access capabilities help operators
serve events, where traffic demand becomes higher than
expected for a certain period of time, but where it is not
feasible to deploy a static network infrastructure to serve
such amounts of data on a regular basis.
• Even though higher altitudes lead to larger probabilities
to maintain the LoS link, they also increase the threedimensional (3D) distance, thus making the PL higher.
Therefore, the optimal altitude may exist. While the
terrestrial infrastructure cannot alter the height of the
BSs quickly in order to improve the signal quality, the
flexibility of the drone-BSs offers an opportunity to place
them over the crowd and adjust their height when needed.

•

To achieve 100 Mbit/s per user expected of the 5G
systems, mmWave communication is an appropriate solution whereas the conventional infrastructure will need
a significant number of cellular BSs to support the
required data rate, which leads to severe interference. The
latter could be shown using simple analysis where the
link capacity for the cell edge-user over mmWave with
the carrier of 28 GHz and the conventional microwave
cellular link with the carrier of 2.1 GHz is calculated as
r(x) = Bu log[1 + S(x)]. Here, Bu is the bandwidth
available to the user of interest and S(x) is the average
signal-to-noise ratio (SNR) for this user at the cell edge
of radius x. For the same number of active users, the
cellular link with the maximum available bandwidth (B)
of 20 MHz delivers about 10 times lower data rates than
what mmWave (B = 1 GHz) does, even in ideal conditions
where no interference is assumed. In an optimistic case,
to provide the average data rate of 100 Mbit/s per user,
for a cell having 50 m radius and 70 users, one mmWaveBS is sufficient, whereas the required number of the
conventional BSs is 10 times higher. Therefore, the larger
bandwidth of mmWave-BSs accentuates the utilization of
those to support the mass events and mitigate the growth
of interference to deliver the 5G date rates [16].

All of the above motivates the need for efficient placement
of mmWave-drone-BSs to provide with a better link quality
and benefit from the maximum number of users offloaded
from the cellular infrastructure, where the main features of
mmWave communication would be considered. In this paper,
we investigate efficient deployment of a mmWave-drone-BS
by taking into account the properties of mmWave communication, where the LoS link may be blocked by a human body.
Having in mind that the height of the mmWave-drone-BS is
comparable with the height of the BSs mounted on the walls of
the buildings and assuming quasi-stationary drones hovering
at a certain altitude [17], we approximate the air-to-ground
channel model with the terrestrial channel model [18] for the
sake of our first-order analysis.
The main contributions of this paper are as follows.
•

•

II. S YSTEM MODEL
Our example rural-fair scenario considers a set of identical
users, M, which are distributed randomly in the area of
interest as illustrated in Fig. 1. We assume that the existing
operator’s infrastructure is not planned for such a spontaneous
and temporary mass event. Therefore, the operator is incapable
of serving all the users at the fair. Hence, we consider the
assistance of a mmWave-drone-BS to inject capacity across
space and time. The mmWave-drone-BS is integrated into
the current infrastructure via a dedicated long range backhaul
channel over a different frequency [19].
Inspired by the adoption of terrestrial channel models for
air-to-ground channels of quasi-stationary drone-BSs [9], [10],
[17], we employ the model in [20] for the first-order analysis
of mmWave-drone-BSs. There are two motivations for choosing a terrestrial channel model. First, contemporary droneBSs with a rotary wing [21] can be made as stationary as
cell towers, especially under mild weather conditions. Second,
the short range of mmWave links prevents from using highaltitude drones due to the inherently high PL with increasing
distance between the Tx and Rx. Therefore, the altitude of a
mmWave-drone-BS must be comparable with the altitude of
the static mmWave-BSs deployed on the walls, lamp posts,
etc. For the sake of our analysis, the small scale fluctuations
in the environment are neglected as proposed in [17].
The considered scenario consists of the mmWave-droneBS located at height hD and human blockers modeled as
cylinders with the average height of hB and the average
diameter of gB . For a snapshot analysis, assume a Poisson
field of static human blockers with the density of λ, where |M|
humans are distributed across the area S with the parameter
λS, and | · | indicates the cardinality of a set. Note that all
users are considered as blockers for each other. The user
terminal is assumed to be located at the height hR , where
hR < hB , since the terminal carried by a human is usually
lower than the height of the human itself. Hence, if the user
i is communicating with the mmWave-drone-BS, then all
other users/humans in the coverage area A with radius R are
blockers, if their heights are large enough to block the LoS

By adopting a terrestrial mmWave channel model for
the air-to-ground mmWave communication as well as by
accounting for the human body blockage, we derive the
optimal height of the drone-BS.
By assuming a Poisson distribution of user locations for
the adopted mmWave PL model, we formulate and solve
a 3D placement problem. The latter produces the optimal
height and horizontal location for the drone-BS as well
as the cell radius. Our theoretical results for the optimal
height demonstrate a tight match with those obtained by
solving the 3D placement problem.

The rest of this text is organized as follows. In Section II,
we introduce our system model with its main assumptions.
Then, the proposed optimization methodology is described in
Section III. The numerical results are offered in Section IV.
Conclusions are drawn in the last section.

Fig. 1. Target scenario with mmWave-drone-BS, users, and blockers.

III. MM WAVE - DRONE -BS DEPLOYMENT

TABLE I
N OTATION AND PARAMETERS
Parameter
S
hD , hR , hB
R
di , ri
gB
λ
PL
LL,i , LN,i
La,i
|M|
h∗
(xD ∗ , yD ∗ )
N
Q, σi
γ

Description
Area of interest
Height of drone-BS, Rx, and human blockers
Cell radius of the drone-BS
3D, 2D distance between drone-BS and ith Rx
Diameter of human blockers
Density of human blockers
Probability of LoS
Path loss for LoS/nLoS ith Rx
Average path loss for ith Rx
Total number of humans in the area of interest
Optimal height of the drone-BS
Optimal 2D position of the drone-BS
Maximum number of users served by one drone-BS
Target SNR, SNR for ith Rx
Maximum tolerable path loss

between Rx and Tx. Note that the coverage radius R depends
on the ability of drone-BS to support on average the minimum
quality-of-service (QoS) experienced by the cell edge user;
therefore, it is highly affected by the height of the drone-BS
and the probability of LoS as will be shown later.
Following [22], we assume that radio interference does not
have a major effect, which is a common assumption for most
mmWave-based systems with highly directional antennas, and
that the system under study is noise-limited.
Recall that the PL models for LoS and nLoS links at
mmWave frequencies follow [18] and are given as
LL,i = αL + 10βL log10 (di ),
LN,i = αN + 10βN log10 (di ),

(1)

where αL , βL , αN , and βN are the parameters
of the LoS and nLoS PL models, and di
=
√
(xi − xD )2 + (yi − yD )2 + (hD − hR )2 is the 3D distance
between the drone-BS and Rx.
In order to account for the human body blockage, we adopt
the probability of LoS, PL , for a user i from [20] by modifying
it in the case of the constant height and diameter of blockers
for further analytic tractability as
(
)
ri (hB − hR )
PL (ri , hD ) = exp − λgB
,
(2)
(hD − hR )
where ri is 2D distance between drone-BS and Rx.
Then, the average PL for the cell edge user i, located at
distance R from Tx, becomes
La,i = PL (R, hD )LL,i + [1 − PL (R, hD )] LN,i .

(3)

As one may find in [17] and similar works, the average value
of PL is sufficient to perform the first-order analysis. Since the
random behavior with the corresponding distribution is not the
focus of this study, the distributions of fading and shadowing
are disregarded. As it was observed in [20], there exists the
optimal height of the Tx, where the average PL assumes its
minimum value.

In order to support the current cellular infrastructure and
provide higher data rates for every user in the area, the aim is
to offload as many users as possible to the mmWave-droneBS. Because the users are randomly distributed in the region,
the area to be covered by a mmWave-drone-BS (drone-cell
coverage) and the altitude of the drone-BS are not known a
priori.
On the one hand, deploying a mmWave-drone-BSs at a
higher altitude leads to the greater LoS probability as can be
observed from (2). On the other hand, mmWave-drone-BSs are
energy critical devices and higher altitudes may require more
transmission power due to increased distance between the
users and the drone-BSs to compensate for larger PL. Therefore, the objective of covering the maximum number of users
with minimum energy means the smallest area enclosing the
highest number of users, while the minimum height that can
provide coverage over that area must be derived.
As observed in (2) and (3), the average PL depends on
the altitude of the Tx, as well as the horizontal distance
between the Tx and Rx. Therefore, the optimal placement
of a mmWave-drone-BS involves all dimensions, namely,
the optimal position is (xD ∗ , yD ∗ , h∗ ). Fixing the horizontal
location of the drone-BS and searching for h∗ to provide the
maximum number of users to be covered (1D search), or fixing
the altitude and searching for (xD ∗ , yD ∗ ) (2D search) may
not result in the most effective deployment. The search for
the optimal position of a mmWave-drone-BS must thus be
performed in 3D. Not only the expansion of the search space
to 3D makes it very hard to conduct an exhaustive search,
but also (3) is analytically difficult. Therefore, in this section,
we propose an efficient 3D placement method for mmWavedrone-BSs.
∗
The problem to find (x∗D , yD
, h∗ ) can be formulated as
∑
maximize
mi
(4a)
xD ,yD ,h,{mi }

subject to
mi σi ≥ mi Q,
∑
mi ≤ N,

i∈M

∀i = 1, ..., |M|,
∀i = 1, ..., |M|,

(4b)
(4c)

i∈M

xl ≤ xD ≤ xu ,

(4d)

yl ≤ yD ≤ yu ,

(4e)

hl ≤ h ≤ hu ,
mi ∈ {0, 1},

(4f)
∀i = 1, ..., |M|,

(4g)

where mi is a binary variable indicating whether the ith user
of the set M is covered (1) or not (0), xD , yD are the possible
coordinates of the drone-BS, h = hD − hR , and σi is the SNR
for the user i. Then, Q and N represent the target SNR level
for the served user i and the capacity of the drone-BS in terms
of the maximum number of users that it can serve, respectively.
The upper and the lower limits of the available positions across
all three dimensions are indicated by the subscripts u and l,

correspondingly. While (4b) determines which users can be
served, (4c) captures the maximum number of the served users.
Apart from the antenna gains, transmit power, etc., the
maximum tolerable PL for the ith user, γ, corresponds to the
target SNR of the ith user, Q. Hence, using (3), (4b) becomes
mi La,i ≤ γ. Note that our approach is not limited to the
model in [18], and other channel models may be considered
as well. After further derivations, the QoS depicted in (4b)
can be represented in terms of distance between user i and
the drone-BS as
ri2 + h2 ≤ 10[2γ̃+PL (R,h)k2 ]/[PL (R,h)k3 +k4 ] ,
(5)
√
where ri =
(xi − xD )2 + (yi − yD )2 is 2D distance between user i and the drone-BS, γ̃ = γ − αN , k2 = αN − αL ,
k3 = 10(βL − βN ), k4 = 10βN , whereas R is the coverage
radius of the drone-BS. Note that any user with the horizontal
distance of less than R will be served, since its minimum
SNR requirements at the cell edge are satisfied on average.
Furthermore, introducing the variable ω = R/h and expressing
PL (R, h) in terms of ω, (4b) becomes
ri2 ≤ Γ(ω),

(6)

where Γ(ω) is the following
ωk1

+k4 )

,

(7)

where k1 = −λgB (hB − hR ), hB > hR .
Proposition 1. The function Γ(ω) has the maximum point ω ∗ ,
which is considered to be optimal.
Proof. To find the maximum point, we first need to establish
an extremum point of Γ(ω), by taking a derivative, equating
it to zero, and solving the following
k1 eωk1 (ω 3 + ω)(k2 k4 − k3 γ̃) ln(10)
+ (eωk1 k3 + k4 )2 = 0.

(8)

Note that the above always has a solution for βL < βN and
hB > hR . It could be solved numerically and offers the
extremum point, ω ∗ . By taking the second derivative of (8)
and obtaining the negative value at the extremum point ω ∗ ,
we establish that ω ∗ is also the maximum of Γ(ω).
As there is no closed form solution to find ω ∗ , it is important
to show the uniqueness of this point, which is formally proven
in Appendix.
The optimal value, Γ(ω ∗ ), can be inserted into (6). The
resulting optimization problem is then
∑
maximize
mi
(9a)
subject to
ri ≤

i∈M

√
Γ(ω ∗ ) + K(1 − mi ), ∀i = 1, ..., |M|,

(9b)

xl ≤ xD ≤ xu ,

(9c)

yl ≤ yD ≤ yu ,

(9d)

mi ∈ {0, 1},

mi ∈M

derived by using ω ∗ .
Moreover, the optimal height can also be produced directly
from (3) by taking a derivative of the average PL. Note that in
this case, the cell coverage R should be known beforehand. In
this paper, we propose an approach to numerically establish
the optimal height of Tx, h∗ , by solving the following
[
][
] C
− C αL − αN (h∗ − hR )2 + R2 e h∗ −hR
(
)
√
[
]
+ 10C βN − βL log10
(h∗ − hR )2 + R2
[
][
]3
C
10 βL − βN h∗ − hR
+
e h∗ −hR + 10βN = 0, (10)
ln(10)
where the auxiliary variable C = −λgB R(hD − hR ).
The above 3D placement problem can be solved by using
e.g., interior-point optimization method via MOSEK [23], both
efficiently and accurately. Indeed, the efficient 3D placement
algorithm in (9a) offers the same result as in (10) for the same
value of R derived with our 3D placement algorithm.
IV. N UMERICAL RESULTS AND DISCUSSION

ωk1

10(2γ̃+k2 e )/(k3 e
Γ(ω) =
1 + ω12

xD ,yD ,{mi }

∗
where K is a large enough value [9]. Once x∗D and yD
are
obtained, R can be calculated by identifying the user at the
drone-cell edge, i.e., max (ri |mi = 1). Then, h∗ can be

∀i = 1, ..., |M|,

(9e)

In this section, we illustrate representative numerical results
produced for different human densities λ, where the humans
are uniformly distributed within a 100x100 m2 area. The parameters for the considered scenario are collected in Table II.
Our target is to serve the maximum number of users from the
set of total number of humans |M| with a mmWave-drone-BS.
It should be noted that for every realization of the scenario the
coordinates of the users as well as the total number |M| are
known for the problem to solve. We set the maximum tolerable
path loss, γ, equal to 110 dB based on the following assumed
parameters: bandwidth is 1 GHz, Rx and Tx antenna gains are
5 dB and 10 dB, respectively, Tx power is 20 dBm, noise figure
is 6 dB, and target SNR is 3 dB. Also, 95% confidence interval
is calculated for the entire set of runs to demonstrate the
consistency of the proposed method. The following formula
is used for confidence interval calculations: x̄ ± Za/2 × √σ ,
(n)

where x̄ is the mean, Z is the confidence coefficient, a denotes
the confidence interval, while σ and n represent the standard
deviation and the sample size, respectively.
First, Fig. 2 demonstrates the behavior of the altitude of
the mmWave-drone-BS as the density of blockers increases.
TABLE II
BASELINE SYSTEM PARAMETERS
Parameter
Value
Height of Rx, hR
1.3 m
Height of a human blocker, hB
1.7 m
Diameter of a human blocker, gm
0.5 m
Frequency band
28 GHz
LoS path loss model parameters
αL = 61.4, βL = 2
nLoS path loss model parameters
αN = 72, βN = 2.92
Maximum number of users served by drone100
BS, N
Area of interest, S
100x100 m2

28

Altitude by 3D placement
Altitude by theoretical analysis

26
24

95% confidence interval

22

22.1
20
18
16

22
0.0295
0.02

0.04

0.03
0.06

0.0305
0.08

0.1

Mean number of served users

Optimal altitude, h* [m]

30

60

95% confidence interval

55

50

45

0.02

0.04

0.06

0.08

0.1
2

Density of human blockers, λ [blockers/m ]

2

Density of human blockers, λ [blockers/m ]

Fig. 4. Number of users served by mmWave-drone-BS vs. density of
blockers, λ.

We observe that the altitude becomes higher as the density
grows. The reason is that higher altitude makes the probability
of blockage lower but sacrifices the radius of the drone-BS
coverage in order to reduce the 3D distance, in order to satisfy
the minimum SNR. This confirms the importance of appropriate height selection. In addition, the plot shows a comparison
of the altitude by the 3D placement with that derived from
the theoretical result in (10). The analysis requires the cell
coverage obtained with the 3D placement in order to produce
the height of the BS. The results indicate a reasonable match
between the two. It should be noted that the proposed 3D
placement provides the coordinates of the drone-BS, not only
altitude but also the location in the horizontal plane, which
allows for efficient drone-cell deployment in order to serve
the maximum number of users.
In Fig. 3, the aforementioned relation between the mean
value of the mmWave-drone-BS cell coverage and the density
of blockers is displayed. It is observed that the cell radius,
R, decreases as the density grows. This could be explained
by the fact that the probability of blockage becomes larger,
thus yielding a higher altitude of the drone-BS and smaller

cell radius to reduce 3D distance in order to facilitate the
satisfaction of the minimum SNR requirements.
Further, we consider the number of served users as illustrated in Fig. 4. We learn that the average number of
users served by one drone-BS decreases as the density of
blockers grows. This could be explained by the fact that
the effective cell radius degrades as it was shown earlier.
Therefore, the density of blockers highly affects the optimal
height of the drone-BS, which then impacts the shrinking of
the cell coverage, and finally the reduced number of served
users. This implies the importance of considering all of the
variables as they have a major effect on the load of the BS as
well as its ability to satisfy the minimum QoS requirements.

Mean cell coverage radius, R [m]

Fig. 2. Comparison of the optimal altitude results from 3D placement with
theoretical analysis vs. density of blockers, λ.

80

75

78

74

76

0.035

74

95% confidence interval

0.04

0.045

72
70
68
0.02

0.04

0.06

0.08

0.1

Density of human blockers, λ [blockers/m2]
Fig. 3. Radius, R, (m) vs. density of blockers, λ, with error bar.

V. C ONCLUSION AND F UTURE W ORK
Drone-assisted cellular communication is currently attracting significant research attention from both academia and
industry by becoming a new frontier in 5G wireless networks
and beyond. While mmWave radio systems are expected to
deliver the required 100 Mbit/s of user experienced data rate,
there still remains a question of how to boost cell capacity
quickly and on-demand, which is highly relevant for spontaneous and temporary events, such as open-air festivals in rural
areas or marathons [4]. To ensure efficient support of these
emerging scenarios, we advocate for the use of mmWavedrone-BSs.
Despite a number of past papers on drone-BS placement, the
specifics of mmWave communication, including LoS blockage
by human bodies, has not been taken into consideration before.
In this paper, we study the effective deployment of a mmWavedrone-BS as well as derive the corresponding height and cell
radius. Further, we produce an analytical result for the optimal
height of Tx. We thus observe that the density of blockers has a
dramatic effect on the desired height, the coverage radius, and
the number of served users. Furthermore, an increase in the
density of blockers leads to a sharp drop in the total number of
users that could be served satisfactorily. Therefore, our future
work is to consider the effects related to multiple drone-BSs
and their needed densities in order to serve all of the users.

A PPENDIX
In order to demonstrate the uniqueness of the maximum
point ω ∗ , we prove that the Γ(ω) function is quasiconcave by
following the definition [24]
(
)
Γ λC x + [1 − λC ]y ≥ min{Γ(x), Γ(y)},
(11)
where λC ∈ [0, 1], x, y ∈ SC , and SC → R.
Assume that x < y, then (11) could be written as
(
)
2γ̃+k2 exp k1 (λC x+[1−λC ]y)
(
)
2γ̃+k2 exp(zk1 )
10 k3 exp k1 (λC x+[1−λC ]y) +k4
10 k3 exp(zk1 )+k4
≥
,
1
1 + (λC x+(1−λ
1 + z12
2
C )y)

(12)

where z is equal to x or y depending on the minimum value
of Γ.
It is easy to see that by transferring the right part to the left
side of (12) and reducing to a common denominator, the last
one is always greater than 0. Therefore, to make the overall
expression be greater than 0, one should prove the positive
sign of the numerator.
(
)
2γ̃+k2 exp k1 (λC x+[1−λC ]y)
(
)
Let A =
and B =
k3 exp k1 (λC x+[1−λC ]y) +k4

2γ̃+k2 exp(zk1 )
k3 exp(zk1 )+k4 ,

then the numerator of (12) becomes
)
(
(
1)
1
A
B
10 1 + 2 − 10 1 + (
)2 ≥ 0.
z
λC x + [1 − λC ]y
(13)

Note that Γ(ω) for ω ∈ (0, ω ∗ ) is increasing; therefore, (12)
is always true.
After further derivations, it could be shown that A ≥
B for z = y. The calculations are omitted here due to
a large number of simple algebraic transformations. When
min{Γ(x), Γ(y)} = Γ(y), z = y, (13) takes the form of
10A +

10A
10B
− 10B − (
)2 ≥ 0.
2
y
λC x + [1 − λC ]y

(14)

( A
Finally, it is easy to see that (10A − 10B ) ≥ 0 and 10
y2 −
)
10B
A
B
(λC x+[1−λC ]y)2 ≤ (10 −10 ) in (14). Therefore, (12) holds
for z = y as well.
Therefore, ω ∗ is a maximum point of Γ, [24].
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