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Abstract—In this paper, we consider a heterogeneous network
composed of a full-duplex macrocell and a half-duplex femtocell.
The macro-base station (BS) is equipped with L antennas where
each antenna can be utilized either for downlink transmission or
uplink reception. On the other hand, the femto-BS is equipped
with M antennas that are used for downlink transmission.
We assume that each user equipment has N antennas where
L > M ≥ N . We investigate the benefit of using interference
alignment for cross-tier and full-duplex interference management
and present precoding schemes that are capable of achieving the
total degrees of freedom of the network. We show that full-duplex
operation of the macro-BS improves the degrees of freedom (DoF)
of the system when M < 2N , otherwise half-duplex operation is
optimal. Furthermore, the DoF of the system can be improved
by 50% via full-duplex macro-BS operation when M = N .
Index Terms—Interference alignment, degrees of freedom,
separate-antenna full-duplex transceivers, heterogeneous networks, cross-tier interference mitigation.

I. I NTRODUCTION
In-band full-duplex (IBFD) transmission brings many advantages to cellular communication systems. It can increase
the number of interference-free data streams transmitted in
the network and reduce the delay in the feedback of control
information, channel state information and acknowledgment
messages [1]. However, IBFD transmission poses several challenges from the implementation, physical layer, and medium
access control layer perspectives [2]. For example, simultaneous in-band transmission and reception from a single node
causes the transmitted signals to loop back to the receiver
causing self-interference [3]. In addition, IBFD transmission
increases the inter-user interference due to increasing the number of simultaneous transmissions from the network nodes.
In order to utilize IBFD transceivers in cellular systems,
self-interference suppression by more than 106 dB is required [4]. Full-duplex transceivers employ either shared or
separate antennas for simultaneous IBFD transmission and
reception. Separate-antenna IBFD transceivers are more likely
to be implemented in cellular systems as they divide the
available antennas into two groups; one for transmission and
the other for reception. Hence, propagation-domain isolation
techniques can be utilized to reduce self-interference by using
a combination of cross-polarization, and antenna directionality.
This work is funded by a discovery grant from the Natural Sciences and
Engineering Research Council (NSERC) of Canada.

The total degrees of freedom (DoF) criterion provides
a measure of the interference management capability of a
network. In most cases, the total DoF is equal to the number of
interference-free streams that can be transmitted in the network
[5], [6]. Characterizing the DoF of wireless networks with
IBFD transceivers has recently received considerable attention,
e.g., [7], [8]. The advantages of using separate-antenna IBFD
transceivers in cellular networks were investigated in [9],
[10]. A single-cell system with multiple mobile nodes was
considered in [9] where the base station (BS) is equipped with
a separate-antenna full-duplex MIMO transceiver with MU receive antennas and MD transmit antennas. In this work, it was
shown that the achievable DoF using interference alignment
for the full-duplex system is greater than that achieved for a
half-duplex system employing max{MU , MD } antennas at the
BS. The same system was studied in [10] and the DoF was
characterized both when the users are half-duplex and fullduplex. However, only a single cell was studied in [7]–[10]
and the inter-cell interference was not considered.
Femtocells are low-power access points that are installed
by the users to create a small wireless coverage area and
connect the user equipment (UE) to the cellular core network.
Interference management in heterogeneous networks has been
studied extensively in the literature, e.g., see [11] and the
references therein. Since femto-BSs are deployed and used
privately, unauthorized users can only connect to the macroBS even if there exists a femto-BS in their vicinity. As a
result, severe cross-tier interference might arise if the femtoBS user and the macro-BS user utilize the same frequency
band concurrently. Interference alignment was proposed for
heterogeneous networks in [12], however, only half-duplex
nodes were considered.
In this paper, we consider a heterogeneous network composed of a full-duplex separate-antenna macro-BS and a halfduplex femto-BS that operate in the same frequency band.
We assume that the femto-BS utilizes orthogonal resources
for transmitting to its users, e.g., using orthogonal frequency
division multiple access. On the other hand, the full-duplex
macro-BS utilizes the same resource block to transmit to
one of its attached downlink users and receive from another
user in the uplink. We focus on managing the full-duplex
and cross-tier interference to enable the coexistence between
the full-duplex macrocell and the femtocell. We assume that
the macro-BS is equipped with a separate-antenna full-duplex

II. S YSTEM M ODEL AND M AIN R ESULTS

Fig. 1. Heterogeneous network with full-duplex macro-BS, half-duplex femtoBS, and half-duplex UEs. Solid rays represent desired signal transmission
while dashed ones represent interference.

transceiver where LT antennas are used by the macro-BS for
downlink transmission while LR antennas are used for uplink
reception and LT +LR ≤ L. We also assume that the femto-BS
is equipped with M antennas and that each UE is equipped
with N antennas where L > M ≥ N . To the best of our
knowledge, this is the first paper that investigates the DoF
of a heterogenous network in which a separate-antenna IBFD
transceiver is employed.
We derive several upper bounds on the number of
interference-free streams that can be transmitted in the system
by using cooperation and message elimination techniques.
The derived upper bounds depend on the values of LT , LR ,
M , and N . The optimal antenna allocation, {LT , LR }, at
the macro-BS can be found by maximizing the total DoF
of the system subject to the derived upper bounds on the
number of transmitted interference-free streams. Although this
problem is non-convex, we provide an analytical upper bound
on the total DoF in terms of L, M , and N only. We utilize
interference alignment and zero-forcing beamforming to prove
the achievability of the derived upper bound on the total DoF.
Based on the ratios M/N and L/N , we propose four different
achievability schemes that can attain the upper bound for all
values of L > M ≥ N . We compare the full-duplex system
with a half-duplex system in which all the available L antennas
at the macro-BS are used only for downlink transmission.
We show that full-duplex macro-BS operation can provide
DoF gain over half-duplex operation when the number of
antennas at the femto-BS is limited, i.e., when M < 2N .
Hence, full-duplex operation of the macro-BS can be utilized
to compensate for the small number of antennas at the femtoBS and increase the number of interference-free streams that
can be transmitted in the network.
The remainder of this paper is organized as follows. In
Section II, we introduce the system model and the main
result of the paper, i.e., the characterization of the DoF of the
system. The converse and achievability results are presented,
respectively, in Section III and Section IV. Finally, the paper
is concluded in Section V.

We consider a heterogeneous network composed of a fullduplex macrocell and a half-duplex femtocell operating in
the same frequency band as shown in Fig. 1. Similar to the
work in [7]–[10], we assume that the self-interference between
the transmitting and receiving antennas of the macro-BS is
perfectly cancelled. We consider a single time-frequency slot
that is used by the macro-BS to transmit the downlink signal
to user U1 and receive the uplink signal from user U3 . The
femtocell uses the same time-frequency slot to transmit its
downlink signal to user U2 . Let L denote the total number
of antennas at the separate-antenna full-duplex macro-BS.
We assume that LT antennas are used for the macrocell
downlink transmission to user U1 while LR antennas are used
for uplink reception from user U3 . The antenna allocation,
{LT , LR }, at the macro-BS can be chosen arbitrarily such
that LT + LR ≤ L. On the other hand, the femto-BS transmits
its downlink signal to its associated user U2 using M transmit
antennas. Let N denote the number of antennas at each UE.
We assume that L > M ≥ N . Due to the limited transmission
power of the femto-BS, the femto-BS transmitter does not
cause interference at the macro-BS receiver. We assume that
the channel between any two nodes is block fading and
constant during one time slot and that the channel coefficients
are independent, identically distributed and drawn from a
continuous distribution. As a result, the channel matrices are
independent and full rank almost surely.
Fig. 2 shows the equivalent model for the system under
consideration where the transmit and receive sections of the
macro-BS have been separated. The resulting system model
in Fig. 2 is a partly-connected 3-user MIMO interference
channel with feedback. Although the DoF of the 3-user MIMO
interference channel has been extensively investigated in the
literature, e.g., [6], [13], the DoF of the equivalent system
model in Fig. 2 cannot be obtained from any of the readily
available results in the literature. In fact, the DoF of the
general 3-user MIMO interference channel in which each
node is equipped with an arbitrary number of antennas is
unknown [13]. In addition, the presence of feedback and
partial connectivity in Fig. 2 differentiates the system from
the classical 3-user interference channel. The problem is even
more complicated due to the variable configuration of the
antennas at the macro-BS where LT and LR can be chosen
to maximize the total DoF.
Let V denote the set containing the nodes in the system, i.e., V = {BT , BR , F, U1 , U2 , U3 } where BT and
BR respectively denote the transmitter and receiver of the
macro-BS while F denotes the femto-BS. Let WQ,P denote
the message from node P to node Q where (Q, P ) ∈
{(U1 , BT ), (U2 , F ), (BR , U3 )} where the messages are mutually independent. Let HQ,P denote the matrix containing
the coefficients of the channel from the transmitter at node
P to the receiver at node Q where P, Q ∈ V and P ̸= Q.
Let the vector xP (n) denote the vector transmitted from node
P ∈ {BT , F, U3 } at the nth time slot. The received signals

Fig. 3. Relative DoF gain (in percentage) over the half-duplex system for
different L > M ≥ N .

Fig. 2. Equivalent model for the two-cell system in Fig. 1.

at the macro-BS and the ith user, where i = 1, 2, are given
respectively by
yBR (n) = HBR ,U3 xU3 (n) + zBR (n)
∑
yUi (n) =
HUi ,V xV (n) + zUi (n)

(1)
(2)

V =BT ,F,U3

where zP (n) is the additive noise vector received at node P
in the nth time slot whose elements are independent and
identically distributed circularly symmetric Gaussian random
variables with zero-mean and unit-variance.
Let yBnR denote the sequence containing the received signal
vectors at the macro-BS from time slot 1 up to time slot n.
Since the macro-BS is full-duplex, the encoder function, EBT ,
and the decoder function, DBR of the macro-BS are given
respectively by
(
)
xBT (n) = EBT WU1 ,BT , yBn−1
(3)
R
(
)
D
ŴBR ,U3 = DBR WU1 ,BT , yBR
(4)
where D is the length of the transmission block. On the
other hand, since the femto-BS and UEs are half-duplex, the
encoders (decoders) at these nodes utilize only the desired
message (received signals) for encoding (decoding).
In this paper, we characterize the total DoF of the system
shown in Fig. 1 which is defined as
C(SNR, LT , LR )
SNR→∞
LT ,LR
log(SNR)
subject to LT + LR ≤ L

dΣ = max

lim

(5)

where C(SNR, LT , LR ) is the total capacity of the network
as a function of the SNR for a given antenna allocation
{LT , LR } at the macro-BS [6]. The DoF represents the total
number of interference-free streams that can be transmitted
from the sources to the destinations. Let us denote the number
of streams transmitted from the macro-BS, U3 , and femto-BS
by df , dr , and dp , respectively. As a result, the total DoF of
the system is given by dΣ = df + dr + dp . The following
theorem presents the main result of the paper.

Theorem 1. The total DoF of the two-cell heterogeneous
network shown in Fig. 1, with separate-antenna full-duplex
transceiver at the macro-BS, is given by
{
{
}}
M
3N
dΣ = max
, min 2N, L,
+N
(6)
2
2
where L, M , and N are the total number of antennas at the
macro-BS, the femto-BS, and each UE, respectively, and L >
M ≥ N.
Proof. The converse and achievability proofs for Theorem 1
are provided in Section III and Section IV, respectively.
Let us compare the DoF achieved by the system when the
macro-BS is full-duplex with that achieved when the macroBS is half-duplex. For the sake of fairness, we assume that the
half-duplex macro-BS is equipped with the same total number
of antennas as the full-duplex macro-BS. When all the macroBS antennas are assigned to the downlink1 , the system in Fig. 2
reduces to a two-user MIMO interference channel where BT
transmits to U1 and F transmits to U2 . In this case, the total
where
DoF of the system is given by d(HD)
Σ
d(HD)
= dp + df = min {M, 2N } ,
Σ

(7)

and is achievable via linear zero-forcing beamforming [5].
The relative DoF gain due to employing full-duplex
transceivers at the macro-BS can be defined as η =
(HD)
(dΣ − d(HD)
Σ )/dΣ . Fig. 3 shows the DoF gain for different
values of L/N and M/N . We can see that the full-duplex
macro-BS transceiver provides gain over the half-duplex one
only when M < 2N . In this case, having L > M antennas
allows the uplink and downlink of the macrocell to operate
simultaneously while managing the resulting interference efficiently. The maximum relative gain occurs when M = N and
is equal to 50%.
1 When the antennas of the half-duplex macro-BS are allocated to the uplink,
the interference between the transmitting UE and the receiving one limits the
DoF of the system as it reduces to a two-user MIMO Z channel with total
DoF given by dr + dp = N [14], which is lower than the DoF in (7).

III. C ONVERSE P ROOF OF T HEOREM 1
In this section, we provide the converse proof of Theorem 1. We start by deriving upper bounds on the number of
interference-free streams that can be transmitted in the system.
We assume that the antenna allocation at the macro-BS is
given, i.e., the macro-BS uses LT antennas for transmission
and LR antennas for reception where LT +LR ≤ L. The upper
bound on the DoF of the system can be found by selecting
the optimal antenna allocation {LT , LR } that maximizes the
total DoF of the system subject to the derived bounds on the
number of transmitted interference-free streams.
First, let us remove the interference links from U3 on the
receiving UEs. This operation cannot decrease the total DoF of
the system. The resulting system is composed of two isolated
subsystems; a point-to-point link from U3 to BR , and a twouser MIMO interference channel containing the downlinks of
the two cells. We can also remove the feedback of the message
WU1 ,BT at the macro-BS receiver and the output feedback
yBn−1
at the macro-BS transmitter since the two subsystems
R
are isolated. As a result, we obtain the following bounds on
the DoF of the two subsystems [5]
dr ≤ LR
df + dp ≤ min {2N, M, max {LT , N }} .

(8)
(9)

The third bound on the total DoF of the system can be
obtained by eliminating the message WU2 ,F and allowing full
cooperation between the transmitters of the femto-BS and the
macro-BS (forming the node T1 ) and full cooperation between
the node U2 and the macro-BS receiver (forming the node
T2 ). The resulting system is shown in Fig. 4. Note that the
interference on node U2 from BT can be removed as U2
has access now to the message transmitted from BT due to
its cooperation with BR . All the operations described so far
cannot reduce the total DoF of the system and therefore do not
contradict our upper bound argument [15], [14]. The resulting
system in Fig. 4 is a two-user Z-channel with causal output
feedback at node T1 and prior knowledge of message WU1 ,BT
at terminal T2 . The DoF of the Z-channel was characterized
in [14] where a converse proof was provided that follows
the footsteps of the converse proof in [5]. The authors of
in [14] started by proving that the sum capacity of the Zchannel is bounded from above by that of the multiple access
channel composed of the two transmitters U3 and T1 and the
receiver U1 in which the additive noise at U1 has reduced
power compared to the noise at U1 in the original Z-channel.
The proof relies on the ability of the receiver U1 to decode
its intended messages and utilizing the reduction of the noise
power at receiver U1 to enable it to decode the message
intended for T2 . As a result, the DoF of the Z-channel is upper
bounded by that of the multiple access channel. The same steps
of the converse proof in [14] can be repeated in the presence
of the message feedback WU1 ,BT at terminal T2 . Hence, it
can be shown that the DoF of the system in Fig. 4 cannot

Fig. 4. Resulting system after message reduction and cooperation.

be improved beyond that in [14] in spite of the additional
feedback. As a result, we obtain the following upper bound
df + dr ≤ N

(10)

Similarly, we can eliminate the message WU1 ,BT and allow
full cooperation between the transmitters of the femto-BS and
the macro-BS and full cooperation between the node U1 and
the macro-BS receiver. The resulting system is a two-user
MIMO interference channel whose DoF can be used to bound
the DoF of the original system in Fig. 1 by
dp + dr ≤ N.

(11)

The bounds presented in (8) and (9) depend on the number
of transmitting and receiving antennas at the macro-BS. In
order to obtain the optimum antenna allocation and the upper
bound on the DoF of the system, we maximize the total DoF
of the system for a given number of available antennas at
the macro-BS under the constraints in (8)–(11). The resulting
optimization problem can be written as
max

df ,dr ,dp ,LT

df + dr + dp

subject to df + dp ≤ min {2N, M, max{LT , N }}
dr ≤ L − LT
df + dr ≤ N
dp + dr ≤ N
0 ≤ LT ≤ L.

(12)

Note that we have substituted for LR by L − LT as the
additional antennas at the macro-BS receiver will not hurt.
The optimization problem in (12) is non-convex due to the
max{·} function in the R.H.S. of the first constraint. Note
that we have not added an integer constraint on LT in (12),
i.e., we allow fractional values for the number of transmit and
receive antennas at the macro-BS. This does not contradict our
upper bound argument. Nevertheless, in Section IV we show
that we can achieve the DoF obtained from solving (12) by
using integer values of LT and LR .

In order to solve (12), we divide the non-convex feasible set
into two convex subsets and maximize the objective function
over each subset. The optimum solution of (12) is obtained by
selecting the solution that yields the maximum value of the
objective function among the two subproblems. In particular,
we divide the feasible set of (12) by using the hyperplane
LT = N into two polyhedrons, and solve the resulting linear
program for each subproblem. It can be shown that2
{
3N
2
{
} if LT ≤ N (13)
df +dr +dp =
+
N
if LT ≥ N
min 2N, L, M
2
Hence, the total DoF is bounded by,
{
{
}}
3N
M
dΣ ≤ max
, min 2N, L,
+N
,
2
2

(14)

which proves the converse of Theorem 1.
Fig. 5. Total DoF versus L/N and M/N where L > M ≥ N .

IV. ACHIEVABILITY P ROOF FOR T HEOREM 1
In this section, we present the optimal antenna allocation
at the macro-BS and the precoders and decoders employed at
different nodes that can achieve the upper bound on the total
DoF of the heterogenous network in Fig. 1. The proposed
achievable schemes employ linear precoding (and decoding)
at the transmitting (and receiving) nodes. Let VBT ∈ CLT ×df ,
VF ∈ CM ×dp , and VU3 ∈ CN ×dr denote the precoding
matrices at BT , F , and U3 , respectively. The transmitted signal
vector from node P is given by
xP (n) = VP sP (n)

(15)

where sP (n) is the vector containing the encoded streams of
the message transmitted from node P at the nth time slot and
P ∈ {BT , F, U3 }. Also, let TBR ∈ CLR ×dr , TU2 ∈ CN ×dp ,
and TU1 ∈ CN ×df denote the decoding matrices at BR , U2 ,
and U1 , respectively. The received signal vector at node Q is
linearly processed by the decoding matrix TQ to produce an
estimate of the encoded streams, i.e.,
ŝP (n) = TQT yQ (n)

(16)

where (·)T denotes the matrix transpose operator and (Q, P ) ∈
{(U1 , BT ), (U2 , F ), (BR , U3 )}.
We divide each precoding matrix into several sub-precoders.
The interference caused by each sub-precoder can be aligned
with the interference from another node at one or more
non-targeted receivers, directed towards the nullspace of the
channel to a non-targeted receiver, or left uncontrolled. The
proposed achievable schemes depend on the ratios between
the number of available antennas at the BSs and the number
of antennas at each UE, i.e., L/N and M/N . Based on these
two ratios, we present four achievable schemes that cover the
region L/N > M/N ≥ 1. Fig. 5 shows the four regions and
the achieved DoF in each region.
2 We

will omit the details of the derivation of (13) due to space limitations.

A. Region 1: L ≤

3N
2

In this region, the upper bound on the total DoF of the
network in (14) is given by dΣ ≤ 3N
2 . We now proceed to
prove that this DoF is achievable. Note that the DoF of the
half-duplex system in this region is given by M . In order to
achieve the optimal DoF, the antenna allocation at the macroBS is selected as LR = LT = ⌈ N2 ⌉ where ⌈x⌉ denotes the
smallest integer greater than or equal to x. Note that L−2⌈ N2 ⌉
antennas are turned off at the macro-BS, i.e., when N is even
only L = N antennas are utilized at the macro-BS while when
N is odd only L = N + 1 antennas are used. The number of
non-interfering streams that can be transmitted in the network
in this case is given by df = dr = dp = N2 , and hence, the
total DoF of the system is equal to dΣ = 3N
2 . The dimensions
of the precoders VBT , VF , and VU3 are given by ⌈ N2 ⌉ × N2 ,
M × N2 , and N × N2 , respectively. These precoders are designed
such that the interference signals from BT and U3 are aligned
at U2 and the interference signals from F and U3 are aligned
at U1 . These two conditions can be written respectively as
HU2 ,U3 VU3 = HU2 ,BT VBT

(17)

HU1 ,U3 VU3 = HU1 ,F VF .

(18)

Combining (17) and (18), we can write
]
[
][ V
BT
−1
−1
HU2 ,U3 HU2 ,BT , −HU1 ,U3 HU1 ,F
= 0N × N
2
VF
(19)
where 0p×q denotes the p × q matrix whose entries are
zeros. Since the channel matrices are independent and
full
the N
[ −1rank almost surely,
] × (LT + M ) matrix
HU2 ,U3 HU2 ,BT , −HU−1
H
is also full rank almost
U
,F
1
,U
1
3
surely [6], and the dimension of its null space is given by
M +LT −N which is greater than or equal to N2 . Hence, VBT
and VF can be obtained from (19) and VU3 can be obtained
from (17).

Using the precoding matrices VBT , VF , and VU3 , the
received signals at BR , U1 , and U2 are given respectively by

[
]
−1
HU−1
H
,
−H
H
U2 ,BT
U1 ,F is 2M − N which is alU1 ,U3
2 ,U3

ways greater than N − M
2 since M ≥ N .
The
received
signals
at
BR , U1 , and U2 are also given by
yBR(n) = HBR,U3 VU3 sU3(n)
(20)
(
)
(20)–(22). At the receiver of the macro-BS, the desired signal
yU1(n) = HU1,BT VBT sBT(n)+HU1,U3 VU3 sU3(n)+sF (n) (21) is received without any interference. Recall that the number of
(
)
yU2(n) = HU2,F VF sF (n)+HU2,U3 VU3 sU3(n)+sBT(n)
(22) independent streams transmitted in the uplink of the macrocell
is given by dr = N − M
2 and that the macro-BS receiver is
where we have omitted the received noise as the DoF analysis
equipped by LR = L−M antennas. The desired signal can be
of the system is performed as the SNR goes to infinity. Since
extracted at the macrocell receiver if dr ≤ LR which is true
the received signal at the macro-BS does not contain any
since L ≥ M
2 + N . On the other hand, at the receiving UEs
interference, BR can extract sU3 (n) as LR = ⌈ N2 ⌉. Due to our
the dimension of the desired signal is given by M
2 while the
choice of the precoders, the interference is completely aligned
M
dimension
of
the
interference
subspace
is
N
−
2 . Therefore,
at U1 and U2 and occupies a subspace of dimension N2 at
zero-forcing beamforming can be used to extract the desired
each receiver. Since U1 and U2 are equipped with N antennas
signal. For example, the decoding matrix at U2 is given by
each, the desired signal at each node can be extracted by zero(
)−1
forcing. This completes our achievability proof for this region.
TU2 = NU2 ,U3 VFT HUT2 ,F NU2 ,U3
(29)
B. Region 2: L ≥

M
2

+ N, M < 2N

In this region, the total DoF of the system is bounded
by dΣ ≤ M
2 + N . In order to achieve this upper bound,
we divide the available antennas at the macro-BS such that
LT = M and LR = L − M . Note that this antenna allocation
creates symmetry between the downlinks of the macrocell and
femtocell. The precoder matrix at the each BS transmitter is
divided into two parts, i.e.,
[
]
VBT = VB(1)T , VB(2)T
(23)
[
]
VF = VF(1) , VF(2)
(24)
M ×N − M
2

M ×M −N

∈C
.
∈C
and
where
On the other hand, the precoder at U3 is given by VU3 ∈
M
CN ×N − 2 . The first part of the precoding matrix at each
BS is designed to align the interference caused at its nonintended UE with the transmission of VU3 while the second
part transmits in the nullspace of the channel to the nonintended UE. These conditions can be written as
VB(1)T , VF(1)

VB(2)T , VF(2)

VU3 = HU−1
HU2 ,BT VB(1)T
2 ,U3
VU3 =
VB(2)T
VF(2)

HU−1
HU1 ,F VF(1)
1 ,U3

(25)
(26)

∈ N {HU2 ,BT }

(27)

∈ N {HU1 ,F }

(28)

where N {·} denotes the nullspace of a matrix. Note that the
dimension of the nullspaces of each of HU2 ,BT and HU1 ,F
is M − N , and hence, the nullspace of the channel to the
non-intended UE is fully utilized by the transmit precoder of
each BS. On the other hand, the dimension of the interference
alignment subspace at each receiving UE is given by N − M
2 .
M
M
Therefore, dp = df = N − M
2 +M −N = 2 and dr = N − 2 .
The above interference alignment conditions for the subprecoders VB(1)T , VF(1) and the precoder matrix VU3 are identical to those for the precoders utilized in Section IV-A.
Hence, these matrices can be designed using the same procedure in Section IV-A. This design is always feasible in
this region as the dimension of the nullspace of the matrix

where the N × M
2 matrix NU2 ,U3 spans the nullspace of the
matrix VUT3 HUT2 ,U3 whose dimension is (N − M
2 ) × N , i.e.,
NUT2 ,U3 HU2 ,U3 VU3 = 0 M ×N − M . Hence, in the absence of
2
2
noise, the output of the decoding matrix at U2 is given by
ŝF (n) = TUT2 yU2 = sF (n).

(30)

Similarly, we can find the decoding matrix TU1 for the
macrocell UE. This proves the achievability of dp = df = M
2
and dr = N − M
2 DoF, and hence, the total achievable DoF is
given by dΣ = M
2 + N which coincides with the upper bound
on the DoF in this region.
C. Region 3: L ≤

M
2

+ N, M < 2N

In this region, the total DoF of the system is smaller
than or equal to L. The proposed achievable scheme in this
region utilizes the same antenna allocation for the macro-BS
as that in Section IV-B, i.e., LT = M and LR = L − M .
However, we use a modified version of the achievable scheme
in Section IV-B where the precoders at the transmitting BSs
are divided into three parts instead of two, i.e.,
]
[
(31)
VBT = VB(1)T , VB(2)T , VB(3)T
[
]
VF = VF(1) , VF(2) , VF(3) ,
(32)
while the node U3 utilizes the precoder VU3 ∈ CN ×L−M .
The sub-precoders VB(3)T and VF(3) are selected randomly and
the dimension of each matrix is given by M × N − L + M
2
where N − L + M
2 ≥ 0 in this region. On the other hand,
the remaining sub-precoders are designed following the same
procedure as that in Section IV-B, i.e., using (25)–(28). The
dimensions of the sub-precoders VB(2)T and VF(2) are also given
by M × M − N as they are designed to transmit in the nullspace of the channel to the non-intended UE. However, the
dimensions of the matrices VB(1)T and VF(1) are selected as
M × L − M as they are designed to align their interference
with the interference caused by U3 . Note that this design
is
[ feasible as the dimension of the
] nullspace of the matrix
−1
HU−1
H
,
−H
H
U2 ,BT
U1 ,F is 2M − N which is alU1 ,U3
2 ,U3
ways greater than L − M in this region.

Using this design for the precoders, the number of transmitted streams in the network is given by dp = df = M
2
and dr = L − M . At the receiver of the macro-BS, the
desired signal is received without any interference. Since the
number of transmitted streams in the uplink of the macro
cell is equal to the number of antennas at the receiver of the
macro-BS, i.e., LR = dr , the macrocell can extract its desired
streams. On the other hand, the decoders at each receiving UE
are designed such that the interference is cancelled via zeroforcing. Note that the proposed scheme divides the available
N -dimensional subspace at each receiving UE into three parts;
the desired signal subspace which has a dimension equal to M
2 ,
the interference alignment subspace (where the interference
from the downlink of the interfering BS is aligned with
the interference from the uplink of the macro-BS) whose
dimension is L − M , and the interference subspace where
only interference from the interfering BS is received with a
dimension N − L + M
2 . In order to extract the desired signal
at U2 , the decoding matrix TU2 is designed according to (29)
where NU2 ,U3 is given by
]}
{[
VUT3 HUT2 ,U3
T
(33)
NU2 ,U3 = N
VB(3)T HUT2 ,BT
where the dimension of the matrix inside the nullspace operator in the R.H.S. of (33) is N − M
2 × N , and hence,
its nullspace has a dimension of M
which
is the required
2
dimension for extracting the df streams transmitted in the
downlink of the femtocell. Similarly, we can find the decoding
matrix TU1 for the macrocell UE. This proves the achievability
of dp = df = M
2 and dr = L − M DoF, and hence, the total
number of achievable DoF is given by dΣ = L which coincides
with the upper bound on the DoF in this region.
D. Region 4: M ≥ 2N
In this region, the DoF of the full-duplex and that of the
half-duplex systems are equal to 2N . Therefore, full-duplex
operation of the macro-BS does not yield any gain in the DoF
regardless of the number of antennas at the macro-BS. In fact,
half-duplex transmission is optimal in this case where LT =
2N , LR = 0, df = dp = N and dr = 0 achieves the upper
bound on the DoF of the full-duplex system. The achievable
scheme in this case is identical to that in [5] where zeroforcing transmit beamforming is utilized at the femto-BS and
macro-BS to steer the transmission in the null space of the
channel to the non-intended UE. Note that in this case, the
DoF of the system is limited by the number of the antennas at
the UEs where all the available N dimensions at U1 and U2
are utilized for desired signal reception. Since the number of
antennas at U3 is also given by N , the transmission of U3 will
cause non-avoidable interference at the receiving UEs and will
not increase the total DoF of the system beyond that achieved
by half-duplex transmission of the macro-BS.
V. C ONCLUSION
We have characterized the DoF gain that can be achieved by
using a separate-antenna full-duplex macro-BS in a two-cell

heterogeneous network. In particular, we have considered a
macro-BS equipped with L antennas where each antenna can
be urilized either for downlink transmission or uplink reception and a femto-BS equipped with M antennas that are used
for downlink transmission. We have
}}
{ shown{ that theMtotal DoF
of this network is given by max 3N
2 , min 2N, L, 2 + N
where N is the number of antennas at each UE and L >
M ≥ N . We have proved the converse of this result using
cooperation and message elimination techniques. In addition,
we have presented precoding schemes that utilize interference
alignment to achieve the total DoF of the system. On the
other hand, if all the antennas at the macro-BS were used
for downlink transmission, the resulting DoF is given by
min{M, 2N }. As a result, full-duplex macrocell operation can
provide DoF gain over half-duplex operation when the number
of antennas at the femto-BS is limited, i.e., when M < 2N .
The DoF gain reaches 50% when M/N = 1.
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