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Abstract—Utilizing multiple antennas at the transmitter and
receiver provides higher data rates and better reliability by
exploiting spatial diversity. Space-time block codes (STBCs) is
a simple approach for using multiple transmit and receive
antennas that has been widely employed in standards. The STBCs
introduced in the literature use independent two-dimensional
constellations, while the performance of orthogonal STBCs may
be improved with multidimensional constellations. These con-
stellations are transmitted by combining multiple space-time
resources to form a multidimensional signal space. In this paper,
we propose a method for finding optimized multidimensional
constellations for orthogonal STBCs. Optimization is performed
by minimizing a novel bound on the block or symbol error rate.
We show that a substantial improvement in the error probability
can be achieved with these novel constellations.

I. INTRODUCTION

In future wireless communication systems, higher quality,
capacity and reliability are among the essential demands.
Multiple-input multiple-output (MIMO) techniques, based on
multiantenna multiplexing and diversity, can be used to provide
high data rates and better reliability. In 1998, Tarokh et al.
introduced space-time codes [1] and subsequently space-time
block codes (STBC) [2] as methods for the efficient use of the
available space-time resources in multiantenna communication
systems. Orthogonal space-time block codes (OSTBCs), as one
of the main types of space-time codes, are used to provide full
diversity with a linear complexity decoder [2], [3]. Because of
their low complexity in encoding and decoding, OSTBCs have
been used widely in standards [4]. In the last decade, there
have been extensive studies on designing improved space-time
codes, and some STBCs with higher performance and higher
complexity, such as quasi-orthogonal space-time block codes
(QOSTBCs) [5] and rotation based codes [6]-[10], have been
introduced.

While different categories of space-time codes are well-
studied, there are only a few papers on designing signal
constellations for use with space-time codes in the literature.
Indeed, due to their simple encoding and decoding, most
STBCs employ the traditional regular lattice based two dimen-
sional (2D) constellations such as rectangular or hexagonal
QAM [9]. However, there might be other constellations that
provide better performance. One of these is multidimensional
constellations.

Multidimensional constellations are signal constellations in
which points are mapped to more than two dimensions to
allow for increased separation between points in comparison

to the widely used 2D constellations [11]. They can be used
by projecting the multidimensional constellations onto a set of
orthogonal 2D signal spaces, with each projection transmitted
independently. For example, a 4D symbol can be transmitted
using two 2D symbols. Typically, an OSTBC block carries
K symbols, with independent information content carried in
each symbol. If we employ multidimensional constellations,
each 2D component of a 2K-dimensional constellation can be
carried by one of the K different symbols of the OSTBC.

To achieve better performance with multidimensional con-
stellations, it is necessary to carefully optimize the placement
of symbol points in the constellation by using knowledge about
the distribution of the fading channel. In this paper we present
a novel method for this optimization based on minimizing a
bound on the error probability. The output of the optimization
problem can in general be an irregular constellation. Irregular
constellations, as shown in [12] in the context of constella-
tion rearrangement for cooperative relaying, are capable of
improving performance in comparison to regular or isometric
constellations.

The main contribution of this paper is to present good
multidimensional constellations for OSTBC that outperform
OSTBC with regular constellations. This technique is intended
to operate with systems that provide transmit diversity when
there is no channel state information at the transmitter and
the number of transmit antennas exceeds the number of
receive antennas. We provide an appropriate bound, related
to the fading distribution, on the performance of OSTBCs in
the most general case of arbitrary irregular multidimensional
constellations. We use this bound to design optimized irregular
multidimensional constellations for OSTBCs. Regular multidi-
mensional constellations and all 2D constellations (including
the labeling aspect) are special cases of this design. When used
in OSTBCs, the resulting constellations provide significantly
better performance. Simulation results confirm that, to the best
of our knowledge, the system performance is better than any of
the previously published techniques for the intended operating
environment described above with one receive antennas, at low
to moderate spectral efficiencies.

The rest of the paper is organized as follows: The system
model is described in Section II, the union bound on the
probability of error is derived in Section III, the optimization
criterion is provided in Section IV, simulation results are
reported in Section V, and the conclusions are presented in
Section VI.



II. SYSTEM MODEL

The system consists of multiple transmit antennas that
use STBCs. The data is divided into groups of d bits and
accordingly mapped to symbols of different 2D constellations
which are projections of a 2K-dimensional constellation with
a modulation order of 2d. The system is equipped with Nt
and Nr antennas at the transmitter and receiver, respectively,
and each code block consists of L time slots. Each symbol is
transmitted through a slow flat fading channel denoted by the
Nt × Nr matrix H, with elements hij = αije

jφij where αij
has a Rayleigh distribution. The system can be described as

R = GH + W, (1)

where R is the received matrix, G is the L × Nt transmitted
STBC block, and W is zero-mean complex additive white
Gaussian noise (AWGN) with variance N0/2 per dimension.
OSTBCs are general structures that can be employed for
carrying data orthogonally over slow fading channels. Their
simplest form, proposed by Alamouti [3] for two transmit
antennas, can be written as

G0 =

[
s1 s2
−s∗2 s∗1

]
. (2)

In Code G0, data are mapped separately to each constellation
point and carried by symbols s1 and s2, both of which are
independent elements of a 2D constellation, S2. As described
in Section I, to transmit multidimensional constellations using
OSTBCs, their 2D components are distributed on OSTBC
symbols. By considering s1 and s2 used in G0 as carriers of 2D
components of a multidimensional constellation, Alamouti’s
scheme can be rewritten as

G1 =

[
s(1) s(2)

−s(2)∗ s(1)∗

]
, (3)

where s(k) is the kth 2D component for transmission of a mul-
tidimensional symbol s = [s(1), s(2), ..., s(K)] with s ∈ S2K , a
2K-dimensional constellation. In G1 data are mapped to two
2D subpoints of a 4D point and the subpoints are carried by
s(1) and s(2). As an example, to provide a spectral efficiency of
2 bits per channel-use (bpcu), a 4-QAM constellation should be
used for s1 and s2 in G0 whereas a 16-point 4D constellation
should be used for s = [s(1), s(2)] in G1.

For the case of four-antenna transmission, the well-known
OSTBC mentioned in [13] can be rewritten for multidimen-
sional constellation as

G2 =


s(1) s(2) s(3) 0
−s(2)∗ s(1)∗ 0 s(3)

s(3)∗ 0 −s(1)∗ s(2)

0 s(3)∗ −s(2)∗ −s(1)

 , (4)

and, by dropping the last column of G2, the corresponding
scheme for a three-antenna transmission of a 6D constellation
can be written as

G3 =


s(1) s(2) s(3)

−s(2)∗ s(1)∗ 0
s(3)∗ 0 −s(1)∗

0 s(3)∗ −s(2)∗

 . (5)

By denoting cli as the code symbol transmitted in time slot
l from antenna i, the general ML decoding rule in the receiver
for the transmission of codeword c = c11c

1
2...c

1
Nt
...cL1 c

L
2 ...c

L
Nt

in a L × Nt space-time block using perfect channel state
information can be expressed as the minimization of the
following metric over all constellation points:

L∑
l=1

Nr∑
j=1

∣∣∣∣∣rlj −
Nt∑
i=1

hijc
l
i

∣∣∣∣∣
2

. (6)

In the above, rlj is the received sample on the jth antenna in
time slot l. By using the orthogonal structure of OSTBCs, a
simplified ML decoder can detect sk according to

ŝk = argmin
∀s∈S2

∣∣∣∣∣∣Pk −
∑

i,j

α2
ij

 s

∣∣∣∣∣∣
2

, (7)

where

Pk =

Nr∑
j=1

L∑
l=1

Nt∑
i=1

F li,k(rljh
∗
ij). (8)

In (8), k = 1, 2, ...,K shows the index of the different symbols
carried by one OSTBC block and F li,k(z) can be evaluated as

F li,k(z) =


z, if cli = sk,
z∗, if cli = s∗k,
−z, if cli = −sk,
−z∗, if cli = −s∗k,

0, otherwise.

(9)

This simplified decoder can be used for decoding the mul-
tidimensional constellations by changing (7) into a summation
of decoding of different 2D components of the multidimen-
sional constellations as

ŝ = argmin
∀s∈S2K

K∑
k=1

∣∣∣∣∣∣Pk −
∑

ij

α2
ij

 s(k)

∣∣∣∣∣∣
2

. (10)

Note that the term Pk should be computed only once
for each k, as this decreases the complexity of decoding
substantially in comparison to the high performance complex
codes such as the perfect codes [8], [9] in which (6) may need
to be computed for all points of a constellation.

III. AN UPPER BOUND ON THE BLOCK ERROR RATE

An upper bound for the error performance of the scheme,
based on the constellation points, is derived in this section.
This bound is used for finding the optimized constellations.
Based on the orthogonal structure of the OSTBC, its pairwise
error probability can be expressed as [13]

P (s→ ŝ | H) =

Q


√√√√(∑Nr

j=1

∑Nt

i=1 α
2
ij

2N0

)
K∑
k=1

∣∣s(k) − ŝ(k)∣∣2
 , (11)



where Q(·) is the Gaussian tail function. By using the Chernoff
bound, (11) can be upper bounded as

P (s→ ŝ | H) ≤

exp

(
−

(∑Nr

j=1

∑Nt

i=1 α
2
ij

4N0

)
K∑
k=1

∣∣∣s(k) − ŝ(k)∣∣∣2)

=

Nr∏
j=1

Nt∏
i=1

exp

(
−

(
α2
ij

4N0

)
K∑
k=1

∣∣∣s(k) − ŝ(k)∣∣∣2) . (12)

By considering the exponential distribution of α2
ij , the pairwise

error probability (11) can be upper bounded further as

P (s→ ŝ) ≤

4NtNr∏Nr

j=1

∏Nt

i=1

(
γ̄ij
∑K
k=1

∣∣s(k) − ŝ(k)∣∣2 + 4
) , (13)

where γ̄ij = E[|αij |2]/N0 is the average SNR of each path.
This in turn can be bounded by

P (s→ ŝ) ≤

4NtNr(∏Nr

j=1

∏Nt

i=1 γ̄ij

)(∑K
k=1

∣∣s(k) − ŝ(k)∣∣2)NtNr
. (14)

From (14), the corresponding union bound on the symbol
error rate (SER) can be written as

Ps ≤
1

2d

∑
s∈S2K

∑
ŝ∈S2K\s

4NtNr

γ̄

(∑K
k=1

∣∣∣s(k)v − s(k)v′

∣∣∣2)NtNr
,

(15)
where γ̄ is defined as

γ̄ =

Nr∏
j=1

Nt∏
i=1

γ̄ij . (16)

Since in each space-time block of the proposed scheme,
only one symbol from the multidimensional constellation is
transmitted, the SER and block error rate (BLER) of the STBC
block are identical. Therefore, the above bound can be used
for finding the locally optimum constellations for minimizing
the BLER.

IV. OPTIMIZATION CRITERION

The use of multidimensional constellations in orthogonal
codes provides an opportunity for optimizing constellation
points. For finding optimized constellations, the union bound
(15) on the BLER is minimized. To improve the performance
by maximizing the shaping gain instead of increasing the
power, the only constraint used in optimization of multidi-
mensional constellations is that the average power of the
constellation points is limited to one. The problem is generally
nonlinear but can be solved with a general global optimization

solver. For optimization, the “fmincon” solver in the MATLAB
optimization toolbox was used. A sample of two 16-point op-
timized 2D constellations as components of a 4D constellation
is sketched in Fig. 1. In this figure, each 2D constellation point
represents two dimensions of a 4D constellation point and
points with the same label are indicated with the same marker
and color. This also shows that constellation points in this
scheme can be irregularly placed anywhere in the signal space
(within the constraint of average energy) which provides more
degrees of freedom for optimization. The optimization problem
is to find s

(k)
v ∈ C for all k ∈ {1, ...,K} and v ∈ {1, ..., 2d}

that will

minimize
2d∑
v=1

2d∑
v′=1
v′ 6=v

C(∑K
k=1

∣∣∣s(k)v − s(k)v′

∣∣∣2)NtNr
,

subject to
1

2dK

2d∑
v=1

K∑
k=1

∣∣∣s(k)v

∣∣∣2 ≤ 1,

(17)

where C = 4NtNr/2dγ̄, which does not effect the optimiza-
tion. To initiate the “fmincon” solver with a good starting
point, all 2D constellations are initially selected from rect-
angular QAM constellations and, by keeping the position of
the points constant, their labels are optimized. We use either
an exhaustive search for small constellations, a branch-and-
bound method for medium-size ones and a random search
for large constellations to find either a globally or locally
optimized solution for the labeling problem. In the next step,
“fmincon” provides irregular constellations distributed in the
2K-dimensional space. Note that (17) does not depend on
γ̄ and therefore the output of the optimization is an SNR-
independent constellation.
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Figure 1. Sample of optimized constellations used for the proposed scheme
G1.

V. PERFORMANCE EVALUATION

As indicated in Section IV, by using the “fmincon” solver
started from several initial points multidimensional constella-
tions were optimized to provide the locally optimal constel-
lations and the constellations with the lowest BLER bound
value were selected for performance evaluation. The channel
is modeled as experiencing uncorrelated Rayleigh fading with
AWGN. As the baseline, OSTBCs with QAM constellations
are compared against the proposed scheme. Furthermore, the
scheme is compared with the Golden code [8] and the algebraic



MISO code in [10] that we refer to as the “Oggier code”. The
constellations used with the Golden code for 2 bpcu and 4
bpcu are BPSK and QPSK, respectively, and with the Oggier
code for 1 bpcu is BPSK. Furthermore, the scheme has been
compared with the QOSTBC in [5] with QPSK for a spectral
efficiency of 2 bpcu.

In Fig. 2 the BLER performance of the Golden code,
Alamouti’s OSTBC G0 and the proposed scheme G1, all with
2 bpcu, are compared. This result shows that the proposed
scheme outperforms OSTBC by 0.4 dB in a 2×1 configuration
and by 0.5 dB in a 2 × 2 configuration at a BLER of 10−4.
Furthermore, the Golden code in a 2× 2 configuration shows
a BLER worse than OSTBC. Indeed, most algebraic codes are
designed for high rates and therefore show poor performance
at low rates since all their degrees of freedom are not exploited
well.
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Figure 2. BLER Comparison of the proposed scheme, OSTBC and Golden
code for 2 bpcu.

Fig. 3 shows the performance comparison of the proposed
scheme G1 with OSTBC in 2×1 and 2×2 configurations and
the Golden code 2× 2 for 4 bpcu. The outcome indicates that
the proposed scheme works better than OSTBC as one of the
best codes for the 2×1 configuration, by 0.9 dB at a BLER of
10−3. Furthermore, for the 2×2 antenna configuration, it is 0.9
dB better than OSTBC and only 0.5 dB worse than the Golden
code at 10−4. Note that the Golden code 2 × 2 outperforms
the proposed scheme since it benefits from more degrees of
freedom, but it also has four times more complexity in terms
of complex multiplications in each search for ML decoding
even though the number of searches is the same as that in the
proposed scheme.

Fig. 4 shows the error performance of the proposed
schemes G2 and G3 for 3×1 and 4×1 antenna configurations,
respectively. The proposed scheme outperforms OSTBC by
1.5 dB in 3 × 1 and in 4 × 1 configurations at a BLER of
10−4. Furthermore, the BLER comparison of the proposed
scheme and OSTBC in 3×2 and 4×2 configurations in Fig. 5
shows 1.7 dB and 1.8 dB improvement at 10−4, respectively.
To compare the proposed scheme with algebraic codes, the
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Figure 3. BLER Comparison of the proposed scheme, OSTBC and Golden
code for 4 bpcu.

recently designed MISO code in [10] (the “Oggier code”) that
can support lower rates was tested; similar to the Golden code
in Fig. 2, its BLER is worse than the corresponding OSTBC.
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Figure 4. BLER Comparison of the proposed scheme, OSTBC and Oggier
code for 1 bpcu, with Nr = 1.

Finally, Fig. 6 shows the performance of the proposed
schemes G2 and G3 in comparison to OSTBC and QOSTBC
4 × 1 and 4 × 2 for 2 bpcu. The results show that the
scheme outperforms OSTBC by around 4 dB at 10−3 and also
outperforms QOSTBC 4×1 and 4×2 by 0.8 dB and 0.4 dB at
10−4, respectively. Note that the improvement in comparison
to OSTBC or QOSTBC is achieved at the expense of more
decoding complexity. In the case of QOSTBC, joint pairwise
decoding results in a lower number of searches, but each search
is more complex than the proposed scheme.

By using the multidimensional constellations with OSTBC,
high performance improvements can be achieved at the ex-
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Figure 6. BLER Comparison of the proposed scheme, OSTBC and QOSTBC
for 2 bpcu.

pense of increasing the complexity of decoding. By increasing
the dimensionality of the constellation, there is more space for
points to be further apart and this improves the performance
even though the size of the employed OSTBC, including the
number of antennas and the number of time slots, may be
increased. Indeed, this is the main reason that schemes G2

and G3 provide more gain in comparison to G1.

VI. CONCLUSIONS

By employing irregular multidimensional constellations for
transmission of the OSTBCs symbols, the BLER can be
improved in comparison to regular 2D QAM constellations. To
achieve high performance, these constellations should be opti-
mized by using foreknowledge about the distribution of fading
channel coefficients. The proposed scheme works well for low

to moderate spectral efficiencies values where all the degrees
of freedom of algebraic codes cannot be fully exploited. Even
though the algebraic codes may provide better performance
at higher spectral efficiencies, the proposed scheme provides
a tradeoff between decoding complexity and performance.
Furthermore, the scheme outperforms QOSTBCs, which are
among the best codes for the NT × 1 antenna configuration
but this improvement is achieved at the expense of higher ML
decoding complexity.
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