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ABSTRACT

User mobility impacts the performance of cellular networks.
However, there is a lack of results on this problem because of the
difficulty of the analysis. The existing results are limited to
handover rate and mean path length that a user is associated
with the same base station. In this paper, we derive the
probability distribution function of the path length that a user
will be associated with the same base station. It is assumed that
the user travels along a straight path and it is associated to the
nearest base station. We make the stochastic geometry
assumption that the base stations are distributed over the area
according to a Poisson point process. We provide simulation
results as further evidence that the analysis is correct. The
results of this paper may be useful in the design of cellular
networks.
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1 INTRODUCTION

The impact of mobility on the performance of the cellular
networks is important, since most of the time users receiving
service are mobile. As the user moves from one cell to the
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neighboring cell, then the user has to be served by the new cell
and this requires handover. Handover increases the network
load as it increases signaling overhead. The rapid growth of the
demand for wireless communications has led to the need of
increasing capacity of wireless networks. Since the amount of
available spectrum is limited, this has resulted in shrinking of
the cell sizes to increase spectrum reuse and consequently the
wireless network capacity. However, handover rate, mean
number of handovers per unit time, increases with decreasing
cell size and with higher mobility [1].

Despite of the significance of user mobility, there is a lack of
results on this problem, because of difficulty of the analysis.
Initially, queueing networks was used to model mobility in
cellular networks. In those models, each cell would be modeled
as a queue and handoff would be modeled as transfer of a
customer from one queue to another [2, 3]. However, these
results fail to capture geometric pattern of the base stations in
the plane. Recently, results from stochastic geometry has been
applied in the studying of wireless networks. This technique
assumes that the base stations are distributed according to a
Poisson Point Process (PPP) over the plane [4]. This technique
has also been applied to the study of the user mobility in the
cellular networks. The main performance measures of interest
have been handover rate and mean sojourn time. Sojourn time
refers to the amount of time that a user spends in a cell. In [5], it
is assumed that a user follows a variation of the random
waypoint mobility (RWP) model. In RWP, a user travels in a
certain direction for a random path length at a given speed,
before changing the direction and speed randomly. In [5], they
determine mean handover rate and mean sojourn time for single
tier cellular networks. In [6], user mobility has been studied in
multiple tiers of networks. They determine handoff rate for both
horizontal and vertical handoffs, which refer to handoffs within
a tier and across the tiers respectively for arbitrary user
trajectories. In [7], they determine the mean sojourn time for a
user moving at a constant speed along a randomly placed
straight line in a cell that has the shape of convex polygon.

In this work, we assume that the user is moving along a
straight path. Under the stochastic geometry assumption we
determine probability distribution of path length without
handover. This result corresponds to the distribution of the
sojourn time for a user moving at a constant speed. We confirm
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the correctness of the analysis through simulations. We think
that as the network becomes more dense and multi-tier, more
information than the handover rate will be needed to determine
the performance of the system.

The remainder of the paper is organized as follows: Section 2.
describes the system model, Section 3. derives conditional
probability of no handover and Section 4. determines probability
distribution of path length without handover. Finally, Section 5.
presents the conclusions of the paper.

2 SYSTEM MODEL

Next, we describe the system model under consideration. We
assume that the user moves along a straight line in small fixed
size steps of d. We assume that the base stations are distributed
in the plane according to a PPP with parameter A stations/m?.
Let Sp denote the area of the region B in the plane, then
probability of having k base stations in this region is given by,

e ASB(Asp)k

P = k! g

k=0,1,2,... (1)
We assume that the user will be served by the nearest base
station, which will be referred to as the tagged base station.

We let A; denote user location in the plane at the end of i’th
step i = 1,2, ... with initial user location being A;. We let C
denote the tagged base station when the user is at location A;.
We assume that when the user is at location 4; the tagged base
station is still C. From Fig.1, this means that there are no base
stations located within the circle centered at A; that goes
through C. Let us consider movement of the user from point
A; to A; 41 as shown in Fig. 1. The user to remain associated with
the tagged base station C when it moves from A4; to A;,4, then
there should not be any stations located in the circle centered at
A; 4 that goes through point C. We already know that there are
no any base stations within the overlap area of these two circles.
From Fig. 1, the user will remain associated with the tagged base
station C at A;,4 if there are no base stations located within the
non-overlapping area of the circle 4;,, with the circle 4;. As
shown in Fig.1, let S4,n4,,,denote the area of the intersection of
the at A; and A;,q respectively
Saii1—(aina;,,) denote the nonoverlapping area of the circle

circles centered and
centered at A;,, with that centered 4; respectively. As a result
probability of no handover as the user moves from point 4; to

A; 1 will be given by,

P.(no handover | tagged base station is C) =

Pr(no base station in SAi+1_(AinAi+1)) 2)
Substituting from equation (1),
P.(no handover | tagged base stationis C) =
exp(_/lsAiH—(AinAiﬂ)) ®)

75

MobiWac’18, October 28-November 2, 2018, Montréal, QC, Canada

In the next section, we will first determine the above conditional
probability and in the section following that we will determine
probability of the path length without handover.

In the following, we will let XY denote the line segment between
the points X and Y and the length of this line segment as |XY|.

SAi+1—(AinAi+1)

Figure 1: Intersection of the circles centered at A; and 4;,4
with tagged base station located at C.

3 DERIVATION OF THE PROBABILITY OF
NO HANDOVER FOR SINGLE STEP USER
MOVEMENT

Next, we will derive conditional probability that there is no
handover as the user moves from location 4; to A;,,given the
location of the tagged base station C. In Fig. 1, we will assume
that there is a Cartesian coordinate system located at point 4;
with the straight line 4;4;,, forming the y-axis. We will let
(x;,y;) denote the Cartesian coordinates of C in this coordinate
system.

Letting 1; denote the distance of C from 4;, then r; = |4;C|. Let
741 denote the distance of the user when it is located at 4;,
from the tagged base station C, r;4; = |4;41C|. Then depending
on the quadrant that the tagged base station is located there are
four cases to be considered. Since the user is moving along the y-
axis, the probability of no handover will be same for the
positions of tagged base station C which are symmetric wrt y-
axis. Thus we only need to analyze what happens when the
tagged base station is in the first and fourth quadrants and
multiply the resulting probability by two. In the case that the
tagged base station is located in the first quadrant, there are two
subcases depending on whether the step size is greater or
smaller than the y-coordinate of the tagged base station. As a
result, there are three cases to be considered depending on the
location of the tagged base station C in quadrants I and IV.

Next, we will determine conditional probability of no handover
for each of the cases by determining nonoverlapping area of the
two circles for each of these cases. Since the user moves at steps
of size d, then d = |4;4;41]-
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Case (i) : Tagged base station is in quadrant [and y; < d .

This case has been shown in Fig. 2. Let 6;, 6;,, denote the angle
between lines A;C, A;1,1C and the horizontal axis respectively.
Similarly, let ¢;, ¢; 41 denote the angle between lines A4;C, 4;,,C
and the vertical axis respectively.

s

0;=3=¢i . 1=~ Pin ©

Figure 2: The network diagram when C is located in the
first quadrant and y; < d.

In Fig. 2, we let D denote the intersection of the lines A4;4;,, and
BC. As aresult, we have,

|ALD| = Tl-sinQi B |Ai+1D| =d- Tl-sinﬁl-,
|CD| = |BD| = r;cos6; 5)
|Ai+1D|? + |CDI?

Tig1 =

Substituting in the above from (5),

Tipr = +/(d — 135in6,)% + 1;2c0s%6; (6)
In Fig. 1, from the right triangle AA4;,,DC,

—1 |Ait+1D _q d-1;sin6;
1| i+1 |=COS 1 i i

|Ai41C Tit1

Piy1 = COS ™)
where the second equation above follows from (5). From
equation (4), 8;,1 is given by,
_1d-r; i 9,‘

041 = g— cos~1 &SP 4;1:1111 e (8)
As shown in Fig. 3, let us define VA;BC as the smaller of the
sectors of the circle centered at A; and the arc BC. Similarly in
Fig. 4, defining VA;,,BC as the smaller of the sectors of the
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circle centered at A;,; and the arc BC. Next, let SvaBc > Sva,,BC
denote the areas of the circular sectors VA;BC, VA;,1BC
respectively, then, from Fig. 2,

Svac = @ity =71 (§ - 9i) ©

where the second equation follows from (4).

_ 2 _ 2 _1 d-1;sind;
Sva,Bc = Pix1lier” = Tiz1°COS B

where the second equation in the above follows from (5).

Figure 3: VA;BC is the smaller of the sectors of the circle
centered at 4;.

Figure 4: VA;,1BC is the smaller of the sectors of the circle
centered at A;,1.

Next let Saa,pc»> Saa,,,pc, denote the areas of the triangles
AA;BC, and AA;,1BC as shown in Fig.s 5 and 6 respectively.
Then from Fig. 2,

Saame = 1AD] * |CD| = ;ri?sin26, (1)
Spaz,5c = A1 D] *|CD| = (d — 1ysinf;)ricos6;  (12)

where the
substitution from (5).

second equations in the above follow from
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Figure 5: Triangle AA;BC

Figure 6. Triangle AA; . {BC

Next let S, denote the area of the circle centered at A;y; with
radius 7741,
— 2
SAH.l =TTt

(13)

Then, from Fig. 2, the area of the intersection of the circles
centered at A;and A;, respectively is given by,
SainAiy = Svag.Bc — Saai,Bc t Svaze — SaaBe (14)

The area of the circle at A;,4 that does not overlap with circle
A,
(15)

SAi+1_(AinAi+1) = SAi+1_ SAmAH,1

Substituting in the above from (9-13), then,

_ 2 2 —1 d-7;sinb;
SAi+1—AjnAj+1 = Wi} — [Ti+1 cos Tir - (d -
. T 1 .
1;5in0;)1;c050; + 17412 (E - Bi) - EriZSLnZBi]
(16)

Next substituting equation (16) in (3) gives us conditional
probability of no handover as the user moves from point 4;to
A;, for this case,

exp {—A [nrﬁrl -
— (d — 1;5in8))1;c056; + 11412 (g -

(17)

P.(no handover |r;and 6;) =

_q1 d-1isinb;
[ri+12C05 T Hi) -

i+1

%rizsinZBi]]}

We note that in the above (r;, 8;) gives the location of the tagged
base station C.
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Case (ii) : Tagged base station is in quadrant Iand y; > d .

This case is shown in Fig. 7 and the derivation of probability of
no handover is similar to the previous case, therefore, we will
only explain the differences and otherwise present the results.

Figure 7: The network diagram when C is located in the
first quadrant and y; > d.

Equation (4) continues to hold for this case. In Fig. 7, we let D
denote the extension of the line A;4;,, that intersects with BC.
Then, we have,

|ALD| = TiSiTlei, |Ai+1D| = risinHi - d,

|CD| = |BD| = r;cos6; (18)

As may be seen, |4;,4D| differs from the previous case. Next,
we give the equations corresponding to (6-12) for this case,

Tix1 = +/(isin; — d)2 + r;2c0s26; (19)

@iy = cos™t % =cos™! —Tisi?fj_d (20)

Oivs = § = Piss =5 — cosTH SIS (21)

Syape = @iri? =1i° (g - 9i) (22)

Svas,BC = Pisilisr’ = lecos_l% (23)
Sanpc = |AiD| *CD| = 7,%sin26; (24)
Saai,pc = |Aip1D| * |CD| = (rysin8; — d)ricos; (25)

The nonoverlapping area of the circle centered at A;,; with that
centered at A; respectively, is given by,
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SAi+1_(AinAi+1) = (SVAi+1BC _SAAiHBC)
— (Sva;sc — Saasc) (26)

Substituting in the above from (22-25), then,

_1 7isinf;—d

— 2 ;
Shisr-(AinAi) = {Ti+1 cos - (rysind; —

1 5.
d)ricosﬂi} —{ris1? (g - Gi) —Erizsm20i}
(27)

As may be seen the expression for the nonoverlapping area

differs from the previous case given in (16). Substituting (27) into

(3) gives the conditional probability of no handover for this case,

P.(no handover |r; and ;) = exp {—/1 [[ri+1zcos_1 r"sinﬂ —
i+1

. 1 .
(r;sin@; — d)r;c0s6;] — [ri41° (g - 6i+1) - ErﬂstBi]]} (28)
Case (iii) : Tagged base station Cis in quadrant IV.

This case is shown in Fig. 8, again derivation of the probability
of no handover is similar to the previous cases, therefore, we will
only explain the differences and otherwise present the results.
analysis 8; will be
counterclockwise from the horizontal axis.

For convenience in this measured

Figure 8: The network diagram when tagged base station C
is in quadrant IV.

From Fig. 8, we let D denote the extension of the line 4;4;,4
that intersects with BC. Then, we have,

|ALD| = risinHi, |Ai+1D| = risinHi +d,
|CD| = |BD| = r;cos8; (29)

As may be seen, |A;;,D| differs from the previous cases. Next,
we give the equations corresponding to (6-12) for this case,

Tipr =  (risind; + d)% + r;2cos26; (30)
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Qi1 = cos‘lﬁ = cos™! 7”5:3"” (31)
9i+1 _T_ cos~1 risinf;+d (32)

2 Ti+1
Q=756 (33)
Syapc = @iri? =12 (g - 9i) (34)
Sya.BC = Qisilisr’ = i+12C05—1% (35)
Saape = 1AD] * |CD| = r2sin26); (36)

Saag.Bc = |Ai41D] * [CD| = (r;sind; + d)ricosd;  (37)

Then, the area of the intersection of the circles centered at 4;
and A;,, respectively, is given by,

SAinAHl = SAi - [(SVAiHBC _SAAiHBC)
—(Sva;ac — Snasc)] (38)

where Sy, is given by,
Sy, = mrf (39)

Substituting in (38) from (34 -37) and (39), then,

_1 1isinf;+d

Sanas,, = T2 = [{Ti41°cos VR (r;sinb; +
1 .

d)ricos6;} — {ris.” (g - 0,-) - Erizsm29i}]

(40)

Next, the area of the circle at A4;,, that does not overlap with
circle 4; ,

SAi+1‘(AinAi+1) = SAi+1_SAinAi+1 (41)
where S, | is area of the circle A;,; given by,

Sy = M4 (42)

Next, substituting (40, 42) in (41) and then the result in (3) gives,
B.(no handover |r;and ;) = exp [—A {m‘iHZ - [nr? -

_1 1iSinfi+d
Tit+1

— (r;sing; + d)TiCOSQi} — {1i1? (g -

6;) - intsin2011}|  (@3)

05
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4 DETERMINING PROBABILITY
DISTRIBUTION OF PATH LENGTH
WITHOUT HANDOVER

Next, we will determine probability distribution of path length
without handover. Let us assume that when the user is at
position A, it is being served by the base station C. From the
results of the previous section, probability of no handover may
be determined recursively as the user moves from one position
to the next one.

If path length without handover is £ or more steps it means that
when the user is at location 4, it is still being served by station
C.

Figure 9: The network diagram as the user moves from
position A; towards A, with the initial tagged base station
being C.

Let us define,

Fp = P.(no handover is at least ¢ steps), £ = 1.

P, = P.(no handoveris ¢ steps), £ > 0.
Next, we will determine these probabilities conditioned on the
location of the base station C, 1y, 0.

Defining,
Fpr,.0, = P-(no handover is at least £ steps | r, 6;)
Py, 0, = P-(no handover is £ steps |y, 6,)

Then, we have,

Fopry 0, =
1 p (no stations in Sa—(ar_nap | Tiand 6y),
21 (44)
Ppir 6, = Fopr 0, = Fesapre,, €21 (45)

Ppr0,= 1— Pr(no base station in Sy,_(a,na,|r1and 01) ,
£=0.
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Finally, unconditional distribution of probability that path length
with no handover equals to £ steps is given by,

Pe= 15" 1y’ Perryo, £ (i, 01)dr: 6y (46)
where f(ry, 0,) is the joint probability density function (pdf) of
the location of the tagged base station when the user is at
location A4, next we will determine this joint pdf. Let us define
the following probability distribution,

G(r;) = B-(when the user is at location 4; and

its distance to station C is less than r;)

G(r;) = 1 — B.(no base station
within the circle centered at A, and radius ;)

From equation (1),

G(ry) =1—e i (47)
Then, pdf of the user distance when it’s at A;to the tagged base
station is given by,

glr) = %:) = 2Amr et | r > 0.

(48)
Since the tagged base station is equally likely to be at any
location on the circle centered at A; with radius of ry, the pdf of
6, is given by,

h(8,) = % , 0< 6, <2m (49)
and joint pdf is given by,
f(r1,6,) = g(r1)h(61) (50)

We note that the double integral in (46) does not have a closed
form and it needs to be evaluated numerically.

The average path length without hand over is given by,

L=%3, P, (51)

5 NUMERICAL RESULTS

In this section, we present numerical results regarding the
analysis in the paper as well as simulation results for
comparison. The results are given for three cell sizes with
radiuses, 50, 100 and 200m. We assume that the step size is d =
1m, We note that step size may be chosen arbitrarily small to
achieve any accuracy.

Table 1. shows the average path length without handover for
both analysis and simulation. As may be seen, the numerical and
simulation results are very close to each other. It’s also seen that
the average path length without handover increases with
increasing cell radius. Figures 10-15 show the probability of path
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length without handover as a function of the number of steps for
both analysis and simulation for the three cell sizes. It may be
seen that probability of no handover drops down gradually with oasf
increasing path length. As may be seen again, analysis and
simulation results are in agreement with each other, which gives
further evidence that the analysis is correct.

0.16

cell radius =100m
analytical

012

01

Pr(path length without handover is k steps)

r(m) Analysis Simulation
50 40.76 40.62
100 82.01 82.53
200 164.50 165.02
Table. 1: Average path length without handover for both k
analysis and simulation for cell sizes with radiuses 50, 100
and 200m. Figure 12: Probability of path length without handover for

cell radius of 100m from analysis.

0.16

0.16

4
=

cell radius =100m
simulation

cell radius = 50m
analytical

e
~

° °
o o e
> ® =

Pr(path length without handover is k steps)
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Pr(path length without handover is k steps)

e
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°
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Figure 13: Probability of path length without handover for

Figure 10: Probability of path length without handover for
cell radius of 100m from simulation.

cell radius of 50m from analysis.

e
>

0.16

e
=

cell radius = 200m
analytical

e
~

cell radius =50m
simulation

e

Pr(path length without handover is k steps)
° ° °
) 5 o
2 S e

Pr(path length without handover is k steps)
°
5
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k
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Figure 14: Probability of path length without handover for

Figure 11: Probability of path length without handover for cell radius of 200m from analysis.

cell radius of 50m from simulation.
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0.16 T T T T T T T T T

0.14

cell radius = 200m
simulation
012 4

0.1 4

008

0.06

004

Pr(path length without handover is k steps)

002 4

100 150 200 250

k

300 350 400 450 500

Figure 15: Probability of path length without handover for
cell radius of 200m from simulation.

6 CONCLUSIONS

In this paper, we have studied user mobility in cellular networks.
We have derived probability distribution of path length without
handover as the user moves along a straight line. The analytical
and simulation results are in agreement with each other which
provides further proof that analysis is correct. To the best of our
knowledge, this is the first result on the path length distribution
of the user with the same base station. The knowledge of the
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probability distribution of path length without handover will
enable better assessment of the impact of handover on the
performance of the system.
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