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Abstract. This paper presents a simulation method for evaluating the effectiveness of distributed
systems based on passing messages. For mathematical modelling of these systems, two paradigms
were used, i.e. the paradigm of experimental modelling and the paradigm of probabilistic modelling.
The paper proposes effectiveness measures of the considered family of systems. An algorithm of
stochastic simulation for effectiveness evaluation of distributed systems was presented.
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1. Definitions of Fundamental Terms

1. A system is a separate part of the real world, whose properties and phenomena
occurring in it are under investigation.

2. A structure of the system is a set of elements and interactions between them
conditioned by their belonging to this system.

3. Behaviour of the system is the range of actions made by this system in conjunc-
tion with itself or its surroundings, which includes the other systems as well
as physical environment. It is the response of the system to various stimuli or
inputs, whether internal or external ones.

4. A computer network is a collection of computers, routers, links and any inter-
mediate nodes which are connected so, as to enable telecommunication between
the terminals.
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5. A distributed system is a software system consisting of many components
located on networked computers to ensure their mutual communication and
coordination of actions by passing messages.

6. Computer simulation is a method of concluding about behaviour of systems
based on data generating by computer programs simulating this behaviour [14,
15, 16, 45].

Let us enter markings:

N — the set of natural numbers,

N,=NuU{0},R — the set of real numbers,

R, =(0,00)cR, R, =R, U{0}, R[o,l] =[0,1]c R, T =R — the set of time
parameters,

W(a, B) — the Weibull distribution with the parameters & ( > 0) and 3 (8 > 0).

2. Introduction

One of the challenges of modern science is the study and modelling of phenomena
occurring in the physical structures composed of many interacting elements [32].
Results of previous works on physical systems (e.g. turbulent flows), biological
systems (e.g. living organisms, ant colonies), social systems (e.g. transport systems,
economic systems, social nets), or information systems (e.g. computer networks,
parallel and distributed computing systems) allow us to conclude that no one
understands occurrences and processes happening in them [3, 32]. The consequence
of this fact is, inter alia, that have not yet developed reliable mathematical models
of these phenomena. This means that should be considered to be open, inter alia,
problems such as: the problem of prediction, the problem of effectiveness evaluation,
the problem of control systems with sufficiently high complexity [3].

The subject of the work is the issue of evaluation of the effectiveness of distributed
systems. For solution of this problem, both an analytical and a probabilistic approach
are used.

Analytical methods for effectiveness evaluation of distributed systems and related
methods [5, 21, 23, 44, 48] mainly use a queuing theory [19, 42] and a graph theory
[11, 47]. These methods have limited practical application, because they require,
among other things, making an assumption that arrivals are determined by a Poisson
process and job service times have the exponential distribution.

Probabilistic methods for effectiveness evaluation of considered family of
systems and related methods [7, 8,9, 12, 20, 25, 29, 33, 38] employ diverse branches
of mathematics and computer science, including: Markov processes [41, 42], Petri
nets [37], statistical estimation [6, 27, 35], randomized algorithms [30, 31], and
computer simulation [14, 15, 16, 22, 45].
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Using the methodology of probabilistic modelling and computer simulation gives
hope to develop a reliable method for solving the problem under consideration.

3. Mathematical Model of the Distributed System

Mathematical modelling is one of the most widely used methods of survey
systems [24, 40]. Constructing mathematical models and using instrumentation of
mathematics for analysis of their behaving are nature of this method.

A mathematical model of a distributed system determines an ordered pair,

= (N) U)) (1)

where: N is the model of the structure, and U is the model of the dynamics.
The model N, Eq. (1), determines a network,

N=(V,E ¢), (2)

where: V ={H,R}={v,v,,...,v, } isthesetof elements, H = {h,h,,...,h, }
is the set of computers, R = {r,r,,. } is the set of routers, where
My = My + mpg;
E={e=(v,w), =(v,,w)eV XV v,#w,i=L...,m,} CV XV is
the set of unidirectional network connections (or network links) among
pairs of different elements of the distributed system structure;
c=[c,cy,e000C,, 1" e R”" is the vector of permissible bandwidths
of all network links.

b m

Assumption 1. The directed graph (V, E) is connected.

O
Let L = {1, ..., mg} be the set of numbers of network links from the set E.
Assumption 1 implies that all pairs of different elements of the network N, Eq. (2),
are interfacing with paths. Let,

Pz{plapz,“"pml,}’ (3)

be the set of acyclic paths connecting all palrs of dlfferent elements from the set V,
where: p,=p,., =P, ) =0 ](1), (2), ,w;) is the path linking a })alr of

elements (v w;) € VXV, v, # w, Wthh contalns the nodes vj,r](”,r](z), 1w,

and the edges (v r(l)) (r(l), (2)) (r(") w;) joining these nodes, where:

m !
" V' s the

rj VeV, for:l=1, .., Wiy j =1y ooy Mp, Mp < My M, = 2;&2 —
(mV _l)-
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maximum number of acyclic paths in a complete directed graph composed of m,
vertices. Let Q = {1, ..., mp} be the set of numbers of paths from the set P.

Rules of the data transmitting in the network N, Eq. (2), determines a binary
routing matrix,

A = [aij ]mEme’ (4)
where:

1, ifel.epj,
%00, ifeep,

where: ¢; € E, forI € L, andpj € P,forj e Q.

How it is possible to notice, the elements a;; of the matrix A assume the value one
if the link ¢; € E belongs to the path p; € P, and the value zero otherwise.

Behaving of the distributed system D, Eq. (1), is associated with passing messages
between pairs of different computers («, w) € H X H, « # w, along paths connecting
these computers, where: « is called the sender or source and w is called the receiver
or sink.

Assumption 2. The passing messages between any pair of different computers from
the set H are carried out along the shortest acyclic path connecting these computers.
There is only one such a path.
Justification. This assumption does not reduce the generality of deliberations, because
with substantial issues of effectiveness evaluation of distributed systems is the one
associated with sending many messages through shared network links.

O
Let,

S={seQ:p, = Pia,w) EPA (0,0 )EHXH,a # .}, (5)
be the set of numbers of the shortest acyclic paths connecting all pairs of different
computers from the set H, which has been designated by one of the static network
routing algorithms [28], where: |S| = mg, and mg = mp(my - 1). Let,

Ly={leL:a,=1}, seS, (6)

be the set of numbers of links belonging to the path of the number s€S.
Let,

S ={seS:a,=1}, leL, (7)



A simulation method for effectiveness evaluation of distributed systems 17

be the set of numbers of the shortest paths passing through the link /L.
Let © = {6;: seS} be the set of messages, where 6; is the message of the length
my € N [b]. Let,

X ={x,%,...%, }, (8)

be the distributed computational task executed in an environment of the distributed
system. The task X is the compound of many processes x;, s€S. The process x; is
located on the computer ;€ H and consists in passing the message 0; to the computer
w,eH, a; # w, along the path p,eP.

As it can be seen, L, Eq. (6), can be interpreted as the set of numbers of network links
from the set E used by the process x,€ X, Eq. (8), while S}, Eq. (7) can be interpreted
as the set of numbers of processes from the set X that uses the link [e L.

A model of dynamics of the message 6, passing along the link /e L, determines an
ordered triple,

U,=T,R_,t)), IleL,seS, 9)

where: f,:7 — R, is the map determining the bit rate of the message 0, passing
along the link /e L.

A model of dynamics of the message 0; passing along the path s€§ determines an
ordered triple,

U, =(T,R,,f), se§ (10)

where: f :7 — R, is the map determining the bit rate of the message 0, passing
along the path seS.
The model U, Eq. (1), determines an ordered triple,

U=(T,R.1),

where: f:7 — R" is the map determining the bit rate of passing messages from
the set © in an environment of the distributed system D, Eq. (1).

4. Experiments

Let us consider the experiment Y = {Y; : s€S} compound of many attempts
Y,, s€S. The attempt Y, = {Y;: [e L} is compound of many tests Y, le L. Each test
Y consists in observation of the values y,(m) € R, of the bit rate of the message
0, passing along the link /e L; observed in the time interval [¢ )C R, where:

m ’tm+l
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t,=mAt, form=0,1, .., my- 1, t;=0is the moment of beginning the experiment,
At > 0 is the length of the time interval between successive observations, m, € N

is the number of observations. Let M = {0, 1, ..., my — 1} be the set of numbers of
tests.

As it can be seen, the observations y (m), meM, are interpreted as values of the map
5, Eq. (9).

The vector,

Ya= [ysl(o): ysl(l): --->ysl(mY_ 1)]T’ ZELS’ SES, (11)

is called a result of the test Y;; or a sample.
Let us assume that the observed value y (m)e R, of the bit rate of the message 0,
passing along the path s€S, satisfies a relationship of the form,

ys (m) = Enin{yal(m)}i mEM’ SES'

As it can be seen, the observations y,(m), meM, are interpreted as values of the map
f, Eq. (10).
The vector,

Ys = [)/5(0),)/5(1), ---’ys(mY_ 1)]T> ses,

is called a result of the attempt Y, or a sample.

Let us establish, that for modelling of the distributed system behaviour, based on
the samples yy, [e L, and y, s, will be used the probabilistic modelling paradigm
[30, 34]. This paradigm is derived from the concept of uncertainty, according to which
there is no general common law or accuracy of determining the development of
physical phenomena. This approach is at the heart of modern theory of identification
[24].

Let (Q, E, P) be the probabilistic space, where: Q={w, : y(m)e R, ,meN_}is
the set of elementary events, w,, is the elementary event meaning that the observed
quantity assumes the value y(m) e R, ; E is the set of random events being a o-field
of all subsets of the set Q; P:=— R is the probabilistic measure.

The random variable,

Y, Q> R,, leL;seS, (12)
defined on the probability space (Q, E, P), is called a stochastic model of the test Y.

Observations that are components of the sample y, are interpreted as realizations
of the random variable yg, i.e. y, =y, (m),for meM.
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Assumption 3. The random variable vy, Eq. (12), has the distribution W(ey, ),
for: leL,, s€S.
Justification. The Weibull distribution [13, 26] is one of the most important
probability distributions used, inter alia, in system identification and in reliability
theory. It is commonly used as a stochastic model of observations with positively
concentrated values. Its special cases are exponential and Rayleigh distributions.
O
The random variable,

Y Q> R, ses, (13)

defined on the probability space (Q, E, P), is called a stochastic model of the attempt Y.
Observations that are the components of the sample y; are interpreted as realizations
of the random variable y, i.e. Y, =y (m), for meM.

Assumption 4. The random variable y,, Eq. (13), has the distribution W(a,, f3,),
for se8.
Justification. Reasoning is analogous to justify assumption 3.

5. Stochastic Simulation of the Distributed System Behaviour

Simulation of behaviour of the system D, Eq. (1), consists in generating realizations
vy of the random variables yg, Eq. (12), this way so that there are fulfilled inequalities:
g > 0 and 2 es, Vo <¢,, for IeL, and then on computation of the realization y,
of the random variable Vs, Eq. (13), from the formula y = mln{ Y, }» for seS. For

established y, € R, a run time of the process x,€X, Eq. (8), is evaluated from
a relationship of the form z, =m, /y, [s]. So,arun time of the task X is evaluated
from a relationship of the form z = max {z,}.

Let us consider the simulation experiment G consisting in repeated observation
of theruntimes z(i)eR,,i=0,1, ..., mg- 1, of the task X. Let I = {0, 1, ..., mg - 1}
be the set of numbers of runs of the experiment G. The number of simulation runs
m; € N can be determined using the methods based on the Chebyshev’s inequality
[26, 30].

The vector z = [2(0), z(1), ..., z(mg — 1)]” is called a result of the simulation experiment
G or sample.
The random variable,

QR (14)
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defined on the probability space (€2, E, P), is called a stochastic model of the simulation
experiment G. Observations that are components of the sample z are interpreted as
realizations of the random variable ¢, i.e. ,, = z(i), fori € L.

Assumption 5. The random variable (, Eq. (14), has the distribution W(a, f3).
Justification. Reasoning is analogous to justify assumption 3.

In the attachment, an algorithm for generating the sample z was presented.

6. Effectiveness Analysis of the Distributed System

Effectiveness analysis of the system D, Eq. (1), relies on the estimation, based
on the sample z, of the following measures:

— the expected value of the random variable (;

— the variance of the random variable (;

— the distribution function of the random variable {;

— the survival function of the random variable (;

— the empirical distribution function from the sample z;

— the empirical survival function from the sample z.

The expected value p = E(C) of the random variable { determines the average
length of the run time of the task X.

The variance o = E[((-u)?] of the random variable { determines the mean square
deviation of a length of the run time of the task X from its expected value.

The distribution function F(f) = P({ < t) of the random variable { determines the probability
of an event that executing the task X will end up at least to the moment .

The survival function R(t) = 1 - F(¢t) = P({ > t) of the random variable {
determines the probability of an event that executing the task X will not end up to
the moment t.

The empirical distribution function from the sample z is a nonparametric maximum
likelihood estimator of the distribution function of the random variable (.

The empirical survival function from the sample z is a nonparametric maximum
likelihood estimator of the survival function of the random variable (.

Let a(z) and B(z) are the evaluations of the parameters of the distribution
W(a, ) calculated by maximum likelihood [6, 18, 26, 27] based on the sample z.
Estimators of the aforementioned effectiveness measures take the following forms:

— the estimator ft:R’° — R, of the expected value of the random variable

( has the form j(z) = B(Z)F (1 + %) , where I' is the gamma function;
a(z
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— the estimator 6 : R”® — R, of the variance of the random variable { has

A2 _n2 2 -1 !
the form 0°(z)=f (Z){F(I‘F&(Z)J r (1+&(z)ﬂ’

— the estimator F: RxR"™ — R

o1 Of the distribution function of the ran-

a(z)
dom variable { has the form F(z,z) =1- exp| — (%J 1., (t), where
zZ

1(,.0) : T>{0, 1} is the indicator function;

— the estimator R : Rx R — R[O’l] of the survival function of the random
variable { has the form R(z,z) =1-F(z,z);

— the empirical distribution function F¢ : R x R"® — Ry j from the sample

- 1 @
z has the form F°(z,z) = — e (z(0)s
G A
— the empirical survival function R*:RXRY* — R, ; from the sample z

has the form f{e(t,z) =1-F° (t,z).

Example 1. Let us consider an issue of the effectiveness analysis of the distributed
system, which structure determines a network (Fig. 1) of the form:

N=(V,E, c), (15)

where: V ={H,R}={v,v,,...,v, },my =6, is the set of elements,
H={h,....h, },my=4,isthe set of computers,and R ={1,....r,, },
mpg = 2, is the set of routers, where: v| = hy, v, = hy, V3 = 11, V4 = 15, V5 = h3,
Ve = hy
E={e,...,e, },mp=10,is the set of unidirectional network links, where:
er = (v, v3), = (v3, v1), e3 = (v, v3), €4 = (v3, v2), €5 = (v3, V),
€6 = (Vg v3), €7 = (v, v5), €3 = (vs, V), €9 = (v, Ve), €10 = (Vg V4)s
c=[c,....c,, 1" e R”#*" is the vector of permissible bandwidths
of all network links, where: ¢; = 100 [Mbps], for i = 1, ..., mg.

The set P, Eq. (3), has the form P={p,,...,p, },mp= 30, where: p, = Do) = (URRA
P2 = Doy = VsV3)s oo Doy = Dy iy = (Vs Vi) Dag = Py = (Ve Vi Vs) -

The set S, Eq. (5), has the form S = {1, 4, 5, 6, 9, 10, 21, 22, 25, 26, 27, 30}. The sets
L, s€S, have the forms: L, = {1, 4}, L,={1, 5, 7}, ..., L,; = {10, 6, 4}, L5, = {10, 7}.
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Fig. 1. Scheme of the network N, Eq. (15)

Let z = [2(0), z(1), ..., z(mg — 1)]” be the result of the simulation experiment G
generated by algorithm 1 (see Attachment) based on the following input data:

— thenet N, Eq. (15), represented in the form of the sets H and R and the vec-

tor ¢

— the routing matrix A3, of the net N, Eq. (15);

— thesetS;

— thesets L, seS;

— the samples yy = [y4(0), yg(1),..., yg(my - 1)]7, I€L,, s€S;

— thelengths m, =100 [Mb] of the messages 6,€ 0, s€S;

— the number mg = 20 of observation of the simulation experiment G.

Table 1 shows evaluations of the effectiveness indicators, i.e. ji(z) and 6°(z),
while Fig. 2 shows evaluations of the effectiveness functions, i.e. F(1,2), R(t,z) and
Fe (t,z2), R¢ (t,2), of the distributed system.

TABLE 1
Evaluations the effectiveness indicators of the distributed system

i(z) 6%(z)

10.778 4.11495
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a)
« Ft2)
— F(t,z)
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ool K 5 To 11 Ep) TR

Fig. 2. Plots of evaluations of the effectiveness functions of the distributed system: (a) a plot of the

empirical distribution function F*(¢,z) and a plot of the evaluation F(z,z) of the distribution function

F(t) of the random variable {, Eq. (14); (b) a plot of the empirical survival function R¢ (t,z) andaplot
of the evaluation R(¢,z) of the survival function R(t) of the random variable {

O
7. Conclusions and Future Work

This paper has described an approach for effectiveness evaluation of the distributed
system based on a stochastic simulation of the process of passing messages through
the network. In this method it is assumed that stochastic models of processes of
passing messages along the links and paths of the network are random variables with
different Weibull distributions. Preliminary simulation results indicate the possibility
of applying the proposed method to analyze the effectiveness of structurally and
functionally complex systems.

Directions of further works should tackle the construction of adequate models
of processes passing messages along the network paths. This is a difficult issue for
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two main reasons. The first is that it is usually not possible to directly observe the bit
rates of passing messages along the entire paths. The second is related to the fact that
the transmission of the data over a network is a multi-dimensional non-stationary
process, subject to rapid and unpredictable fluctuations [10, 36, 39, 40, 43, 46].
These reasons make the problem of building the considered models difficult. For
its solution one should use achievements of stochastic processes theory [4] and
chaos theory [1, 2].

Attachment

The following algorithm is an implementation of the simulation method to
generate samples, based on which the effectiveness analysis of distributed systems
is kept.

Algorithm 1.

Input

o thenet N, Eq. (2), represented in the form of the sets H and R and the vector c;
o the routing matrix A, Eq. (4), of the net N;

o thesetS, Eq. (5);

o thesets L, Eq. (6), s€S$;

o the samples y,, Eq. (11), for: IeL,, s€S;

o thelengths m, [Mb] of the messages 6,0, s€S;

« the number m, € N of observation of the simulation experiment G.

Output
o« the sample z = [2(0), z(1),..., z(mg — 1)]7 that is the result of the simulation
experiment G.

I. To conduct preprocessing

i. To conduct examining the randomization of samples y, IeL, s€S, using
the Wald-Wolfowitz test [18, 27].
If there are no grounds for rejecting null hypotheses stating about the rando-
mization of these samples, to continue calculations from the point ii; otherwise
to finish the algorithm.

ii. To conduct examining the goodness-of-fit of the samples y, with the Weibull
distributions W(ay, By), leL,, s€8, using the Pearson x? test [18, 27]. Let
IEIS (t,y,) be the distribution function from the sample y that is an evaluation
of the distribution function of the random variable y,e W(ay, ), for: [€L,,
ses.
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If there are no reasons for rejecting null hypotheses stating about the goodness-
of-fit of the samples y, with the distributions W(ay, ), [€L,, s€S, to continue
calculations from the point iii; otherwise terminate the algorithm.

iii. To construct pseudorandom number generators 9, with distributions deter-
mined by the distribution functions F, (z,y, ), leL,, s€S [17, 49].

iv. To construct the sets:

I={0, 1, ..., mg - 1} — the set of numbers of observations of the simulation
experiment G;

L ={1, .., mg} — the set of numbers of links of the network N, Eq. (2);
P={p,,p,,...,p,, } — thesetof paths developed on the basis of the routing
matrix A;

S, ={s € S:a, =1} — the set of numbers of paths run across the link /, for
leL.

II. Conduct processing
1. Forieldo
begin

using pseudorandom number generators ¥, to generate the realizations
yg of the random variables g, [€L, s€S, satistying the inequalities:

yq>0, leLg, seS,
Eyslscl’ ZELs’SES;
SES;

to calculate the bit rates of passing messages along the paths with numbers
from the set S from the formula:

¥, =minfy,}, s

to calculate the length of the time interval of executing the task X from

the formula:
. m,
z(i) =max{—=;
seS yS

2. end.

Received November 7, 2012. Revised April 2, 2014.
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Z. WESOLOWSKI

Symulacyjna metoda szacowania efektywnosci systemdéw rozproszonych

Streszczenie. Artykul jest poswigcony omdéwieniu symulacyjnej metody szacowania efektywnosci
systemow rozproszonych opartych na przesytaniu komunikatéw. Do modelowania matematycznego
tych systeméw wykorzystano dwa paradygmaty, tj. paradygmat modelowania eksperymentalnego
i paradygmat modelowania probabilistycznego. W pracy zaproponowano miary efektywnosci
rozpatrywanej rodziny systeméw. Przedstawiono algorytm symulacji stochastycznej szacowania
efektywnosci systemdw rozproszonych.

Stowa kluczowe: systemy rozproszone, symulacja stochastyczna, analiza efektywnosci systeméw



