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Abstract: In this study, we present a novel analytical approach for robustness on Erdos-Renyi (ER) networks by introducing
statistical physics method. We establish an exact mapping relation between ER networks and Ising model. Based on the mapping
relation, we obtain the partition function of the ER networks and use it to determine the size of the giant component and the
value of the critical edge present probability in ER networks. We extend the approach to investigate the size of remaining giant
component and the critical fraction of the nodes removed in the ER networks whose nodes under the randomly attack.
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1 Introduction

In the past ten years, complex networks has been widely

reaserched with the development of network and informa-

tion technology. Power grid, mobile phone networks, and

protein networks are examples analyzed by using complex

networks conception[1-4]. In this conception, nodes (ver-

tices) and edges (links) are introduced to describe the sys-

tems . The conspicuous diferent between traditional graph

theory and complex networks conception motivate us to seek

new methods to reaserch the complex networks. This is sim-

ilar with the development of the statistical physics develops

out from classical thermodynamics. Networks phase transi-

tion and percolation theory, mean field theory and generating

function were proposed for treating complex networks[5-7].

In complex networks reaserch field, the study of the per-

colation has been popular in the last decades [8-12]. Perco-

lation is the dynamical behaviors of the complex networks.

It is called an mesoscopic level research in contrast with the

microcosmic and macroscopic levels research. Mesoscopic

behaviors shows the evolutionary process, interior structure

and couipling of complex networks. Currently, generating

function formalism[13-14]and percolation theory[15-19] are

main methods to solve the mesoscopic level research of com-

plex networks.

In random graphs works, generating function is widely-

used which is a combinatorial mathematics tool. A frame-

work for studying percolation of the network of the networks

(NON) based on the generating function formalism is pro-

posed by Gao [20]. Niu [21] Percolation of networks with di-

rected dependency links] presented an analytical formalism

for studying random networks with both connectivity links

and directed dependency links under random node failures.

Wang proposed a new statistical model with an additional

cluster weight in the partition function with respect to the tra-
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ditional site percolation model and designed a color-assigned

cluster updating Monte Carlo simulation algorithm to sim-

ulate the percolation of the new statistical model [22].One

constructive model, the Random Cluster Model (RCM) pro-

posed by Fortuin and Kasteleyn [23] in the 1960s, combines

the measure theory and percolation theory to lattice statisti-

cal models. RCM provides a unified description of several

classical statistical model including the Potts [24], Ashkin-

Teller [25], and the percolation models.

Methods mentioned above have proved to be valid

and complete.Baesd on these methods Researchers accom-

plished a number of mature and systemic achievements.

However,there are several significant challenges deserve us

to solve.When using generating function, we often only con-

cern the degree distribution of the nodes. This is only the mi-

crocosmic level information of the complex networks, mean-

while, there are plenty of additional information is aban-

doned. Furthermore, percolation theory limits the system

in a lattice, which can’t be completely used in the reaserch f

complex networks.

We propose a statistical physics model to analyze the per-

colation problem on Erdos-Renyi (ER) networks. Since the

conspicuous similarity between the complex networks and

Ising model, include the structure and dynamic evolution

process, it is rational to introduce the statistical physics the-

ories into the research of complex networks. We establish a

mapping relation between ER networks and Ising model and

obtain the partition function of the ER networks and find ex-

act analytical laws for percolation and collapse process of

ER networks.

2 Mapping relation between Random Cluster
Model and Potts model.

Consider a finite graph G= (V,E) without loops or mul-
tiple edges. An edge connects x and y is written as e =
〈x, y〉 ∈ E. p ∈ [0, 1] is the independent present prob-

ability of each edge. Take set Ω = {0, 1}E as state

space of edge. Members of Ω are 0/1 vectors ω =
(ω(e) : e ∈ E).We say the edge is open (presents) if ω(e) =
1 and closed (not presents). The open edges set F = η(ω) =
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{e ∈ E : ω(e) = 1} is a subset of . Let k(ω) be the num-
ber of connected components, including isolated nodes. A

random-cluster measure on G is defined by

μ(ω) =
1

ZRC

{∏
e∈E

pω(e)(1− p)1−ω(e)
}
qk(ω), ω ∈ Ω

(1)

where normalizing constant ZRC is given by

ZRC(p, q) =
∑
ω∈Ω

{∏
e∈E

pω(e)(1− p)1−ω(e)
}
qk(ω). (2)

Remark 2.1 (1) is a parametric family of probability mea-

sures which provides a quantitative criteria to measure the

number of edges and the size of component simultaneously.

p measures the edge density while q measures cluster size.
Consider a finite graph G= (V,E), in which the edges

constructed in the same manner as the graph described in

2.1 but with the new properties of the nodes. σ takes val-
ues {0, 1, . . . , q − 1} is assigned to each vertex x of G,
and it represents the spin state of the vertex. Positive in-

teger q ∈ (0,+∞) is the number of spin states. Take set
Σ = {0, 1, . . . , q − 1}V as state space of vertex. Members
of the Σ are vectors σx realizes one of q states on vertex x.
To measure the intensity of open edges and the spin state

of nodes simultaneously, we then define a probability mass

function μ(σ, ω) on product sample space Σ × Ω, with an
appropriate normalizing constant Z,

μ(σ, ω) =
1

Z

∏
e=〈x,y〉∈E

{
(1− p)δω(e),0 + pδω(e),1δe(σ)

}
,

(3)

where δe(σ) = δσx,σy and δ is the Kronecker delta.
Remark 2.2 The configuration space of the model (3) is

the set of all subsets of the Cartesian product V ×E. In this
(3), p and q respectively represent the density of open edges
and spin states of nodes. We regard this model as a vertex-

edge model. When q > 1, we obatain a percolation model.
When q = 1, it is an Ising or Potts model with a present
probability p of each edge.
The measure μ(σ, ω) has the two marginal measures. For

the Potts measure, choose β > 0, such that p = 1− e−β

μ1(σ) =
∑
ω∈Ω

μ(σ, ω)

= 1
ZP
exp

{
β

∑
e∈E

δe(σ)

}
, (4)

for the Random cluster measure,

μ2(ω) =
∑
σ∈Σ

μ(σ, ω)

= 1
ZRC

{ ∏
e∈E

pω(e)(1− p)1−ω(e)
}
qk(ω)

(5)

For |E|the total number of edges, the following relationship
holds between partition functions of the RCM and the Potts

Model:

ZRC = e
−β|E|ZP (6)

μ(σ, ω) combines the Potts measure μ1(σ) and RCM
μ2(ω)together. p = 1 − e−β is a bridge connects RCM
and Potts model.Based on (6), we can obtain RCM partition

function ZRC fro0 Potts model partition.

3 Results on ER networks

In this section we uncover the mapping relation between

ER networks and Potts model. Note that statistical physics

systems and complex networks are analogical.Both th of

them are multibody systems and the interior structures are

complex. Therefore, we seek to apply the statistical physics

theory to study the dynamical process and phase transaction

of complex networks. We choose Ising model to be a con-

jugate model of the ER networks, since Ising model is a ba-

sically representative of Potts model. Other variants of ER

networks, which include various nodes and edge presenting

rules, can be studied along the same lines.

Sicne it is a lattice system, the neighbours of each parti-

cles in Ising model z = 4 , while the nodes in ER networks
have more neighbors than 4. Nodes in ER networks may be

connected together randomly, we regard all other nodes as

neighbors of a appointed node. Thus the neighbors of one

node in ER networks are N − 1. The ER networks con-
cerned in this paper are sparse networks, hence the parame-

ter p� 0.5 and (5) is a monotonic decreasing function with
respect to p. This is consistent with the equation (4),is also
a monotonic decreasing function with respect to the number

of spin pairs. Naturely, we regard the edge in ER networks

as the spin pairs in Ising model.That is, an open edge in ER

networks equivalents to a spinon in Ising model. Equation

p = 1 − e−β joints the edge present probability with the
temperature. Since β = 1/kT is negatively correlated to
T . The increasing of p equivalents to the decreasing of T ,
the changes respectively lead to the increasing of edges and

spinons in RCM and Ising model. This corresponding rela-

tion verifies the proposition in equation (1). Therefore, we

map the edge present probability p to the temperature T .

Table 1: Mapping relation

ER networks Ising model

Edge Spin pair

Node (with edges) One spins of a spin pair

Node (without edge) Single spin (not in pair)

Edge present probability temperature

Giant component Macroscopical magnetic moment

Edge loss Spin pair vanished

Giant component emergence Thase transition

Next, we study the emerging mechanism of the giant com-

ponent in ER networks by applying method introduced from

the Ising model. According to the equivalence relation of

(6), the equation of the ER networks partition functions is

ZRC =
∑
σ∈Σ

∏
e∈E

exp[β(δe(σ)− 1)]. (7)

As we know, if there are only two spin states spin-up and

spin-down in Potts model. It becomes the famous Ising Fer-

romagnetic model. The spin-values are chosen randomly ac-

cording to a certain probability measure, which is governed

by interactions between neighboring nodes. In this paper,

the δe(σ)=σxσy generally takes the formula

δe(σ)=σxσy, (8)

where δe(σ) = {−1, 1}. As we know, the Ising model phase
transformation curve is symmetric because of the two direc-

tions of spin. Naturally, the ER networks percolation curve
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only need to correspond either of the Ising model phase

transformation curve on the two sides of the direction axis.

Substituting (8) into (6), we can write the Ising model parti-

tion functions as

ZRC =
∑
σ∈Σ

∏
e∈E

exp[β(σxσy − 1)]. (9)

If we regard (9) as a certain variant of the Ising model, then

the Hamiltion of the variant is

HRC=
∑
e∈E

(σxσy − 1). (10)

Consider the external field, the Hamiltion can be rewritten as

HRC=
∑

<x,y>

[
1
2 (1+σxσy)− 1

]
+μH

N∑
x=1

σx

=
∑

<x,y>
σxσy − ∑

<x,y>
1 + μH

N∑
x=1

σx

=
∑

<x,y>
σxσy + μH

N∑
x=1

σx − 1
2pN(N − 1)

=
N∑
x=1

μσx

(
H+ 1

μ

N∑
y=1

σy

)
− 1

2pN(N − 1)

=
N∑
x=1

μσx (H + hi)− 1
2pN(N − 1)

, (11)

where μ is the Bohr magnetons, is the H external field.
According to the mean field theory, we let

h̄i =
1
μ

N∑
y=1

σ̄y

= z
μ σ̄ = h̄

, (12)

then the Hamiltion can be simplified as

HRC=

N∑
x=1

μσx
(
H+ h̄

)− 1

2
pN(N − 1) (13)

where

h̄ =
z

μ
σ̄ (14)

σ̄ is mean value of spins. As described above, in the deriva-
tion of (12), we regard all other nodes as the neighbors of

node x, thus z = N − 1 is the coordination number.
Remark 3.1 An approximate treatment

N∑
y=1

σ̄y=zσ̄ is pro-

posed in (12) based on mean field theory. It is salutary for

us to understand the mapping relation. If we expand the first

term of the right-hand side of (13), we get an expression

zσ̄σx. It implies that the effect from neighbors on the spin

of node x is approximates to a certain internal field. Further-
more, as we know, an open edge in Ising model equivalents

to a two spinon in Ising model. Therefore we can map the in-

ternal field generated by the neighbors of particle x in Ising
model to the average degree of the node x in ER networks,

zσ̄σx ∼ Np.
Substituting (13) into (7), the partition functions becomes

ZRC =
∑
σ1

∑
σ2

. . .
∑
σN

{∏
x

{
exp

[
μσx

(
H+ h̄

)
β
]}

∗ exp [− 1
2pN(N − 1)β]}

= exp
[− 1

2pN(N − 1)β]
∗∏
x

{∑
σx

exp
[
μσx

(
H+ h̄

)]
β

} (15)

For the multiplication term in (15) can be transformed as∑
σx=±1

exp
[
μσx

(
H+ h̄

)]
β

=2 cosh
(
μβH+ μβ z

2μ σ̄
)

= 2 cosh
(
μβH+ β z2 σ̄

) (16)

Hence we obtain a compact form of ER networks partition

function

ZRC =

[
exp

[
−1
2
pN(N − 1)β

]
∗2 cosh (μβH+ βzσ̄)

]N
(17)

As we know, partition function comprehends complete

thermodynamic property of the system which is the primary

challenge in thermodynamic calculation. Different with the

generation function included only degree information and

higher powers terms, thermodynamic calculation is more

concise and complete. We can use it to deduce other thermo-

dynamical functions of the ER networks. The free energy

F = −kT lnZRC
= −NkT ln [exp [− 1

2pN(N − 1)β] ∗2 cosh (μβH+ βzσ̄)]
=−NkT [− 1

2pN(N − 1)β+ln2 cosh (μβH+ βzσ̄)]
(18)

The magnetization is given by

μ̄ = Nμσ̄ = −∂F
∂H

= Nμ tanh (μβH+ βzσ̄) (19)

The phase transition occurs at the time when the magneti-

zation value cross the zero point. From (19) we know, it

equates to the mean value of spins cross the zero point. Re-

arrange (19), we obtain the self-consistent equation with re-

spect to σ̄
σ̄ = tanh (μβH+ βzσ̄) (20)

Neglect the extern field

σ̄ = tanh (zβσ̄) (21)

As temperature β term changes, if the solution of (21) trans-
forms from zero solution to nonzero, it implies that the

system generates spontaneous magnetization and occurs the

phase transition. To the ER networks, we regard the network

includes a giant component. Thus, calculating the percola-

tion point of ER networks equals to calculating the critical

temperature point where (21) has a nontrivial solution. After

obtain the value of the critical temperature point, we can use

p = 1 − e−β to obtain the critical edges present probability
pc. We now take the graphical method to solve (21). zβ = 1
is the critical case corresponds to the minimum value of the

σ̄, as shown in Fig. 2. Substituting β = 1/z, we obtain the
critical value of pc

pc = 1− e− 1
z (22)

The results of edges present probability p extraordinary ap-
proaches to the traditional method. In the traditional method,

the size of the giant component is given by a self-consistent

equation S = 1− e−kiS , which is analogous to the formula
of (22). ki is the average degree of the nodes. The process
of giant component size S transforms from zero solution to
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Fig. 1: Simulation results of relation between the value of zβ
and the solution of σ̄. For the ER network,N = 5E+08, zβ
takes the value 0.8, 1 and1.8. The dash line is the curve of

y = σ̄ and the solid lines are the curves of y = tanh (zβσ̄)
for the three values of zβ.

nonzero means the percolation process in ER networks. Fig-

ure. 2 shows the size of the giant component as a function

of p. Note that the critical value pc of in the two lines over-
lap at the same point and separate slightly after the critical

points. Our method agrees well with the traditional method

while the separation of the two lines is due to the approxi-

mate treatment in mean field theory.

4 Robustness of the ER networks

According to the map relation described above, randomly

removing a fraction ofQ = 1−P nodes (function failure) in
ER networks equivalent with randomly removing a fraction

of particles in Ising model. The size of Ising model reduces

while the temperature remains the same. We seek to obtain

the relation between Q and the fraction of P∞ nodes which

belongs to the giant component (Size of the the remaining

giant component) after removing nodes. Another significant

point is the critical value Qc (or pc)which triggers the per-
colation phase transition in ER networks, namely, the ER

networks collapses under the randomly nodes attack. Once

a fraction Q = 1 − P of nodes is randomly removed from
an ER networks, the edges present probability remains the

same

p2 = p (23)

Coordination number

z2 = NP − 1 (24)

The critical value of p2c

p2c = 1− e− 1
z2 = 1− e− 1

NP−1 (25)

When p2 = p2c, the ER networks is at critical point of
the percolation (collapses). Based on (24) and (25), we can

obtain the critical value of Pc by the equation

p2 = p = 1− e− 1
NPc−1 = p2c (26)

0 2 4 6 8 1 0

ki

0 .0

0 .2

0 .4

0 .6

0 .8

1 .0

S

Size  of th e  g ia n t  com p on e n t

Fig. 2: Comparison of the traditional method and statistical

physics method. For the ER network, N = 5E+08, we
take continuously variable value of (convert to the average

degree of the nodes ki) to obtain the critical values of pc in
different cases of edges present probabilities. The dash line

represents the curve of statistical physics method. The two

methods take the same value at the phase transition point.

Thus

Pc =
ln(1− p)− 1
N ln(1− p) (27)

The results of P∞ extraordinary approaches to the tradi-

tional method (see Fig.5). The separation of the two lines is

due to the approximate treatment in mean field theory. P∞
directly characterizes the robustness of the network. Larger

P∞ means a more robust network against the attack. Ac-

cording to the map relation between RCM and Ising model

and (19), the P∞ is given by

P∞ = σ∞ = P σ̄ = P tanh (z2βσ̄)=P tanh (zPβσ̄)
(28)

5 Conclusion

In summary, we have developed a statistical physics

method to study the percolation process of the ER networks.

We established a mapping relation between ER networks and

Ising model. Based on the mapping relation, we obtained the

partition function of ER networks. For studying percolation

of ER networks, we derived an exact analytical law (21),

and for robustness of the ER networks in the case of ran-

domly nodes attack, we derived an exact analytical law (28).

In particular, we found that, ER networks is precisely corre-

sponds to the Ising model both on mechanism mathematics

and dynamical evolution process. The equation p = 1−e−β
builds a bridge between the edges present probability in ER

networks and the temperature in Ising model. These findings

show that the using of statistical physics methods on study

ER networks is brief, informative and accurate.
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