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Abstract In this work, we propose a new fuzzy rein-
forcement learning algorithm for differential games that
have continuous state and action spaces. The proposed
algorithm uses function approximation systems whose
parameters are updated differently from the updating
mechanisms used in the algorithms proposed in the litera-
ture. Unlike the algorithms presented in the literature
which use the direct algorithms to update the parameters of
their function approximation systems, the proposed algo-
rithm uses the residual gradient value iteration algorithm to
tune the input and output parameters of its function
approximation systems. It has been shown in the literature
that the direct algorithms may not converge to an answer in
some cases, while the residual gradient algorithms are
always guaranteed to converge to a local minimum. The
proposed algorithm is called the residual gradient fuzzy
actor—critic learning (RGFACL) algorithm. The proposed
algorithm is used to learn three different pursuit-evasion
differential games. Simulation results show that the per-
formance of the proposed RGFACL algorithm outperforms
the performance of the fuzzy actor—critic learning and the
Q-learning fuzzy inference system algorithms in terms of
convergence and speed of learning.
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1 Introduction

Fuzzy systems have been widely used in a variety of
applications in many different fields in engineering, busi-
ness, medicine and psychology [1]. Fuzzy systems have
also influenced research in other different fields such as in
data mining [2]. Fuzzy systems are also known by a
number of names such as fuzzy logic controllers (FLCs),
fuzzy inference systems (FISs), fuzzy expert systems, and
fuzzy models. FLCs have recently attracted considerable
attention as intelligent controllers [3, 4]. FLCs have been
widely used to deal with plants that are nonlinear and ill-
defined [5-7]. They can also deal with plants with high
uncertainty in the knowledge about their environments
[8, 9]. However, one of the problems in adaptive fuzzy
control is which mechanism should be used to tune the
fuzzy controller. Several learning approaches have been
developed to tune the FLCs so that the desired performance
is achieved. Some of these approaches design the fuzzy
systems from input—output data by using different mecha-
nisms such as a table lookup approach, a genetic algorithm
approach, a gradient-descent training approach, a recursive
least squares approach, and clustering [10, 11]. This type of
learning is called supervised learning where a training data
set is used to learn from. However, in this type of learning,
the performance of the learned FLC will depend on the
performance of the expert. In addition, the training data set
used in supervised learning may be hard or expensive to
obtain. In such cases, we think of alternative techniques
where neither a priori knowledge nor a training data set is
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required. In this case, reward-based learning techniques,
such as reinforcement learning algorithms, can be used.
The main advantage of such reinforcement learning algo-
rithms is that they do not need either a known model for the
process nor an expert to learn from [12].

Reinforcement learning (RL) is a learning technique that
maps situations to actions so that an agent learns from the
experience of interacting with its environment [13, 14].
Reinforcement learning has attracted attention and has
been used in intelligent robot control systems [15-26].
Reinforcement learning has also been used for solving
nonlinear optimal control problems [27-38]. Without
knowing which actions to take, the reinforcement learning
agent exploits and explores actions to discover which
action gives the maximum reward in the long run. Different
from supervised learning, which is learning from input-
output data provided by an expert, reinforcement learning
is adequate for learning from interaction by using very
simple evaluative or critic information instead of instruc-
tive information [13]. Most of the traditional reinforcement
learning algorithms represent the state/state-action value
function as a lookup table for each state/state-action-pair
[13]. Despite the theoretical foundations of these algo-
rithms and their effectiveness in many applications, these
reinforcement learning approaches cannot be applied to
real applications with large state and action spaces
[13, 18, 39-42]. This is because of the phenomenon known
as the curse of dimensionality caused by the exponentially
grown number of states when the number of state variables
increases [13]. Moreover, traditional reinforcement learn-
ing approaches cannot be applied to differential games,
where the states and actions are continuous. One of the
possible solutions to the problem of continuous domains is
to discretize the state and action spaces. However, this
discretization may also lead to the problem of the curse of
dimensionality that appears when discretizing large con-
tinuous states and/or actions [13, 18, 26]. To overcome
these issues that lead to the problem of the curse of
dimensionality, one may use a function approximation
system to represent the large discrete and/or continuous
spaces [10, 13, 43, 44]. Different types of function
approximation systems are used in the literature, and the
gradient-descent-based function approximation systems are
among the most widely used ones [13]. In addition, the
gradient-descent-based function approximation systems are
well suited to online reinforcement learning [13].

1.1 Related Work

Several fuzzy reinforcement learning approaches have
been proposed in the literature to deal with differential
games (that have continuous state and action spaces) by
using gradient-descent-based function approximation

systems [16, 26, 43, 45-47]. Some of these approaches
only tune the output parameters of their function approxi-
mation systems [16, 43, 46], where the input parameters of
their function approximations are kept fixed. On the other
hand, the other approaches tune both the input and output
parameters of their function approximation systems
[26, 45, 47].

In [43], the author proposed a fuzzy actor—critic learning
(FACL) algorithm that uses gradient-descent-based FISs as
function approximation systems. The FACL algorithm only
tunes the output parameters (the consequent parameters) of
its FISs (the actor and the critic) by using the temporal
difference error (TD) calculated based on the state value
function. However, the input parameters (the premise
parameters) of its FISs are kept fixed during the learning
process. In [46], the authors proposed a fuzzy reinforce-
ment learning approach that uses gradient-descent-based
FISs as function approximation systems. Their approach
only tunes the output parameters of the function approxi-
mation systems based on the TD error calculated based on
the state value functions of the two successive states in the
state transition. In [16], the authors proposed the general-
ized probabilistic fuzzy reinforcement learning (GPFRL)
algorithm, which is a modified version of the actor—critic
learning architecture. The GPFRL algorithm uses gradient-
descent-based FISs as function approximation systems.
The GPFRL only tunes the output parameters of its func-
tion approximation systems based on the TD error of the
critic and the performance function of the actor. In [26], the
authors proposed a fuzzy learning approach that uses a time
delay neural network (TDNN) and a FIS as gradient-des-
cent-based function approximation systems. Their
approach tunes the input and output parameters of the
function approximation systems based on the TD error
calculated based on the state-action value function. In [47],
the authors proposed a fuzzy actor—critic reinforcement
learning network (FACRLN) algorithm based on a fuzzy
radial basis function (FRBF) neural network. The
FACRLN uses the FRBF neural networks as function
approximation systems. The FACRLN algorithm tunes the
input and output parameters of the function approximation
systems based on the TD error calculated by the temporal
difference of the value function between the two successive
states in the state transition. In [45], the authors proposed
the QLFIS algorithm that uses gradient-descent-based FISs
as function approximation systems. The QLFIS algorithm
tunes the input and output parameters of the function
approximation systems based on the TD error of the state-
action value functions of the two successive states in the
state transition. However, all these fuzzy reinforcement
learning algorithms [16, 26, 43, 45—47] use what so-called
direct algorithms described in [48] to tune the parameters
of their function approximation systems. Although direct
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algorithms have been widely used in the tuning mechanism
of the parameters for the function approximation systems,
the direct algorithms may lead the function approximation
systems to unpredictable results and, in some cases, to
divergence [48-52].

1.2 Main Contribution

In this work, we propose a new fuzzy reinforcement learning
algorithm for differential games, where the states and actions
are continuous. The proposed algorithm uses function
approximation systems whose parameters are updated dif-
ferently from the updating mechanisms used in the algo-
rithms proposed in [16, 26,43, 45—47]. Unlike the algorithms
presented in the literature which use the direct algorithms to
tune their function approximation systems, the proposed
algorithm uses the residual gradient value iteration algorithm
to tune the input and output parameters of its function
approximation systems. The direct algorithms tune the
parameters of the function approximation system based on
the partial derivatives of the value function at the current
state s;, whereas the residual gradient algorithms tune the
parameters of the function approximation system based on
the partial derivatives of the value function at both the cur-
rent state s, and the next state s, . The direct and residual
gradient algorithms are presented in Sect. 2.1. The direct
algorithms may not converge to an answer in some cases,
while the residual gradient algorithms are always guaranteed
to converge to a local minimum [48-52]. Furthermore, we
take this opportunity to also present the complete derivation
of the partial derivatives that are needed to compute both the
direct and residual gradient algorithms. To the best of our
knowledge, the derivation of the partial derivatives has never
been explicitly shown. Table 1 shows a brief comparison
among some fuzzy reinforcement learning algorithms and
the proposed algorithm.

We investigate the proposed algorithm on different
pursuit—evasion differential games because this kind of
games is considered as a general problem for several other

problems such as the problems of wall following, obstacle
avoidance, and path planning. Moreover, pursuit—evasion
games are useful for many real-world applications such as
search and rescue, locating and capturing hostile intruders,
localizing and neutralizing environmental threads, and
surveillance and tracking [18, 45]. The proposed algorithm
is used to learn three different pursuit—evasion differential
games. In the first game, the evader is following a simple
control strategy, whereas the pursuer is learning its control
strategy to capture the evader in minimum time. In the
second game, it is also only the pursuer that is learning.
However, the evader is following an intelligent control
strategy that exploits the advantage of the maneuverability
of the evader. In the third game, we make both the pursuer
and the evader learn their control strategies. Therefore, the
complexity of the system will increase as the learning in a
multi-robot system is considered as a problem of a
“moving target” [53]. In the multi-robot system learning,
each robot will try to learn its control strategy by inter-
acting with the other robot which is also learning its control
strategy at the same time. Thus, the best-response policy of
each learning robot may keep changing during learning in
multi-robot system. The proposed algorithm outperforms
the FACL and QLFIS algorithms proposed in [43] and [45]
in terms of convergence and speed of learning when they
all are used to learn the pursuit—evasion differential games
considered in this work.

This paper is organized as follows: Preliminary concepts
and notations are reviewed in Sect. 2. The QLFIS algo-
rithm proposed in [45] is presented in Sect. 3. Section 4
presents the pursuit—evasion game. The proposed RGFACL
algorithm is introduced in Sect. 5. The simulation and
results are presented in Sect. 6.

2 Preliminary Concepts and Notations

The direct and the residual gradient algorithms and the
fuzzy inference systems are presented in this section.

Table 1 Comparison among some fuzzy reinforcement learning algorithms and the proposed algorithm

Algorithm Type of gradient- Input parameters of function Output parameters of function
descent method approximation systems approximation systems
FACL [43] Direct Fixed Tuned
Algorithm proposed in [46] Direct Fixed Tuned
GPFRL [16] Direct Tuned Tuned
Algorithm proposed in [26] Direct Tuned Tuned
FACRLN [47] Direct Tuned Tuned
QLFIS [45] Direct Tuned Tuned
The proposed algorithm Residual Tuned Tuned
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2.1 Direct and Residual Gradient Algorithms

Traditional reinforcement learning algorithms such as the
Q-learning algorithm and the value iteration algorithm rep-
resent the value functions as lookup tables and are guaran-
teed to converge to optimal values [13]. These algorithms
have to be combined with function approximation systems
when they are applied to real applications with large state and
action spaces or with continuous state and action spaces. The
direct and the residual gradient algorithms described in [48]
can be used when the traditional Q-learning and the value
iteration algorithms are combined with function approxi-
mation systems. In [48], the author illustrated with some
examples that the direct algorithms may converge fast but
may become unstable in some cases. In addition, the author
showed that the residual gradient algorithms converge in
those examples and are always guaranteed to converge to a
local minimum. Another study presented in [51] shows that
the direct algorithms are faster than the residual gradient
algorithms only when the value function is represented in a
tabular form. However, when function approximation sys-
tems are involved, the direct algorithms are not always faster
than the residual gradient algorithms. In other words, when
function approximation systems are involved, the residual
gradient algorithms are considered as the superior algorithms
as they are always guaranteed to converge, whereas the direct
algorithms may not converge to an answer in some cases.
Other different studies [49, 50, 52] confirm the results pre-
sented in [48] in terms of the superiority of the residual
gradient algorithms as they are always shown to converge.
To illustrate the difference between the direct algorithms and
the residual gradient algorithms, we will give two different
examples of these algorithms: the direct value iteration
algorithm (an example of the direct algorithms) and the
residual gradient value iteration algorithm (an example of the
residual gradient algorithms).

2.1.1 The Direct Value Iteration Algorithm

For Markov decision processes (MDPs), the value function
Vi(s) at the state s, for approximation of the reinforcement
rewards can be defined as follows [46, 54],

Vi(s:) :E{iyi_tri} (1)

i=t

where y € [0, 1) is a discount factor and r; is the immediate
external reward that the learning agent gets from the
learning environment.

The recursive form of Eq. (1) can be defined as follows
[46, 54],

Vt(st) =rn+ “/V,(S,H) (2)

The temporal difference residual error, A,, and the mean
square error, E,, between the two sides of Eq. (2) are given
as follows,

A= - V,(s,)} (3)

1
E =5 @)

+yVi(si41)]

For a deterministic MDP, after transition from a state to
another, the direct value iteration algorithm updates the
weights of the function approximation system as follows
(48],

o,
oy,

where , represents the input and output parameters of the
function approximation system that needs to be tuned, o is

Y=y, —o (5)

a learning rate, and the term e l/ t is defined as follows,

OE, LY

0
&, = A’a_np, = —[r +yVils1) — Vz(st)]-a_l//tvt(sz) (6)
Thus,
l//erl Y, + “[rt + /Vt(stﬂ) - VI(SI)]'£VI(SI) (7)

The direct value iteration algorithm updates the derivative
25' as in Eq. (6). This equation shows that the direct value

iteration algorithm treats the value function V;(s;;1) in the
temporal error A; as a constant. Therefore, the derivative

%;’“) will be zero. However, the value function V;(s;) is

not a constant, and it is a function of the input and output

parameters of the function approximation system, V,.

th(SHI)
W,

Therefore, the derivative should not be assigned to

zero during the tuning of the input and output parameters of
the function approximation system.

2.1.2 The Residual Gradient Value Iteration Algorithm

The residual gradient value iteration algorithm updates the
weights of the function approximation system as follows
(48],

OE
l//zﬂ = lpt - “a_l/ (8)
where
OE, 0A,;
@l//, =A_— !//t = [ry +yVi(sit1) — Vi(si)]- @l//, NACTEVE @lk, Vi(s:)
9)
Thus,
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alry + pVi(sit1) — Vi(si))- Vi(sr)

(10)

V1 =¥, — = Vilsi1) —

0
oy, @%

The residual gradient value iteration algorithm updates the
derivative l//’ as in Eq. (9). In this equation, the residual

gradient value iteration algorithm treats the value function
V;(s;+1) in the temporal error A, as a function of the input
and output parameters of the function approximation sys-
OVi(si41)
o,

tem, ,. Therefore, the derivative will not be

assigned to zero during the tuning of the input and output
parameters of the function approximation system. This will
make the residual gradient value iteration algorithm per-
forms better than the direct value iteration algorithm in
terms of convergence [48].

2.2 Fuzzy Inference Systems

Fuzzy inference systems may be used as function approx-
imation systems so that reinforcement learning approaches
can be applied to real systems with continuous domains
[10, 13, 43]. Among the most widely used FISs are the
Mamdani FIS proposed in [55] and the Takagi—Sugeno—
Kang (TSK) FIS proposed in [56, 57]. The FISs used in this
work are zero-order TSK FISs with constant consequents.
Each FIS consists of L rules. The inputs of each rule are
n fuzzy variables, whereas the consequent of each rule is a
constant number. Each rule / ({ =1,...,L) has the fol-
lowing form,

R;: IF sy is F{,..., and s, is Fi THEN z = Kk

(11)

where s; (i = 1,...,n) is the ith input state variable of the
fuzzy system, n is the number of input state variables, and
F! is the linguistic value of the input s; at the rule /. Each
input s; has 2 membership functions. The variable z; rep-
resents the output variable of the rule /, and k; is a constant
that describes the consequent parameter of the rule /. In this
work, Gaussian membership functions are used for the
inputs and each membership function (MF) is defined as
follows,

s = o (- (1)) (12

where ¢ and m are the standard deviation and the mean,
respectively.

In each FIS used in this work, the total number of the
standard deviations of the membership functions of its
inputs is defined as H, where H = n x h. In addition, the
total number of the means of the membership functions of

@ Springer

its inputs is H. Thus, for each FIS used in this work, the
standard deviations and the means of the membership
functions of the inputs are defined, respectively, as ¢; and
mj, where j =1,...,H. We define the set of the parame-
ters of the membership functions of each input, Q(s;), as
follows,

‘Q(Sl) = {(O’[ 1M )> (027m2)7 ceey (‘7/17mh)}

Q(s2) = {(Ont1,mi11), (Cng2,Mps2) s - -, (G2, mop) }

Q(81) = {(O(-1)hr1, M m-1)1+1)5 (C(nm1)hr2, Mn—1)h12)s - - -5 (Or, M) }
(13)

The output of the fuzzy system is given by the following
equation when we use the product inference engine with
singleton fuzzifier and center-average defuzzifier [10].

ZLMLm<)}
> (T Z¢ e

llﬂ

Z(s;) =

where s, = (s1,...,s,) is the state vector, uf i describes the
membership value of the input state variable s; in the rule /,
and @(s;) is the normalized activation degree (normalized
firing strength) of the rule / at the state s, and is defined as
follows:

H?:l/ﬂ(si) _ wi(s)
S (T £ (s) oy on(s:)

where w(s;) is the firing strength of the rule / at the state s,,
and it is defined as follows,

)= [ (s (16)
i=1

We define the set of the parameters of each firing strength
of each rule in each FIS, Q(w;), as follows,

¢Z<Sr) =

(15)

Q1) = {(a1,m1), (Ons1,Ms1)s -+ oy (Clu 1)1, Mn—1y141) }

Qwz) = {(a1,m1), (Ons1,Mp41), - 5 (T 1ypr2, Mn—1yn2) }

‘Q(wh) = {(Ulvml)v (ah+17mh+l)7 B (GH7mH)}

Qops1) = {(a1,m1), (Ghs2,Mpi2)s - - 5 (a1, Mn—1yn41) }

Q(wL) = {(Uh,mh), (O'Zh,mz;,), ce ey (O‘H,mH)}

(17)
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3 The Q-Learning Fuzzy Inference System
Algorithm

The QLFIS algorithm is a modified version of the algo-
rithms presented in [46] and [26]. The QLFIS algorithm
combines the Q-learning algorithm with a function
approximation system and is applied directly to games with
continuous state and action spaces. The structure of the
QLFIS algorithm is shown in Fig. 1. The QLFIS algorithm
uses a function approximation system (FIS) to estimate the
state-action value functions Q(s;, ). The QLFIS algorithm
also uses a function approximation system (FLC) to gen-
erate the continuous action. The QLFIS algorithm tunes the
input and output parameters of its function approximation
systems [45]. The QLFIS algorithm uses the so-called
direct algorithms described in [48] as a mechanism to tune
the input and output parameters of its function approxi-
mation systems.

3.1 Update Rules for the Function Approximation
System (FIS)

The input parameters of the FIS are the parameters of the
Gaussian membership functions of its input: the standard
deviations o; and the means m;. On the other hand, the
output parameters of the FIS are the consequent (or con-
clusion) parts of the fuzzy rules, k;. To simplify notations,
we refer to the input and output parameters of the FIS as /<.
Thus, the update rules of the input and output parameters for
the FIS of the QLFIS algorithm are given as follows [45],

aQt(shuc)
‘sz+1 :‘th“‘PAzW (18)

where p is a learning rate for the FIS parameters, and A, is
the temporal difference error that is defined as follows,

Ay =1+ 90 (Si11, ue) — Qi(St ue) (19)

where r; is the reward received at time #, y is a discount
factor, and Q(s;,u.) is the estimated state-action value
function at the state s;.

»

Y(SI’ 11(‘) —
[Fs 12 g
i ;

1+ 70,5005 1,)

n(0.0,)
[-ﬁ" u, " #\ u, -
y FLC I ) .|| Env1r0nment|i
¥ St

Fig. 1 The QLFIS technique [45]

The term aQ%(l;}f"> in Eq. (18) is computed as in [45] as
follows,
aQt(Sh Uc) o
ok Py(s;) (20)
00, (s;, e ki — O (s;, ue 2s,~—m-2
Qt( t ) _ 1 Qt( t ) CUI(St) (73j) (21)
0 > 1 oi(sy) (g))
aQt(Sta ”0) k; — Qt(st7 uc) 2(S,~ — mj)
= (S —_— 22
Om; > 1 oi(sy) (s (O'J-)2 22)

3.2 Update Rules for the Function Approximation
System (FLC)

Likewise the FIS, the input parameters of the FLC are the
parameters of the Gaussian membership functions of its
input: the standard deviations ¢; and the means m;. On the
other hand, the output parameters of the FLC are the
consequent (or conclusion) parts of the fuzzy rules, k;. We
refer to the input and output parameters of the FLC as y/".
Thus, the update rules of the input and output parameters
for the FLC of the QLFIS algorithm are given as follows
(451,

u u au, Ue — Uy
l//z-H =¥ +TA[6‘//u,[ o, ] (23)
where 7 is a learning rate for the FLC parameters, u, is the
output of the FLC with a random Gaussian noise. The term

Quy

S in Eq. (23) can be calculated by replacing O;(s;, u.)
with u, in Egs. (20), (21) and (22) as follows,

= i) (24)
ou, by —uy 2(s; — m_,~)2

S ST A s >
Ou; _ ki — uy or(s) 2(s; — my) (26)

om; > o(s,)

4 The Pursuit-Evasion Game

The pursuit—evasion game is defined as a differential game
[58]. In this game, the pursuer’s objective is to capture the
evader, whereas the evader’s objective is to escape from the
pursuer or at least prolong the capture time. Figure 2 shows
the model of the pursuit—evasion differential game. The
equations of motion of the pursuer and the evader robots can
be described by the following equations [59, 60],

X = Vi cos(0,)

¥ = Vi sin(0,) (27)

.V,
0. = L—Ktan(uk)
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The evader Ve

The pursuer _,_,-"" (x,,¥.)

Fig. 2 Pursuit-evasion model

9

where x represents both the pursuer “p” and the evader
“e”, V, represents robot k’s speed, 0, is the orientation of
robot , (x,,y,) is the position of robot k, L, represents the
wheelbase of robot «, and u, represents robot k’s steering
angle, where u, € [—uy, ., U, |-

In this work, we assume that the pursuer is faster than
the evader by making V,, > V,. It is also assumed that the
evader is more maneuverable than the pursuer by making
Ue,.. > Up,... A simple classical control strategy that can be
used to define the control strategies of the pursuer and the
evader, in a pursuit—evasion game, can be given as follows,

7u’fmax: 5K - uKmax
U = Oy Uiy < On Sl (28)
Ui Ol
and,
5. = tan”! (u) 0, (29)
Xe — Xp

where 0, represents the angle difference between the
direction of robot k and the line-of-sight (LoS) to the other
robot.

To capture the evader in a pursuit-evasion game when
the pursuer uses the simple control strategy described by
Egs. (28) and (29), the angle difference 6, has to be
driven to zero by the pursuer. Thus, the control strategy
of the pursuer in this case is to drive this angle difference
to zero. On the other hand, the control strategy of the
evader is to escape from the pursuer and keep the dis-
tance between the evader and the pursuer as large as
possible. The evader can do so by following the intelli-
gent control strategy described by the following two rules
[11, 45, 60, 61]:

1. If the distance between the evader and the pursuer is
greater than a specific distance d, the control strategy
of the evader is defined as follows,

@ Springer

U, = tan~! (y;y") —0, (30)

Xe — Xp

2. If the distance between the evader and the pursuer is

less than or equal to the distance d, the evader exploits
its higher maneuverability, and the control strategy for
the evader in this case is given as follows,

u, = (0, + ) — 0, (31)
The distance d is defined as follows,
- L
d=—"_
tan (i) (32

The pursuer succeeds to capture the evader if the dis-
tance between them is less than the capture radius d,.
The distance between the pursuer and the evader is
defined by d and is given as follows,

d= /(s — 5+ (e — 3 (33)

S The Proposed Algorithm

In this work, we propose a new fuzzy reinforcement
learning algorithm for differential games that have con-
tinuous state and action spaces. The proposed algorithm
FISs as function approximation systems: an actor (fuzzy
logic controller, FLC) and a critic. The critic is used to
estimate the value functions Vi(s;) and V(s.;) of the
learning agent at two different states s, and s.q,
respectively. The values of Vi(s;) and Vi(s.;) will
depend on the input and output parameters of the critic.
Unlike the algorithms proposed in [16, 26, 43, 45-47]
which use the direct algorithms to tune the parameters of
their function approximation systems, the proposed
algorithm uses the residual gradient value iteration
algorithm described in [48] to tune the input and output
parameters of its function approximation systems. It has
been shown in [48-52] that the direct algorithms may
not converge to an answer in some cases, while the
residual gradient algorithms are always guaranteed to
converge. The proposed algorithm is called the RGFACL
algorithm. The structure of the proposed RGFACL
algorithm is shown in Fig. 3. The input parameters of
the critic are the parameters of the MFs of its inputs, g;
and m; (where j=1,...,H). The output parameters of
the critic are the consequent parameters of its rules, k;
(where [ =1,...,L). To simplify notations, we refer to
the input and output parameters of the critic as wc.
Similarly, the input parameters of the actor are the
parameters of the MFs of its input ¢; and m;, and the
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k.
- Vi(s)

=I| CRITIC I|

Vi(si1)

‘~A

Fig. 3 The proposed RGFACL algorithm

output parameters of the actor are the consequent
parameters of its rules k;. To simplify notations, we refer
to the input and output parameters of the actor as y*.
The temporal difference residual error, A,, is defined as
follows,

Ar =11+ yVi(sier) — Vi(s:) (34)

5.1 Adaptation Rules for the Critic

In this subsection, we derive the adaptation rules that the
proposed algorithm uses to tune the input and output
parameters of the critic. For the sake of completeness,
we are going to present the complete derivation of the
partial derivatives that are needed by the proposed
algorithm.

The mean squared error, E, of the temporal difference
residual error, A,, is defined as follows,

1

The input and output parameters of the critic are updated
based on the residual gradient method described in [48] as
follows,

c 6E
l//H-I lpt a l//t (36)
where npf represents the input and output parameters of the
critic at time ¢, and o is a learning rate for the parameters of
the critic.

The QLFIS algorithm proposed in [45] uses the so-
called direct algorithms described in [48] to define the term
On the other hand, the proposed algorithm defines the

@ll/,

OE
term <

algorithm which is also described in [48] as follows,

based on the residual gradient value iteration

a_E _ avt(StH) _ avt(st)
oy G

The proposed algorithm treats the value function V;(s;y|)
in the temporal difference residual error A, as a function of
the input and output parameters of its function approxi-
mation system (the critic), W,C. Unlike the QLFIS algo-

rithm, the proposed algorithm will not assign a value of
6V,(s,+1)
oy
and output parameters of the critic. This is because the
value function V;(s,) is a function of the input and output

(37)

1

zero to the derivative during the tuning of the input

parameters of the critic 1//,C, and its derivative avéizg“ should
not be assigned to zero all the time.

From Eq. (37), Eq. (36) can be rewritten as follows,
Vi(s)].

lngrl = ‘/’rc —afr +Vilsir) — Vi(Si+1) — ~c Vi(s:)

"awc ’ w,
(38)
The derivatives of the state value functions, V,(s;) and

Vi(s:+1), with respect to the output parameters of the critic,
k;, are calculated from Eq. (14) as follows,

V(s
= 39
o= i) (39)
where [ =1,...,L.
Similarly,
V(s
) fs) (40)

where @(s;) and @;(s,;) are calculated by using Eq. (15)

at the states s; and s, , respectively.

V(s

We use the chain rule to calculate the derivatives 30,

GV,(S,H) oV, (s;)

and We start with the derivative =5~ which is
2

calculated as follows,
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6V,(S,) _ th(S[) awl(st) (41)
0o; dwy(s;) 0o
where j =1,..., H.
The term 2};2 )) is calculated as follows,
OVi(s:) _ [Vi(s)  dVils)  QVils:) (42)
dwy(s) dwi(s;) Owa(s;) ~dwp(s)
We first calculate the term aa(\:(( )) as follows,
th(St) _ a |:ZZ (U](St)kl:| _ k] - Vt(St) (43)
Owi(s;)  Qwi(s) [ X2 ou(s) 21 o(s1)
Similarly, we can calculate the terms 35;((1‘,))’ ..., and gu‘ji((s;,>)'

Thus, Eq. (42) can be rewritten as follows,

ko — Vl(st) ki,
Suouls)

aw, (s,

— Vi(sy)
> i(sy)

in Eq. (41) is calculated

oVil(s) {kl — Vi(sy)
da(s) B > oi(sr)

On the other hand, the term

|

as follows,

day(sy) _ [6601 (s1) (45)

awz(s,) 6a)L(s,)} T
60}

aO'j an aO'j

Oy (sr)

The derivative %o, can be calculated based on the defi-

nition of w (s;) glven in Eq. (16) as follows,

6&)1 F‘
601 lH'u (s:) ]

%WWOMMMXWXWW>

(46)
We then substitute Eq. (12) into Eq. (46) as follows,

dwi(s;) 0 [exp ( (Sl —m1>2>
dg; ao-, o1
S2 — Mpq g
X exp <_(T+1> ) X e (47)
X exp (— (S” - m(n—1>h+l>2>]
O (n—1)h+1

Thus, the derivatives a(%. (1) a(‘é' (1)
()

6(»1 s,)

, and are cal-

culated as follows,

@ Springer

Ow (s 2(s; — 2
617(1[): (s1 63m1) i (sy)
1

w1 (s;) _
60'2

6(1)1 (S,) _ 2(&2 —
0011 Opt1
0w (s;) _

0012

6601 (S;)
0o (n—1)h+1
0w (sr)

ao—("*l)ll‘Fz

~2(sy - M 1y1)

()} (S,)

3
O‘(nfl)h+1

=0

0w (s;) B

6011

Thus, from Eq. (48), the derivative aw](s,) G=1,...,

be rewritten as follows,

H) can

Owi(s;) z(slTj)wl(s,) if (oj,m;) € Q(wr) (49)

oo; ! .
0 it (a;,m;) € Q1)

where the term s; is the ith input state variable of the state
vector s, and is defined as follows,

81 if (aj,mj) c Q(Sl)
kY] if (Gj,mj') S .Q(Sz)

Si = . (50)
sy if (g5, m;) € Q(sy)

We can rewrite Eq. (49) as follows,

0w (s;) 2(si —m;)?
Taj: j,lT]wl(st) (51)
where
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Similarly, we can calculate the derivatives as follows,

e [

B (s))
a/

x| (53)

2
X exp (—(%) > X e (54)
+
X exp o (Sn - m(nl)h+2>2
O (n—1)h+2

Q) (sr)

Thus, the derivatives o and a(‘a}fT(Hs’) are calculated as

follows,
dn(s;) _ 2(s1 —mi)?
0o J?
6(02 (S,)

W (sy)

60'2

Ows (s;) _ 2(sy —mpi1)’
00n41
0wy (s;) _

00442

wy (S,)
‘7131+1

Owx(sy)
00 (u—1)h+1

Oma(s;)  2(sn
00 (n-t)hia

Owx(sy)

00 (- 1)h+3

=0

2
- m(nfl)h+2)

3 &) (S,)
a(n— 1)h+2

=0

éwz (S,) -
601-1

Thus, from Eq. (55), the derivatives a“’2<5‘) (j=1,.

be rewritten as follows,

2(s; — m; 2
awz(st) 7 %
60'j - J

0 if

H) can

wo(s) if - (oj,m;) € Qn)

(aj,m;) & Q)
(56)

We can rewrite Eq. (56) as follows,

O (sy) 2(si — mj)*
30, =¢in 013 @>(8y) (57)
where

(58)

Qws(si) dwa(s:)
0g; * 0g; 7

and a‘%L—J(?’). Thus, Eq. (45) can be rewritten as follows,

Similarly, we can calculate the derivatives

don(s, \2 2(si — mj)>?
aéléj)_[gjl ( ]m’) oi(st) o s a;m) w2 (s1)
2 ) '
.gj,L i 3mj wr(s;) (59)
0;
where

1 it (o,my) € Q)
S1=Y0 if (aj,m;) & Q(cn)

Hence, from Egs. (44) and (59), the derivative av,( 1) (G=
1

(60)

,...,H) in Eq. (41) is then calculated as follows,

th(SI) 2(5‘,‘ — m,-)z L kl — Vl(sl)
= = X E Ei—=——F—ws 61
9a; 7 Y onls) ) (61
Similarly, we calculate the derivative % as follows,

aV,(S,+1) Vt SI+1)
= s
0a; Zé}l > oi(Si41) @u(8er1)
(62)
where
Sll if (O'j,l’ﬂj) S .Q(S])
s, if  (gj,m;) € Q(s2)
= (63)
s, if  (gj,m;) € Q(sn)

where s§ is the ith input state variable of the state vector s, ;.
We also use the chain rule to calculate the derivatives

a\g,_n(l?,) and %. We start with the derivative a‘g’—n(f_’) which
7 7 7
is calculated as follows,
th(St) _ th(St) aa}l(st)
om; Owy(s;)  Om;

(64)

The term S(Z’((Z’; is calculated as in Eq. (44), and the term

a‘g[(s’) is calculated as follows,
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am]'

dwi(s:) _ {awl(sr) 0wa(s:) anL(st)][ (65)

amj amj ' amj
We first calculate the term 226 ( 1) by using Eq. (16) as follows,
0w (s;)

_ F’
omy; @mj lllj['u si) ]
a 1 1
= [ s1) x 1 (s2)

amj

X i (s)] (66)

We then substitute Eq. (12) into Eq. (66) as follows,
awl (St) a

— Y | ex _(S1—m ?
amj 761’)1]‘ P g1
2
com (-(2m) ) @)
+
X exp . <sn - m(nl)h+1>2
O (n—1)h+1

Thus, the derivatives a(g,(s), a‘glrfs’),
2

0w (s;)

..., and 3 are cal-
my

culated as follows,

Owi(s;)  2(sy —my)
aml - O'% @ (St)

Gw] (St) .
al’l’lz B

Ow (s 2(sp —m

5 1( t): (2 ; h+1)wl(st)
Mp+1 Oh+1

awl (St) _

Omyo

6a)l (st) _ 2(Sn
am(nfl)h+l
a(l)] (St) _

OM(y_1)ns2

- m(nfl)thl)

wl(st)
O-%n—l)h+l

aUJI (St) _ 0

6mH

Thus, from Eq. (68), the derivative 2 al( 2 (j=1,..,H) can

be rewritten as follows,

@ Springer

2(s; .
dwi(s) _ (s - ™) (s i (6;,m;) € Q(wy)
. J
oo if (cjm) ¢ Qo)
(69)
We can rewrite Eq. (69) as follows,
0w (s1) 2(s; — m;)
am,t =1— 5 aj ———Lwi(s) (70)

where s; is defined as in Eq. (50), and & ;1 is defined as in Eq. (52).

Oy (sr)

Slmllarly, we can calculate the term o, as follows,
acoz (sr)
(71)
6 > 2
:a_mj[HF()X“() X F"sn}
Ow;(sy) 0 S1 - ml
=—| exp
amj ij
—m,
X exp hH (72)
Oh+1
2
( — M) h+2>
X exp
( O (n—1)h+2
Thus, the derivatives 6(52(1 ), a%fn(:'), ..., and awz—(s’) are cal-
culated as follows,
Oma(s;)  2(s; —m)
om, o*f @(s:)
dma(s;)
amz n
O (sr) — 2(s2 —my1)
amhﬂ N ()‘2“ (UZ(SI)
Ows (s;)
22
Oy
(73)
0wy (sy) —0
am(n—l)h+l
dan (s 2(sy —mg,—
0 (s;) (s0 — i ”h”)wz(s,)
am(,,,l),,ﬂ Oln—1)n+2
0w (s;)
am(n—l)h+3
dma(s)
amH =0
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Thus, from Eq. (73), the derivative aogzings,) G=1,...H
J

be rewritten as follows,

2(S,‘ — mj)

) can

dmn(s;) = (sy) if (gj,m;) € Q)
T J
Lo if (0,m) ¢ Q)
(74)
We can rewrite Eq. (74) as follows,
Owa(s1) 2(si m)
amj' =& 2 2 s (si) (75)

where s; is defined as in Eq. (50), and ¢;, is defined as in
Eq. (58).

Similarly, we can calculate the terms Ba(s) - doals))

om; > Om; > 7
and a‘%ﬁ—fl_s’). Thus, Eq. (65) can be rewritten as follows,
7
Oy (s) . 2(si —my) 2(si — m;) 2(s;
am/’ =& = Loi(s) & P L wy(s) - & : or(s;)

where ¢;; is defined as in Eq. (60).
From Egs. (44) and (76), the derivative 2%%) in Eq. (64)

is calculated as follows,

th(Sf) 2 S'l mj V,(St)
= S 77
Om; o} Zéjl > (se) wls) ")
Similarly, we can calculate the derivative % as
follows,
6V,(s,+1) s; 3 = Vi(si11)
am; Z 5,1 Zz () oy(Si41)
(78)

Hence, From Egs. (38), (61), (62), (77) and (78), the input
parameters m; and o; of the critic are updated at each time
step as follows,

oV (si11) th(St)]
Girr1 =071 —o[rr +yVi(Si11) — Vi(sy)]- N
o=yl Vi) - v [ ) T
(19)
oV, v,
mjpr = mj; — o, + yVi(sit1) — Vi(so)]. {”/ é,(;tﬂ) a 6};1(&)}
bt Jot
(80)

Similarly, From Egs. (38), (39), (40), the output parameters
k; of the critic are updated at each time step as follows,

kl,z+1 = kl,t

oVi(s oVi(s

—afrr + yVi(ser1) — Vi(so)]. |y [@(le—]) - a;c(l 2
¥ it

(81)

5.2 Adaptation Rules for the Actor

The input and output parameters of the actor, 1,DA, are
updated as follows, [45],

Ou; ue — u,
e (52)
where f is a learning rate for the actor parameters, u, is the
output of the actor with a random Gaussian noise. The
derivatives of the output of the FLC (the actor), u,;, with
respect to the input and output parameters of the FLC can
be calculated by replacing V,(s;) with &, in Eq. (39),
Egs. (61) and (77) as follows,

Ju

a—k; = &(s;) (83)
Ou,  2(si —my L ki — u;

— = X & S 84
ou;  2(s; mj ki — u

o X Z fﬂzl on(s) w(s:) (85)

Hence, From Egs. (82), (84) and (85), the input parameters
o; and m; of the actor (FLC) are updated at each time step
as follows,

Ou; [u. —u
Ojr1 = 0jr + BA 60, [ p t} (86)
j.t n
Ou; [ue — uy
M1 = My, + PA — . - (87)
it n

Similarly, From Eqgs. (82) and (83), the output parameters k;
of the actor (FLC) are updated at each time step as follows,

B At Uz |:uc' - ut:|

ki1 = ki + (88)

akl N Op

The proposed RGFACL algorithm is given in Algorithm 1.
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Algorithm 1 The Proposed Residual Gradient Fuzzy Actor Critic Learning Algorithm:

(1) Initialize:

(a) the input and output parameters of the critic, PC.

(b) the input and output parameters of the actor, 1.

(2) For each EPISODE do:

(3) Update the learning rates o and (3 of the critic and actor, respectively.
nitialize the position of the pursuer at (zp, =0 an e position of the evader randomly at (ze, ye ), an en
4) Initialize th iti f th t (Tp,yp 0 and th iti f th d domly at Y d th

calculate the initial state s¢.
(5) For each ITERATION do:

(6) Calculate the output of the actor, u¢, at the state s; by using Eq. (14) and then calculate the output u. =

ut +n(0,0n).

(7) Calculate the output of the critic, Vi (s¢), at the state s; by using Eq. (14).

(8) Perform the action u. and observe the next state s;41 and the reward 7.

(9) Calculate the output of the critic, Vi(s¢41), at the next state s¢1 by using Eq. (14).

(10) Calculate the temporal difference error, A, by using Eq. (34).

(11) Update the input and output parameters of the critic, 1<, by using Eq. (79), Eq. (80) and Eq. (81).
(12) Update the input and output parameters of the actor, ¢, based on Eq. (86), Eq. (87) and Eq. (88).

(13) Set s¢ «— St41-

(14) Check Termination Condition.
(15) end for loop (ITERATION).
(16) end for loop (EPISODE).

Example This example illustrates how to use the equa-
tions associated with the proposed algorithm to tune the
input and output parameters of the FISs (actor and critic) of
a learning agent. We assume that the actor of the learning
agent has two inputs, s, = (s1,s2). That is, n =2. We
assume that the output of the actor is a crisp output. The
critic of the learning agent has the same inputs as the actor,
s; = (s1, 52), and with a crisp output. Thus, the fuzzy rules
of the actor and the critic can be described as in Eq. (11), as
follows,

R(actor): IF s is A} and s, is A5 THEN (89)
1 =aq
Ry(critic): IF s; is C| and s, is C, THEN (90)

q=7q

The linguistic values of the actor’s inputs, A\ and A}, are
functions of the means and the standard deviations of the
MFs of the actor’s inputs, and a; is a constant that repre-
sents the consequent part of the actor’s fuzzy rule R;. On
the other hand, the linguistic values of the critic’s inputs,
C! and C}, are functions of the means and the standard
deviations of the MFs of the critic’s inputs, and ¢; repre-
sents the consequent part of the critic’s fuzzy rule R;.

We assume that each input of the two inputs to the FISs
(actor and critic) has three Gaussian MFs, h = 3. That is, the
input parameters of each FIS are ¢; and m;, where j =
1,...,H and H = n x h = 6. In addition, each FIS has nine
rules, L = A" = 9. That is, the output parameters of each FIS
are nine parameters (a; for the actor and ¢; for the critic),
where [ = 1, ...,9. The parameters of the MFs of each input
Q(s;), (i = 1,2), defined by Eq. (13) can be given as follows,

@ Springer

Q(s1) = {(a1,m), (62,m2), (03,m3)}

Q(s2) = {(4,ma), (05, ms), (06, m6) } 1)

On the other hand, the set of the parameters of each firing
strength of each rule in each FIS, Q(w;), defined by
Eq. (17) is given as follows,

Q(w1) = {(a1,m1), (04,ma)}
Q(w,) = {(o1,m1), (o5,ms)}
Q(w3) = {(o1,m1), (g6,me) }
Q(w4) = {(02,m2), (74,m4) }
Q(ws) = {(02,m), (a5,ms)} (92)
Q(ws) = {(02,m2), (06, m6) }
Q(w7) = {(03,m3), (04,ma) }
Q(wg) = {(03,m3), (05, ms)}
Q(wy) = {(03,m3), (06, me)}

The term ¢;; defined by Eq. (60) can be calculated based on
the following matrix,

11100000 0
0001 11000

o loooooo0 111

Tl 00100100 (93)
01 00100710
00100100 1],

To tune the input and output parameters of the actor and
critic, we follow the procedure described in Algorithm (1).
After initializing the values of the input and output
parameters of the actor and critic, learning rates, and the
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inputs, the output u, of the actor at the current state s; is
calculated by using Eq. (14) as follows,

24| (0L #w)al
t 219:1 (H?:1 uli (Si))

To solve the exploration/exploitation dilemma, a random
noise n(0, g,,) with a zero mean and a standard deviation o,
should be added to the actor’s output. Thus, the new output
(action) u, will be defined as u. = u, + n(0, a,).

The output of the critic at the current state s, is calcu-
lated by using Eq. (14) as follows,

_ 219:1 [(H?ﬂ #F'{ (&'))Cz]
S (T wh(s)

The learning agent performs the action u, and observes the
next state s, and the immediate reward r,. The output of
the critic at the next state s, is then calculated by using
Eq. (14), which is in turn used to calculate the temporal
error A; by using Eq. (34). Then, the input and output
parameters of the actor can be updated by using Egs. (86),
(87) and (88). On the other hand, the input and output
parameters of the critic can be updated by using Eqgs. (79),
(80) and (81).

(94)

Vi(sy)

(95)

6 Simulation and Results

We evaluate the proposed RGFACL algorithm, the FACL
algorithm and the QLFIS algorithm on three different
pursuit—evasion games. In the first game, the evader is
following a simple control strategy, whereas the pursuer is
learning its control strategy to capture the evader in min-
imum time. In the second game, it is also only the pursuer
that is learning. However, the evader in this game is fol-
lowing an intelligent control strategy that exploits the
advantage of the maneuverability of the evader. In the third
game, we make both the pursuer and the evader learn their
control strategies. In multi-robot learning systems, each
robot will try to learn its control strategy by interacting
with the other robot which is also learning at the same time.
Therefore, the complexity of the system will increase as the
learning in a multi-robot system is considered as a problem
of a “moving target” [53]. In the problem of a moving
target, the best-response policy of each learning robot may
keep changing during learning until each learning robot
adopts an equilibrium policy. It is important to mention
here that the pursuer, in all games, is assumed to not know
the dynamics of the evader nor its control strategy.

We use the same learning and exploration rates for all
algorithms when they are applied to the same game. Those

rates are chosen to be similar to those used in [45]. We
define the angle difference between the direction of the
pursuer and the line-of-sight (LoS) vector of the pursuer to
the evader by J,. In all games, we define the state s, for the
pursuer by the two input variables which are the pursuer
angle difference J, and its derivative 5,,. In the third game,
we define the state s, for the evader by the two input
variables which are the evader angle difference J, and its
derivative 56. Three Gaussian membership functions (MFs)
are used to define the fuzzy sets of each input.

In all games, we assume that the pursuer is faster than
the evader, and the evader is more maneuverable than the
pursuer. In addition, the pursuer is assumed to not know the
dynamics of the evader nor its control strategy. The only
information the pursuer knows about the evader is the
position (location) of the evader. The parameters of the
pursuer are set as follows, V, = 2.0m/s, L, = 0.3m and
u, € [—0.5,0.5]. The pursuer starts its motion from the
position (x,,y,) = (0,0) with an initial orientation 0, = 0.
On the other hand, the parameters of the evader are set up
as follows, V, = lm/s, L, =0.3m and u, € [-1.0,1.0].
The evader starts its motion from a random position at each
episode with an initial orientation 6, = 0. The sampling
time is defined as T = 0.05s, whereas the capture radius is
defined as d. = 0.1m.

6.1 Pursuit-Evasion Game 1

In this game, the evader is following a simple control
strategy defined by Eq. (30). On the other hand, the pursuer
is learning its control strategy with the proposed RGFACL
algorithm. We compare our results with the results
obtained when the pursuer is following the classical control
strategy defined by Eqgs. (28) and (29). We also compare
our results with the results obtained when the pursuer is
learning its control strategy by the FACL and the QLFIS
algorithms. We define the number of episodes in this game
as 200 and the number of steps (in each episode) as 600.
For each algorithm (the FACL, the QLFIS and the pro-
posed RGFACL algorithms), we ran this game 20 times
and we averaged the capture time of the evader over this
number of trials.

Table 2 shows the time that the pursuer takes to capture
the evader when the evader is following a simple control
strategy and starts its motion from different initial posi-
tions. The table shows the capture time of the evader when
the pursuer is following the classical control strategy and
when the pursuer is learning its control strategy by the
FACL algorithm, the QLFIS algorithm and the proposed
RGFACL algorithm. From Table 2, we can see that the
capture time of the evader when the pursuer learns its
control strategy by the proposed RGFACL algorithm is
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Table 2 The time that the pursuer trained by each algorithm takes to
capture an evader that follows a simple control strategy. The number
of episodes here is 200

Algorithm Evader

(=59 (=10,—-6) (7,4 6,10
Classical strategy 10.70 12.40 8.05 11.20
The proposed RGFACL  10.80 12.45 8.05 11.25
QLFIS 10.95 12.50 8.05 11.35
FACL 11.50 13.50 8.65 12.25

very close to the capture time of the evader when the
pursuer follows the classical control strategy. This shows
that the proposed RGFACL algorithm achieves the per-
formance of the classical control.

6.2 Pursuit-Evasion Game 2

In this game, the evader is following the control strategy
defined by Egs. (30) and (31) with the advantage of using
its higher maneuverability. On the other hand, the pursuer
in this game is learning its control strategy with the pro-
posed RGFACL algorithm. Similar to game 1, we compare
our results obtained when the pursuer is learning by the
proposed RGFACL algorithm with the results obtained
when the pursuer is following the classical control strategy
defined by Eqgs. (28) and (29). We also compare our results
with the results obtained when the pursuer is learning its
control strategy by the FACL and the QLFIS algorithms. In
[45], it is assumed that the velocity of the pursuer and
evader are governed by their steering angles so that the
pursuer and evader can avoid slips during turning. This
constraint will make the evader slow down its speed
whenever the evader makes a turn. This will make it easy
for the pursuer to capture the evader. Our objective is to see
how the proposed algorithm and the other studied algo-
rithms will behave when the evader makes use of the
advantage of the maneuverability without any velocity
constraints. Thus, in this work, we take this velocity con-
straints out so that both the pursuer and the evader can
make fast turns without any velocity constraints. In this
game, we use two different numbers for the episodes (200
and 1000), whereas the number of steps (in each episode) is

set as 3000. For each algorithm (the FACL, the QLFIS and
the proposed RGFACL algorithms), we ran this game 20
times and, then, averaged the capture time of the evader
over this number of trials.

Tables 3 and 4 show the time that the pursuer takes to
capture the evader when the evader is following the control
strategy defined by Eqgs. (30) and (31) with the advantage
of using its higher maneuverability. The number of epi-
sodes used here is 200 for Table 3 and 1000 for Table 4.
The tables show that the pursuer fails to capture the evader
when the pursuer is following the classical control strategy
and when learning by the FACL algorithm. Table 3 shows
that the pursuer succeeds to capture the evader in all 20
trials only when the pursuer is learning by the proposed
RGFACL algorithm. When learning by the QLFIS algo-
rithm, the pursuer succeeds to capture the evader only in
20% of the 20 trials. On the other hand, Table 4 shows that
the pursuer always succeeds to capture the evader only
when the pursuer is learning with the proposed RGFACL
algorithm. However, when learning with the QLFIS algo-
rithm, the pursuer succeeds to capture the evader only in
50% of the 20 trials. Tables 3 and 4 show that the proposed
RGFACL algorithm outperforms the FACL and the QLFIS
algorithms. This is because the pursuer using the proposed
RGFACL algorithm to learn its control strategy always
succeeds to capture the evader in less time as well as in a
less number of episodes.

6.3 Pursuit-Evasion Game 3

Unlike game 1 and game 2, both the evader and the pursuer
are learning their control strategies in this game. In multi-
robot learning systems, each robot will try to learn its
control strategy by interacting with the other robot which is
also learning its control strategy at the same time. Thus, the
complexity of the system will increase in this game as the
learning in a multi-robot system is considered as a problem
of a “moving target” [53]. We compare the results
obtained by the proposed algorithm with the results
obtained by the FACL and QLFIS algorithms. Unlike the
first two pursuit—evasion games, we do not use the capture
time of the evader as a criterion in our comparison in this
game. This is because both the pursuer and the evader are
learning. That is, a small capture time by the pursuer

Table 3 The time that the

. Algorithm Evader

pursuer trained by each

algorithm takes to capture an (-9,7) (=7, =10) 6,9 3, -9

evader that follows an

intelligent control strategy. The Classical strategy No capture No capture No capture No capture

number of episodes here is 200 The proposed RGFACL 13.05 100% 14.30 100% 11.65 100% 11.15 100%
QLFIS 23.20 20% 23.55 20% 25.45 20% 21.35 20%
FACL No capture No capture No capture No capture
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Table 4 The time that the

. Algorithm Evader

pursuer trained by each

algorithm takes to capture an =97 (=7, —10) 6,9 (3, -9

evader that follows an

intelligent control strategy. The Classical strategy No capture No capture No capture No capture

number of episodes here is 1000 The proposed RGFACL 12.70 100% 13.15 100% 11.30 100% 10.90 100%
QLFIS 20.25 50% 21.60 50% 19.60 50% 19.20 50%
FACL No capture No capture No capture No capture

learning its control strategy by one of the learning algo-
rithms can have two different indications; the first one is
that the learning algorithm is working well as the pursuer
succeeds to capture the evader quickly. The second indi-
cation, on the other hand, is that the learning algorithm is
not working properly as the evader does not learn how to
escape from the pursuer. Therefore, we compare the paths
of the pursuer and the evader learning their control
strategies by the learning algorithms with the paths of the
pursuer and the evader following the classical control
strategy defined by Eqgs. (28) and (29).

In game 3, the pursuer starts its motion from the position
(xp,¥p) = (0,0) with an initial orientation §, = 0. On the
other hand, the evader starts its motion from a random
position at each episode with an initial orientation 6, = 0.
We run game 3 twice. In the first run, we set the number of
the episodes in this game to 200, whereas the number of
steps in each episode is set to 3000. The results of the first
run are shown in Figs. 4, 5 and 6 when the evader starts its
motion from the position (x,,y.) = (—10,—10). These
figures show the paths of the pursuer and the evader
(starred lines) when learning by the FACL, the QLFIS, and
the proposed RGFACL algorithms, respectively. The paths
of the pursuer and the evader following the classical con-
trol strategy are also shown in the figures (dotted lines).
The results of the first run show that the proposed
RGFACL algorithm outperforms the FACL and the QLFIS

5 T T T T T

Pursuer's initial position

y - position

2 1 1 1 1 |
25 20 -15 -10 5 0 5

X - position

Fig. 4 The paths of the pursuer and the evader when learning by the
FACL algorithm proposed in [43] (starred lines) against the paths of
the pursuer and the evader when following the classical strategy
defined in Eqgs. (28) and (29) (dotted lines). The number of episodes
used here is 200

5 T T T T T

Pursuer's initial position

>

y - position

25 20 -5 -10 5 0 5

x - position

Fig. 5 The paths of the pursuer and the evader when learning by the
QLFIS algorithm proposed in [45] (starred lines) against the paths of
the pursuer and the evader when following the classical strategy
defined in Egs. (28) and (29) (dotted lines). The number of episodes
used here is 200

5 T T T T T

Pursuer's initial position

n
T

¥ - position
: 3
T

Capturing point
(Classical)

=
T

[y
S
T

LY

% I | 1 1 1
-2 20 -5 -0 5 0 5

x - position

Fig. 6 The paths of the pursuer and the evader when learning by the
proposed RGFACL algorithm (starred lines) against the paths of the
pursuer and the evader when following the classical strategy defined
in Eqs. (28) and (29) (dotted lines). The number of episodes used here
is 200

algorithms as the performance of the proposed algorithm is
close to the performance of the classical control strategy. In
the second run of game 3, we set the number of the epi-
sodes in this game to 500, whereas the number of steps in
each episode is set to 3000. The results of the second run
are shown in Figs. 7, 8 and 9 when the evader starts its
motion from the position (x,,y.) = (—10,—10). The fig-
ures show that the performance of the proposed RGFACL
algorithm and the performance of the QLFIS algorithm are
close to the performance of the classical control strategy
and both algorithms outperform the FACL algorithm.
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5 T T T T T 5 T T T T T
i s Pursuer's initial position
Pursuer's initial position
oF B 0F b
5F Evader's initial position E S R . 7
= 2 Evader's initial position
é 10k Capturing point (FACL) =} 'T'g A0k -
2 2
b S Capturing point
5k - 45 (Classical) .
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- 0 <
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Fig. 7 The paths of the pursuer and the evader when learning by the
FACL algorithm proposed in [43] (starred lines) against the paths of
the pursuer and the evader when following the classical strategy
defined in Egs. (28) and (29) (dotted lines). The number of episodes
used here is 500

5 T T T T T

Pursuer's initial position

SF Evader's initial position

¥ - position
3
T

Capturing point
45F (Classical)

20

2% 1 1 1 1 1
-25 20 -15 -10 5 0 5

x - position

Fig. 8 The paths of the pursuer and the evader when learning by the
QLFIS algorithm proposed in [45] (starred lines) against the paths of
the pursuer and the evader when following the classical strategy
defined in Eqgs. (28) and (29) (dotted lines). The number of episodes
used here is 500

7 Conclusion

In this work, we propose a new fuzzy reinforcement
learning algorithm for differential games that have contin-
uous state and action spaces. The proposed algorithm uses
FISs as function approximation systems: an actor (fuzzy
logic controller, FLC) and a critic. The proposed algorithm
tunes the input and output parameters of its function
approximation systems (the actor and the critic) differently
from the tuning mechanisms used in the algorithms pro-
posed in the literature. The proposed algorithm uses the
residual gradient value iteration algorithm as a mechanism
in tuning the parameters of its function approximation
systems, whereas the algorithms proposed in the literature
use the direct algorithms in their mechanisms to tune the
parameters of their function approximation systems. The
proposed algorithm is called the RGFACL algorithm. It has
been shown in the literature that the residual gradient
algorithms are superior to the direct algorithms as the
residual gradient algorithms are always guaranteed to

@ Springer

-2 -2 -15 -10 5 0 5

x - position

Fig. 9 The paths of the pursuer and the evader when learning by the
proposed RGFACL algorithm (starred lines) against the paths of the
pursuer and the evader when following the classical strategy defined
in Egs. (28) and (29) (dotted lines). The number of episodes used here
is 500

converge, whereas the direct algorithms may not converge
to an answer in some cases. For ease of implementation, the
complete derivation of the partial derivatives that are nee-
ded by the proposed algorithm is presented in this work. The
proposed algorithm is used to learn three different pursuit—
evasion games. We start with the game where the pursuer
learns its control strategy and the evader follows a simple
control strategy. In the second game, the pursuer learns its
control strategy and the evader follows an intelligent control
strategy that exploits the advantage of higher maneuver-
ability. In the third game, we increase the complexity of the
system by making both the pursuer and the evader learn
their control strategies. Simulation results show that the
proposed RGFACL algorithm outperforms the FACL and
the QLFIS algorithms in terms of performance and the
learning time when they all are used to learn the pursuit—
evasion games considered in this work.
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