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Abstract

Outage experienced by a user in an incumbent primary network due to a secondary

network deployment plays a key role in determining the spectrum sharing gains. While

it is impossible to deterministically study large networks, which are characterized by

the uncertainty in the number and the locations of the nodes, point process theory

has proved to be a useful mathematical tool in studying the statistical behaviour of

such networks.

The outage analysis, which is dependent on the sum of all the unwanted signals at

the primary receiver, requires the study of the interference coming from the primary

network as well. While analytical results are not tractable for complex primary net-

works, an alternative way to approach this problem in a Rayleigh-faded environment

is provided in this thesis. A simple, yet widely applicable, expression for the outage

due to two independent unwanted signal sets is derived. This expression does not re-

quire the knowledge of the distribution of net unwanted signal from one of these sets

provided that the outage resulting due to this distribution is known. The spectrum

sharing gains and opportunities for a finite field secondary network are then analyzed

using closed-form expressions. As an application, a spectrum sharing scenario be-

tween the overlaid cellular and ad hoc networks is considered for the uplink case, and

the outage is analyzed at the randomly, not necessarily independently, distributed

cellular network receivers. Additionally, a tight upper bound on the outage is derived

by incorporating a sensing mechanism to alleviate the profound effect of nearby sec-

ondary transmissions. It is worth mentioning that other than the spectrum sharing

scenarios, the results presented are applicable for any set of interferers distributed (in

the same or different networks) around any receiver of study.
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Chapter 1

Introduction

1.1 Motivation

In the future, a plethora of devices (or networks) are expected to share a common

spectrum. To meet the ever increasing applications requirements, bandwidth, which

is limited, must be allocated to different networks in such a way that it is used in

the most efficient manner. Spectrum measurements conducted at different places

have revealed the spectrum utilization to vary significantly in time and space [1, 2].

Accordingly, various spectrum sharing scenarios have been proposed in the literature,

where two or more networks share the spectrum. A typical scenario is one where a

primary network (PN) and secondary network (SN) share the spectrum. These SNs

can be a set of femtocells or an ad hoc network in a cellular setup, or any other

combination of heterogeneous networks. Other than PN-SN concept, even in case

of unlicensed bands, networks like WiFi have shown tremendous growth, owing to

inexpensive and easily deployable equipment.

Spectrum sharing networks are often overlaid or made to lie close to each other

which causes significant interference to each other. The focus has been on the study of

the effect of one network on the performance of other network. The principal perfor-

mance metric in such studies at the physical layer is the outage suffered by the victim
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receiver of the incumbent network due to the new network. The network operators

would like to get insights into the outage that a victim receiver node belonging to the

PN would suffer from the deployment of a SN. Conversely, there is an opportunity

for the new or SN to share the spectrum if it satisfies the outage constraint specified

at the PN. It is also important to know what spectrum sharing gains can be achieved

under the given outage constraint.

1.2 Background

There are primarily two spectrum sharing schemes that the SN can utilize to share the

spectrum of the PN [3]. In one of these schemes, known as the underlay scheme, the

SN could concurrently access the band of the primary user (PU) during the presence

of the PU provided that the SN activities do not degrade the PU services beyond a

certain level. In another scheme, known as the overlay scheme, secondary user (SU)

could use the spectrum only during the absence of the PU. The latter scheme usually

requires spectrum sensing and cognitive radio functionalities. However, adding these

functionalities may increase the complexity of the secondary nodes to a level that

can be economically infeasible, especially for large deployments. Moreover, the over-

lay scheme is also prone to sensing errors due to channel impairments or hardware

inaccuracies that lead to the presence of some undesired active SUs [4].

Most of the previous works focused on the scenarios where the PU spectrum is

accessed by a single SU, as given in the references in [3]. However, the networks con-

sisting of large number of nodes, are characterized by the uncertainty in the number

and the locations of the co-channel network nodes. The number of possible net-

work configurations increases dramatically with the increase in the number of nodes.

Hence, a deterministic approach used for few nodes is highly challenging to be scaled

to large networks (as in femtocells and ad hoc networks) where the number as well as

2



the positions of the nodes are random. Here, a mathematical tool known as stochas-

tic geometry comes to the rescue for the study of the stochastic behaviour of the

network [5–8]. In the study of multiple nodes, stochastic geometry is a promising

tool which has shown its importance and usefulness in a number of fields including

chemistry as well as forestry. It deals with the various spatial distributions of geomet-

ric objects. One of the well-known geometric models used in modeling the network

nodes is the spatial point process. Owing to its complete randomness and analyti-

cal tractability, the most common spatial point process is the Poisson point process

(PPP) or the homogeneous Poisson point process (HPPP). It is also the most basic

point process from which other kinds of point processes can be derived by applying

suitable operations.

The outage performance at any receiver, which depends on the interference re-

ceived at this victim receiver, requires the characterization of the interference coming

from the randomly distributed interferers [9]. For spectrum sharing networks, these

interferers are the secondary transmitters (STs) in the SN as well as the primary

transmitters (PTs) in the PN. In a parallel line of works for single networks like

CDMA, interferers are co-channel transmitters in the same network. Both the cases,

namely the spectrum sharing networks and the single networks, share some general

results derived for the set of interferers that are distributed as a point process around

the receiver of study. An invited paper [9] on the network interference and its applica-

tion provides a comprehensive presentation of the state of art in this area. The HPPP

was first considered in [10] for the single network where the interfering transmitters

are deployed as an HPPP around the victim receiver. In that case, for the interferers

are deployed on a 2-D plane and a path-loss exponent of α = 4, the authors obtained

the interference distribution in a closed-form. For other cases, the closed-form for

the interference distribution does not exist. Hence, the common approach followed is

to perform a distribution fit for the aggregate interference through the moments or
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cumulants (e.g., mean and variance) matching approach [11–14].

In the early works, generally a typical receiver is taken and the interferers are

assumed to be randomly distributed around that receiver according to an HPPP.

Sometimes, a presumably circular exclusion region or a guard zone is assumed around

the receiver to alleviate the profound effect of the nearby interfering transmissions.

The new HPPP for the interferers is formed outside the exclusion region by thinning

or removal of the points of the original HPPP inside the exclusion region. In case

of spectrum sharing, [11] studied the outage probability at the typical PR by doing

the lognormal distribution fit for the interference coming from the SN (or, STs).

In [12], the authors approximated the aggregate interference coming from the SN

with the shifted lognormal distribution and studied the outage at the typical PR.

They also incorporated the distance dependent distributed sensing mechanism for

STs to decide whether to transmit or not. In case of TV bands, [15] proposed a set

up where the PRs with guard zones around them are distributed randomly inside a

large presumably exact exclusion region centered around a PT. The STs are randomly

distributed outside the PT exclusion region. The authors found the relationship

between the derived outage bound at the PR and the exclusion regions around the

PR and PT in the worst case scenario, i.e., when the PR is at the edge of the exclusion

region. Similarly, in an another work on TV bands [16], the authors showed that the

lognormal or shifted lognormal approximations lead to under or over estimation of

outages under large channel variations. They proposed the exclusion region around

the PR, conservative than both of the approximations, to satisfy the outage constraint

at the PR of study.

Furthermore, the validation of Gaussian distribution fit for the interference with

respect to the field-size (area over which interferers are distributed) and the exclusion

region is examined in [17] using the cumulants matching approach. Another approach

taken in [18] to study the outage-density tradeoffs in the low outage regions is to
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consider the dominating ST only rather than all the STs. In the presence of Rayleigh

fading, the outage can be expressed in terms of a Laplace transform of the interference

distribution [19]. In [20], the authors derived the outage experienced by the PR in

a closed-form in the Rayleigh fading environment, with the STs distributed over an

infinite area.

One parameter that has not drawn attention in the earlier works is the field-size

of the interferers. Only recently, [21] studied the impact of the SN field-size and

the exclusion region on the spectrum sharing opportunities by doing the interfer-

ence distribution fit through the cumulants matching approach. Furthermore, in [17],

the dominant region (the region mainly contributing to the aggregate interference)

impacting the spectrum sharing opportunities is addressed. In [22], the authors ob-

tained the general expressions for the moments of the interference coming from the

finite field of interferers.

In case of a single network, identical TX-RX pairs are considered where the inter-

ferers are the co-channel transmitters in the same network. Authors in [19] derived

numerically integrable expressions for the outage at any receiver of the single-hop

ad hoc network when the interfering co-channel transmitters are distributed over an

infinite area. Similarly, authors in [23] studied a single ad hoc network by assuming

exclusion regions around all the receivers. Since every receiver is statistically identi-

cal, the outage experienced by any typical receiver reflects the outage of the network.

The transmitters left after the thinning process no longer form a PPP, however, this

work approximated it by HPPP. Through simulations, they showed that for large

exclusion regions, aggregate interference distribution can be approximately fitted to

the Gaussian distribution. A similar observation is made in [13] for a CDMA network

to study the outage. With Rayleigh fading, [24] obtained the outage using numerical

techniques for infinite field size of the interferers.

In the literature on spectrum sharing overlaid networks, generally both network
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nodes are assumed to be distributed as HPPP with identical primary receiver-primary

transmitter (PR-PT) and secondary receiver-secondary transmitter (SR-ST) pairs.

Outage at any typical PR, which is same for all PRs, is studied since every PR

experiences same statistics of aggregate interference from the SN and PN. The case

of femtocells sharing the spectrum of the cellular network in the uplink case has been

considered in [25] where both the femtocell BSs and the macrocell (cellular) users

are distributed according to HPPPs. They assumed scaled Gaussian distribution

for the interference coming from out of the cell to derive the macro-cell (or, base-

station) outage probability. Similarly, uplink case of ad hoc network overlaid on the

cellular network is considered and the outage bound at the cellular BS is obtained

in [26]. In a related line of work for evaluating the transmission capacity [27] of

the overlaid networks, [28] derived the outage suffered by the PN in the Rayleigh

fading by assuming both network nodes to be distributed according to HPPP for

asymptotically small outage.

1.3 Mathematical Preliminaries

In this section, we provide some mathematical preliminaries for point processes that

are used in the analysis and discussions presented in this thesis.

Point processes are useful as statistical models in the analysis of the pattern of

points, where the points represent the positions of the objects of study. As an appli-

cation of the point process in the study of wireless networks, these points represent

the nodes in the wireless network in the Euclidean space Rd (generally, d = 2 is

considered) [5, 6]. Point process theory allows to study the average behavior of a

network over many spatial realizations, where the nodes are placed according to some

probability distribution. Owing to its purely random behaviour, an important and

the popular class of spatial point processes is the Poisson point process.
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1.3.1 Poisson Point Process

A Poisson point process Π on S ⊆ Rd with mean measure µ(S) is a point process

possessing the two following properties [7, 8, 29] :

� The number of points in S follows a Poisson distribution with mean µ(S), i.e.,

P(N(S) = k) =
µ(S)ke−µ(S)

k!
. (1.1)

� The numbers of points of Π in k disjoint subsets S1, S2, ..., Sk form k independent

random variables of Poisson distribution, for arbitrary k.

1.3.2 Laplace Functional [7, 8, 29]

In order to perform the outage analysis, we need to study the aggregate interference

power which is the sum of the interferences coming from all the interferers. Each

interference component is a function of the randomly distributed interfering node.

Laplace functional (Laplace transform of the distribution of a function)
∑

X∈Π f(X)

of any general point process can be written as

LΠ(f) , E
[
e−

∫
S f(x)Π(dx)

]
= E

[
e−

∑
X∈Π f(X)

]
, (1.2)

where f is a non-negative function on Rd. In case, Π is a Poisson process, then

according to the Campbell theorem, the Laplace functional is given by

LΠ(f) = exp


∫
S

(
e−f(x) − 1

)
µ(dx)

 . (1.3)
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The above condition holds if

∫
S

min (|f(x)|, 1)µ(dx) <∞. (1.4)

1.3.3 Marked Poisson Point Process [8, 29]

Now, in order to associate a characteristic with a point X ∈ Π, a random variable

mX , known as the mark of X, is defined taking values in some space M . The pair

(X,mX) is known as the the random point X ′ of the point process Π′ in the product

space S ×M ; S ⊆ Rd. Hence, we can write

Π′ = {(X,mX);X ∈ Π} (1.5)

Now, if Π is a Poisson process with mean µ(S), then according to the Marking

Theorem, Π′ is a Poisson process provided that the distribution of mX does not

depend on the other points of Π, and that the mX for different X are independent.

Accordingly, the Campbell theorem is revised as

LΠ′(f) = exp


∫

S×M

(
e−f(x,m) − 1

)
µ(dx)p(x, dm)

 , (1.6)

where f(X,mX) is any measurable function on S ×M and p(x, .) is a probability

distribution on M depending on x ∈ S.

1.4 Thesis Contribution

Despite recent advancements in the application of stochastic geometry to model the

wireless networks, analytical studies are tractable only for few point processes, mainly

PPP [6]. These point process models can accommodate uncoordinated type SN;
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e.g., ad hoc network, to some extent. However, such an assumption for incumbent

networks like the cellular network might not correspond to reality, where the nodes

are coordinated and there is an inherent separation between the nodes. Given the

complex nature of the interaction between the PN nodes, the outage analysis at a

PR of a PN that shares spectrum with a SN is highly challenging. As a result, in the

previous works, either the interference from the incumbent network is not considered,

or its PTs are assumed to be distributed independently and identically. Moreover,

the interferers (STs or PTs or both) are assumed to be distributed over an infinite

region for analytical simplicity. Such asymptotic studies give pessimistic results, and

therefore, can lead to missing the spectrum sharing opportunities. Additionally, in

the previous works, a presumably exact exclusion region has been assumed around

the node (or, nodes) in the fading environment. However, it is impossible to define a

physical boundary of the exclusion region, since the exclusion region is formed through

signaling between the nodes and the signaling channels are bound to be affected by

fading. Hence, there is a need for mathematical expressions that provide insights

into the analytical aspect of such problems while maintaining low complexity. The

contributions of this work are as follows:

� We derive an expression (2.11) for the additional outage caused by a new inde-

pendent set of unwanted signals, which may comprise of interference or noise or

both, assuming the well-accepted model of Rayleigh fading on the desired signal

link. The result does not require the distribution of the initial unwanted signal

set provided that the outage due to this distribution is known. As a corollary of

this, it turns out that the additional outage caused by a new unwanted signal

set is a decreasing function of the initial outage.

� The derived equation is applied in the context of spectrum sharing to find

the additional outage at the PR due to the deployment of a SN. It does not

9



need the knowledge of the distribution of the interference coming from the PN

provided outage in the absence of SN is known. A closed-form expression for

the outage at the victim receiver due to an annular sector region (which may

include a presumably exact exclusion region, and a finite or infinite outer radius)

of interferers is derived. Conversely, under a given outage constraint, spectrum

sharing opportunities are analyzed with respect to the field size and are shown to

be significantly dependent on the exclusion region. Conditions are obtained for

which an infinite field size can lead to the loss of spectrum sharing opportunity.

Furthermore, the spectrum sharing gains (maximum average number of STs)

are derived for the SN for different spatial deployments. We also compare the

singular and non-singular path-loss models under the given framework. Our

results indicate that, for a given additional outage constraint, the spectrum

sharing gains are higher for those networks that already experience a higher

initial outage (which in turn depends on the type of PN). It follows that the

interfering PTs should not be ignored in the spectrum sharing analysis.

� As an application, we extend the outage analysis for the single PR to the ran-

domly but not necessarily independently distributed cellular PRs. We discuss

the spectrum sharing scenario where the cellular network shares its spectrum

with an ad hoc network in the uplink case. We make use of the sensing mech-

anism rather than the presumably exact exclusion region to decrease the pro-

found effect of the nearby STs, and accordingly, an upper bound for the outage

experienced by the PRs is derived. This bound is tight where the co-channel

PRs are spatially separated by relatively significant distances, which is the case

in cellular networks. It is well known that the sensing mechanism is quite sig-

nificant in decreasing the outage suffered by the PRs. We provided this effect

of sensing mechanism in a closed form expression. For the maximum spectrum
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sharing gains, we optimize the decision threshold (to decide on whether to trans-

mit or not) used by the STs under the given outage constraints. Additionally,

in our study, every co-channel primary signal link may have different system

parameters. Furthermore, we observe that the soft exclusion region formed by

considering fading on the sensing channel is better than the presumably exact

exclusion region (with no fading on the sensing channel) in achieving higher

spectrum sharing gains.

1.5 Thesis Structure

The rest of this thesis is organized into three Chapters as follows. Chapter 2 presents

a general result for the outage that a receiver experiences from two independent un-

wanted signal sets. Along with the state of art, the significance of the derived result is

shown in the context of spectrum sharing in Chapters 3 and 4. The outage at a victim

PR is analyzed in terms of various system parameters, specifically, the field size of

the secondary network in Chapter 3. Then, in Chapter 4, the case of overlaid cellular

and ad hoc networks is presented, incorporating the sensing mechanism. Finally, we

present the conclusions and suggest future work items in the last chapter.

1.6 Manuscripts Accepted, Submitted, and In Progress

In this section, a list of the manuscripts accepted, submitted or in-progress based on

the work in this thesis is presented.

� A. Kahlon, S. Szyszkowicz, S. Periyalwar, and H. Yanikomeroglu, “Identification

of spectrum sharing opportunities for a finite field secondary network through

an exact outage expression under Rayleigh fading,” accepted to IEEE Personal

Indoor Mobile, Radio Communications, 2011. This manuscript contains results

from Chapter 3.
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� A. Kahlon, S. Szyszkowicz, S. Periyalwar, and H. Yanikomeroglu, “Analysis of

additional outage in spectrum sharing with Rayleigh-faded signal link,” under

review in IEEE Transactions on Wireless Communications. This manuscript

contains results from Chapters 2 and 3.

� A. Kahlon, S. Periyalwar, and H. Yanikomeroglu, “Outage in a cellular network

overlaid with an ad hoc network: the uplink case,” accepted to IEEE Personal

Indoor Mobile, Radio Communications 2011. This manuscript contains some of

the results from Chapter 4.

� A. Kahlon, S. Periyalwar, and H. Yanikomeroglu, “Outage in a cellular network

overlaid with an ad hoc network” under preparation for journal submission.

This manuscript is to contain and extend the results from Chapter 4.
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Chapter 2

Outage due to Independent Unwanted Signals

2.1 Introduction

In order to analyze the outage at a receiver node, the total unwanted signal at that

node needs to be studied. This unwanted signal can be the interference or noise

or both. We derive a fundamental equation (2.12) for the outage caused by two

independent unwanted signal sets, assuming that the useful signal at the receiver

experiences Rayleigh fading. The expression does not depend on the distribution of

the net unwanted signal from one of these sets; it only depends on the outage due

this unwanted signal set. Section 2.2 gives a general system model of the problem

we intend to solve, and gives the starting point for its analysis. In Section 2.3, we

give the main results for the outage due to two independent unwanted signal sets.

The result is significant where the distribution of the net unwanted signal from one

of the unwanted signal set is not known or hard to characterize. Furthermore, an

interesting observation is made from the derived results that the additional outage

due to a new unwanted signal set will be lesser for the user which experiences higher

initial outage (outage in the absence of new unwanted signal set). This observation

does not require the knowledge of the distribution of any of the net unwanted signals

from the two unwanted signal sets. Additionally, as an another corollary, the derived
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result is extended to any number of unwanted signal sets where the outages due to

these sets only are known.

2.2 Two Independent Unwanted Signals

We begin by formulating a very general problem, where the two independent sets of

signals, i.e., J and K are unwanted (or, interfering) at the victim receiver. These sets

of unwanted signals can be from the same source, or can be from two different sources

where the statistical layouts of the sources may take any form. These unwanted signal

sets can consist of noise or interference or both. We only require two conditions: that

the two sets of unwanted signals be independent of each other, and that the desired

signal at the victim receiver be Rayleigh distributed.

Let the desired signal power received at the victim receiver be

S1 = γ1ρ1,r, (2.1)

where γ1 is an exponentially distributed variable with unit mean representing Rayleigh

fading and ρ1,r is the mean received power. Suppose, the outage probability at the

victim receiver due to the net unwanted signal J from the set J be ε1, given by

P
(
S1

J
< β1

)
= ε1, (2.2)

where β1 is the SIR or SNR or SINR threshold depending on the set of unwanted

signal. Now, in the presence of both J and K, where K is net unwanted signal from

K, the total unwanted signal at the victim receiver node is given by J + K. The

addition of unwanted signals in power is a common assumption [9,19,30]. The outage
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due to both unwanted signals can be expressed as

P
(

S1

J +K
< β1

)
= ε1 + ∆ε1, (2.3)

where ∆ε1 is the additional outage in the presence of K. This is the most general

form of the problem that we intend to solve.

2.3 Outage Analysis

We analyze the outage at the victim node for the general case of independent un-

wanted signal sets, i.e., J and K. Consider the following main result derived in the

form of theorem and its proof:

Theorem 1. Outage ε1,T at the receiver due to the independent unwanted signal sets

J and K, assuming the desired signal power is exponentially distributed with mean

ρi,r, is given by

ε1,T = 1− (1− ε1)E
(
e−κ1K

)
, (2.4)

where κ1 = β1

ρ1,r
, β1 is the threshold SNR or SIR or SINR ratio, K is the net unwanted

signal from the set K and ε1 is the outage due to J only.

Proof. In the presence of J only, using (2.1) and (2.2), the outage expression is given

as

P
(γ1ρ1,r

J
< β1

)
= ε1. (2.5)

Substituting κ1 = β1

ρ1,r
in the above equation, we can write

E (P (γ1 < κ1J |J)) = ε1

⇒E
(
e−κ1J

)
= 1− ε1.

(2.6)

Now in the presence of both J and K, and proceeding in the same manner as above,
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from (2.3), we can write

E
(
e−κ1(J+K)

)
= 1− (ε1 + ∆ε1). (2.7)

Since both the unwanted signal sets J and K are independent, we replace E
(
e−κ1(J+K)

)
=

E
(
e−κ1J

)
E
(
e−κ1K

)
. In the above equation:

E
(
e−κ1J

)
E
(
e−κ1K

)
= 1− (ε1 + ∆ε1). (2.8)

From (2.6) and (2.8), we obtain

E
(
e−κ1K

)
= 1− ∆ε1

1− ε1

. (2.9)

Or,

ε1,T = ε1 + ∆ε1 = 1− (1− ε1)E
(
e−κ1K

)
. (2.10)

We can write the above result in the form of a Laplace transform:

LK (κ1) = 1− ∆ε1

1− ε1

. (2.11)

Also,

ε1,T = ε1 + ∆ε1 = 1− (1− ε1)LK (κ1) . (2.12)

2.4 Significance of the Derived Result

The above equations, i.e, (2.11) and (2.12), show that we only need the initial outage

condition ε1 due to J at the victim receiver, rather than the entire distribution of

J , to study the additional outage ∆ε1 (or, the total outage ε1,T), which results in a
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significant simplification in the analysis. Initial outage can be easily found through

the usage statistics on whether the user is in the outage or not (or, other empirical

methods), as compared to the tough task of measuring and characterizing the un-

wanted signal J . Sometimes, there might be a situation when the unwanted signal

set at the receiver comprises of two independent signal sets J and K, and it is not

feasible to find the probability distribution of the net unwanted signal J from one

of the signal set J. In that case, the equation (2.12) can be useful in obtaining the

total outage due to J+K without the need of characterizing J , provided that desired

signal link is Rayleigh faded and the outage due to J is known. Alternatively, we

can obtain outage due to any unwanted signal with unknown distribution that can be

decomposed into two independent sets of unwanted signals, when the distribution of

the net unwanted signal from one of these sets and outage due to the other unwanted

signal set are known.

Furthermore, we make an interesting observation from equation (2.11), without

the need of the knowledge of the distributions of any of the unwanted signals from

the two unwanted signal sets, as given below.

Corollary 1. The additional outage ∆ε1 is a decreasing function of the initial outage

ε1 for some K and κ.

Hence, if two identical users experience the same new interference (or, noise) and

different initial unwanted signal sets, additional outage will be higher for that user

which is experiencing lesser initial outage.

Corollary 2. The total outage εT due to N independent unwanted signal sets is given

by

εT = 1−
N∏
i=1

(1− εi), (2.13)

where εi is the outage due to ith unwanted signal set only.
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This is more general form of the theorem derived where in order to obtain the

total outage, only the outages caused by the constituent unwanted signal sets are

required; not their whole distributions.

2.5 Summary

In this chapter, we give the fundamental outage equation for a general case where a

receiver experiences outage due to two independent unwanted signal sets. These sets

can be from the same source or different sources. Examples of such sources can be

set of interferers in the same network or different network. The outage at the victim

receiver due to two independent unwanted signal sets is derived in (2.12), under the

given outage due to one of these sets, but without the need of characterizing the

unwanted signal from the other set. As a corollary, additional outage due to a new

unwanted signal set is found to be a decreasing function of the initial outage (outage

in the absence of the new unwanted signal set). This observation does not require the

knowledge of the distribution of the net unwanted signals from either of the unwanted

signal sets. The derived result is extended to any number of unwanted signal sets

where the outage caused by these sets are known. This is given in the second corollary.

The derived result is significant when the distribution of the net unwanted signal from

one of the unwanted signal set is hard to characterize. In the following chapters, the

application of this derived equation in the spectrum sharing scenario is shown.
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Chapter 3

Spectrum Sharing for Finite Field Secondary

Network

3.1 Introduction

In this chapter, an application of the equation (2.11) derived in the previous chapter

is shown in a spectrum sharing scenario based on the assumption that there is some

additional outage tolerance available in the PU. The SN share the spectrum of the PU

in the underlay scheme [31], under the condition that the PU services should not be

affected beyond a certain threshold set by the PU. Without actually deploying the SN,

the network operators would like to get insights into the additional outage experienced

by the PR with the deployment of SN. Conversely, there is an opportunity for the SN

to share the spectrum if it satisfies the additional outage constraint specified by the

PR. Or, in other words, SN parameters should be designed in such a way that the

outage condition at the PR is satisfied. The PN would normally have knowledge of

the initial outage that the PR already experiences, which can be obtained from the

usage statistics. It is also important to know what spectrum sharing gains (notably,

the maximum number of STs) can be achieved given the additional outage constraint.

In order to analyze the outage at a PR, the combined effect of the total interference

and noise received at that receiver needs to be studied. This total interference is a
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combination of the interference from the SN (SN interference), as well as from the

other sources of interference, especially the PR’s own PN (PN interference). However,

in the previous works, due to the potentially complex nature of the interaction among

the PN’s nodes, either the PN interference is not considered, or the co-channel PTs are

assumed to be distributed as the points of an HPPP [29] over an infinite area. Since

most of the PNs are already interference-limited, and therefore the PN interference

is not negligible, ignoring it might not correspond to reality. As for the distribution

of the network nodes, SN networks might reasonably be modeled as points of an

HPPP to get the insights, since they are mostly opportunistic networks such as ad

hoc networks (or any other kind of uncoordinated network). However, in the PNs,

which are mainly licensed networks such as legacy cellular, the interfering PTs may

be expected to interact among each other in complex ways that an HPPP model

cannot represent accurately.

A significant amount of literature focuses on scenarios where only the STs are

deployed around the PR under study. Sometimes, a presumably exact exclusion

region (or, protection region) around this PR is assumed, to decrease the profound

effect of nearby STs. Several works [11, 12, 32–35] perform curve fitting of the SN

interference distribution using the moments (or cumulants) matching approach or

numerical methods. In some of these cases, only the asymptotically small outage

conditions are studied. Another approach to study the trade-off between the ST

density and outage in low outage regions is to consider only the dominant ST [18].

Outage bounds at the typical PR are obtained in [36] for TV band, with exclusion

regions around both the PT and PR. Similarly, [16] obtained the approximation to

the guard zone around the PR for the TV bands using cumulants. The maximum

density of the STs is derived for Rayleigh fading channels in [20] under a given outage

constraint for infinite secondary interferers field size [16].

The only works that include PN interference are those in the parallel line of
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research examining transmission capacity [27] for overlaid networks with statistically

identical receivers. However, here either the PTs are distributed according to an

HPPP over an infinite region [25, 26, 37, 38], or a distribution fit is done for the PN

interference [25].

Moreover, in most works, STs are distributed over an infinite field for analytical

simplicity. This approach is pessimistic in the sense that the SN interference is over-

estimated, and spectrum sharing opportunities are lost. The effect of the STs’ field

size is studied in [21, 39], where the conditions for an infinite field to be a valid

approximation to a finite field are explored through outage bounds and cumulants

matching respectively. Again, these works did not consider PN interference. Outside

the context of spectrum sharing, integral expressions for the outage in a single ad hoc

network are given in [24], with the interferers distributed over an annular region. A

bound for the outage is derived in closed-form, but only for an infinite outer radius.

The contributions of this chapter are as follows. The equation derived in the

previous chapter is applied in the context of spectrum sharing to find the additional

outage at the typical PR of the PN due to the deployment of a SN. Conversely,

we obtain the expression that the SN needs to satisfy in order to exist with the

PR, under a given outage constraint by the PR. We derive an expression for the

additional outage when the STs are distributed as a general PPP over a given area.

More specifically, when the STs are distributed as an HPPP, we give an expression

for the maximum density of the SN for a given additional outage constraint. We find

this expression in a closed-form when the HPPP is distributed over an annular sector

region (which may include an exclusion region, and a finite or infinite outer radius).

We confirm this result through Monte Carlo simulations. Furthermore, the spectrum

sharing opportunities are analyzed with respect to the field size and are shown to be

significantly dependent on the exclusion region. Conditions are obtained for which an

infinite field size can lead to the loss of spectrum sharing opportunity. Additionally,
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the spectrum sharing gains (maximum average number of STs) are derived for the SN

for different spatial deployments. Furthermore, the effect of the ST transmit power

on the outage is analyzed with respect to field-size. We also compare the singular

and non-singular path-loss models with respect to the outage metric. Our results

indicate that, for a given additional outage constraint, the spectrum sharing gains

are higher for those PNs that already experience a higher initial outage (which in

turn depends on the type of PN). It follows that the PN interference should not

be ignored in spectrum sharing analysis. It is worth mentioning that the derived

closed-form results are also applicable for any set of interferers in general, not only

the STs.

3.2 System Model

Without the loss of generality, we begin by giving a system model of the spectrum

sharing scenario where a typical PR at origin experiences additional outage from the

SN. Let the useful or desired signal received at the PR is given be

S1 = γ1ρ1,r, (3.1)

where ρ1,r is the mean received power, γ1 is the exponentially distributed random

variable representing Rayleigh fading on the desired signal link. In the absence of the

SN, let the unwanted signal power consists of interference (I1,p) from the PN and the

noise (η1). Let the initial outage probability at the PR due to the I1,p + η1 be ε1,

given by

P
(

S1

I1,p + η1

< β1

)
= ε1, (3.2)

where β1 is the SINR threshold. Now in the presence of SN, the net unwanted signal

at the PR is given by I1,p + I1,s +η1, where I1,s is the SN interference. In the presence
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of SN, the additional outage is ∆ε1. The new outage expression is given by

P
(

S1

I1,p + I1,s + η1

< β1

)
= ε1 + ∆ε1. (3.3)

In order to incorporate the randomness in the location of the STs, we make use

of the spatial point process theory [6–8]. Let the STs be distributed as the points of

a point process Πs = {Xj} over S ⊆ R2. With respect to PR at origin, we define

Π1,s = {(Xj,1,Γj,1)|Xj ∈ Π} over the product space S × R+, where Xj,1 = Xj and

Γj,1 is the mark associated with the ST at Xj,1, representing fading on the interfering

channel between this ST and the typical PR. The marks are distributed identically

and independently with distribution fΓ(y) for every j, and independently of Xj.

In the case where Πs is a Poisson point process, then from the marking theorem

[29], Π1,s is also a Poisson point process. We then apply Campbell’s theorem [29] to

Π1,s, using (1.6), to obtain the Laplace transform of the distribution of I1,s at the

origin after some mathematical manipulations:

LI1,s (x) = exp


∫
S

∞∫
0

(
e−xyρt(r,θ)g(r) − 1

)
λ(r, θ)rfΓ(y)dydrdθ

 , (3.4)

where λ(r, θ) is the density of STs in Πs at (r, θ), ρt(r, θ) is the power transmitted by

the ST at location (r, θ), α is the path-loss exponent, Γ is an exponentially distributed

random variable with unit mean, and g(r) is the large scale path-loss function. As

done in previous works, α > 2 is taken when STs are distributed over an infinite

region for Campbell’s theorem to hold [9, 12].

� For an HPPP, we have λ(r, θ) = λ.

� In the case that all the STs transmit at the same power, we have ρt(r, θ) = ρt.
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3.3 Outage at a PR

In the case of spectrum sharing networks, we substitute J = I1,p + η1 and K = I1,s

in the derived equation (2.11) to obtain the additional outage at the PR due to the

SN. It avoids the highly challenging task of characterizing the complex nature of the

sum of the PN interference and the noise I1,p + η1, and gives an alternative way to

get some insights into the spectrum sharing systems without unrealistic assumptions

or asymptotic outage studies. Moreover, it is useful as well as feasible to find ε1

from the usage statistics from the network operator, rather than taking interference

measurements.

Now, we apply the derived equation (2.11) for the case of spectrum sharing be-

tween the PN and the SN by substituting in (2.11).

LI1,s (κ1) = 1− ∆ε1

1− ε1

, (3.5)

where κ1 = β1

ρ1,r
. Given the initial outage ε1 at the PR before the deployment of a

SN and the maximum additional outage ∆ε1,th that it can tolerate, the SN needs to

satisfy

LI1,s (κ1) ≥ 1− ∆ε1,th

1− ε1

(3.6)

at the PR. This equation also helps to design the parameters of the SN to satisfy this

outage constraint ∆ε1,th given by the PR.

This general result can be applied in some of the spectrum sharing scenarios of

interest in current research.

SN Distribution: General PPP

We now perform the outage analysis for a typical PR when the STs are distributed as

a PPP on S ⊆ R2 as shown in Fig. 3.1. We may rewrite (3.4) after some mathematical
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Figure 3.1: Set of STs distributed as a PPP over some general region.

manipulations, using fΓ(y) = e−y for Rayleigh fading, to obtain

LI1,s (x) = E
(
e−xI1,s

)
= exp


∫
S

(
−xρt(r, θ)

xρt(r, θ) + rα

)
λ(r, θ)rdrdθ

 . (3.7)

The above equation depends on the region over which STs are distributed. With the

help of numerical techniques, it can be solved and put in (3.5) .

SN Distribution: HPPP over a General Region

For constant density λ(r, θ) = λ, we can write the above equation (3.7) as

LI1,s (κ1) = exp(−λC), (3.8)

where

C =

∫
S

κ1ρt(r, θ)

κ1ρt(r, θ) + rα
rdrdθ (3.9)
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depends on the SN parameters and S. Hence, the maximum density of STs λmax

under the given outage constraint ∆ε1,th by the PR using (3.6) is given by

λmax = − 1

C
log

(
1− ∆ε1,th

1− ε1

)
. (3.10)

For a given C, the density of the STs λmax represents the spectrum sharing gains

under the given additional outage constraint.

Conversely, the additional outage suffered by the PR under the given density of

STs is

∆ε1 = (1− ε1) (1− exp (−λC)) . (3.11)

Or, the total outage ε1,T at the PR is given by

ε1,T = ε1 + (1− ε1) (1− exp (−λC)) . (3.12)

From these equations, we may make the following key observations:

� Eqn. (3.10): The maximum density of STs is an increasing function of
∆ε1,th
1−ε1 ,

which is dependent on the type of PN services and the additional outage toler-

ance.

� Eqn. (3.10): For the same additional outage constraint ∆ε1,th and C, spectrum

sharing gains are greater for the PN which experiences higher initial outage.

� Eqn. (3.11): The additional outage at the PR due to a SN is a decreasing

function of initial outage.

Consider the following case for certain topologies of interferers (in our case, its STs)

discussed in literature where the STs are distributed around the finite circular or

infinite area around the typical PR with or without an exclusion region. The purpose
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Figure 3.2: STs distributed over a sector around the PR.

of the exclusion region around the PR is to alleviate the profound effect of the nearby

interfering transmissions.

SN Distribution: HPPP over an Annular Sector

Let Π be an HPPP with density λ with ST transmit power ρt over a sector S,

subtending an angle θ at the PR and between radii r1 and r2 as shown in Fig. (3.2).

We can write (3.9) as

C = θ

r2∫
r1

rdr

1 + rα/κρt

= θ (p(r2)− p(r1)) ,

(3.13)

where

p(r) =

r∫
0

rdr

1 + rα/κρt

. (3.14)
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Substituting x = rα, β = 1/κ1ρt, ν = n = 1, µ = 2/α in (3.194.1) and (3.194.4)

of [40] gives

p(r) =


1
2
r2

2F1

(
1, 2

α
; 1 + 2

α
; −r

α

κ1ρt

)
, 0 < r <∞

0 r = 0

π(κ1ρt)
2
α

α sin(2π/α)
, r →∞,

(3.15)

where 2F1 is the Gauss-hypergeometric function [40].

Note that the following different topologies are covered by (3.13) and (3.15):

� Π is an HPPP over an infinite area around the PR, i.e., θ = 2π, r1 = 0, r2 →∞,

[20].

� Π is an HPPP over infinite area around the victim PR with exclusion region,

i.e., θ = 2π, 0 < r1 < r2, r2 →∞, [11, 32,41,42].

� Π is an HPPP finite area around the PR with or without exclusion region, i.e.,

θ = 2π, 0 ≤ r1 < r2 <∞, [21, 43].

In order to show the effect of initial outage in the spectrum sharing gains, and to

validate the analytical results derived against simulation, we consider the case of STs

distributed in a sector region. We plot the maximum density of STs analytically from

(3.10) and (3.13), for different additional outage constraints ∆ε1,th as shown in Fig.

3.3. We simulate the interference plus noise (I1,p + η1) from the PN: its distribution

is assumed as the gamma distribution with scale parameter 2. We tune the shape

parameter to obtain different initial outages of study. The gamma distribution is only

taken as an example: since our results are only dependent on the initial outage ε1,

we may in fact take any distribution to model the sum of the PN interference and

noise. We compare the spectrum sharing gains in density of STs for various initial

outages. We observe that the actual spectrum sharing gains that can be achieved differ

significantly when the initial outage is considered, and hence initial outage cannot be
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Figure 3.3: Maximum density of STs (λmax) vs. additional outage constraint (∆ε1,th).
Lines correspond to analysis, while circles represent simulation with r1=10 m, r2=50
m, θ=π/3, α=3, ρ1,r=1µW, β1=10, and ρt=0.1 mW.

ignored. Furthermore, we notice from the simulations as well as the analytical results

that the spectrum sharing gains are greater for those PNs that experience higher

initial outage, given the same additional outage constraint. For example, it can be

observed in Fig. 3.3 that an additional outage constraint ∆ε1,th = 0.18 for initial

outage ε1 = 0.6 results in an increase in λmax of approximately 200% and 66% as

compared to the cases of ε1 = 0 and ε1 = 0.4, respectively.

3.3.1 Effect of Field Size on the Spectrum Sharing Opportunities

There is a spectrum sharing opportunity for the SN if the additional outage caused

by the SN is below some given outage threshold value ∆ε1,th set by the PR. Using

(3.6), (3.8), and (3.13), we can write

p(r2)− p(r1) ≤ − 1

λθ
log

(
1− ∆ε1,th

1− ε1

)
. (3.16)
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Figure 3.4: Additional outage (∆ε1) vs. outer field radius (r2). Lines correspond
to analysis, while circles represent simulation, with r1=20 m, λ=0.003/m2, θ=2π,
ε1=0.4, ∆ε1,th=0.35, α=3, ρ1,r=1µW, β1=10, and ρt=0.1 mW.

The set of (r1, r2) that satisfy the above constraint gives the feasible field size of STs

under the given additional outage constraint ∆ε1,th. Using (3.14), it can be easily

shown that p(r) is a strictly increasing function of r. If the SN is distributed over a

finite region between r∗2 and r∗1, it is possible that

p(r∗2)− p(r∗1) ≤ − 1

λθ
log

(
1− ∆ε1,th

1− ε1

)
< p(∞)− p(r∗1). (3.17)

Hence, assuming an infinite field size when the actual SN is distributed over a finite

area can lead to the loss of spectrum sharing opportunities, as indicated by [21]. The

effect of assuming an infinite field size in spectrum sharing opportunities is shown in

Fig. 3.4 based on (3.16). Spectrum sharing opportunities can be lost by assuming an

infinite field size if the actual outer radius of the SN is less than 450 m in this case.
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Figure 3.5: Total outage ε1,T vs. inner field radius or exclusion region r1 for different
outer radius r2, with λ=0.003/m2, ε1=0.4, α=3, ρ1,r=1µW, β1=10, ρt=0.1 mW.

Effect of Inner Radius r1 (Exclusion Region or Guard Zone) on the Outage

There have been several past works on the effect of exclusion region on the outage

suffered by the victim receiver [11, 15, 23, 42]. Exclusion region or guard zone is the

minimum distance up to which interferer can come close to the victim receiver. This

guard zone is proposed to reduce the profound effect of the nearby interferers. The

closed-form equation derived for the finite region gives the effect of the exclusion

region accurately. From Fig. 3.5, we observe that the inner radius r1 has a profound

effect on the outage experienced by the PR. Even a small change in the inner radius

has more dominant effect on the outage than the significant change in the outer radius

r2.
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Convergence in Outage to a value < 1, wrt to Field Size

The total outage ε1,T as a function of the outer field radius r2 can be written as ε(r2).

We find the limit ε1,T(r2) as r2 →∞ as:

lim
r2→∞

ε1,T(r2) = (1− ε1)

(
1− exp

(
−λθ

(
π(κ1ρt)

2
α

α sin(2π
α

)
− p(r1)

)))
. (3.18)

This is in compliance with the previous studies [9,10] that the aggregate interference

power converges with the field size, given that the α > 2. In certain cases, even if

the outer radius is infinite, the outage constraint can still be satisfied if the exclusion

radius satisfies (using (3.15) and (3.16))

r1 ≥ p−1

(
π(κ1ρt)

2
α

α sin(2π
α

)
+

1

λθ
log

(
1− ∆ε1,th

1− ε1

))
,

for
π(κ1ρt)

2
α

α sin(2π
α

)
+

1

λθ
log

(
1− ∆ε1,th

1− ε1

)
≥ 0.

(3.19)

3.3.2 Deployment of Maximum Number of STs

It can also be interesting to study how many STs can be deployed over a given sector

area. The number of nodes is itself a Poisson random variable, whose mean is given by

N =
(

1
2
λθ(r2

2 − r2
1)
)
. Now for a given (r1, r2), using (3.10) and (3.13), the maximum

N is given by

Nmax =
− log

(
1− ∆ε1,th

1−ε1

)
(r2

2 − r2
1)

2(p(r2)− p(r1))
. (3.20)

Conversely, for a given Nmax, we can find the set of (r1, r2) that gives the spatial

deployment possibilities under the given outage constraint. We plot the maximum

average number of the STs Nmax against the field size in Fig. 3.6 using (3.20), with

the same simulation parameters as in the previous figure. Also, for a given Nmax, the
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Figure 3.6: Maximum average number of STs (Nmax) vs. field radii (r1, r2), with
λ=0.003/m2, ε1=0.4, ∆ε1,th=0.35, α=3, ρ1,r=1µW, β1=10, ρt=0.1 mW. Shaded re-
gion corresponds to infeasible region, i.e., r1 ≥ r2.
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Figure 3.7: Total outage (ε1,T) vs. ST transmit power ρt, with simulation parameters:
r1=10 m, r2=1000 m, θ=π/3, α=3, ρ1,r=1µW, β1=10, λ = 0.003/m2.

contour plot shows the possible solutions for (r1, r2).

Effect of SU transmit power ρt on the outage

Apart from the density λ of SUs, the spectrum sharing gains can also be expressed

through the transmit power ρt of the STs. The effect of the density of STs on the

outage has already been shown in the Fig. 3.3. Here, we plot the outage at the PR

with the transmit power ρt of the ST as shown in Fig. 3.7.

3.3.3 Bounded and Unbounded Path-loss models

In our work, we have taken unbounded attenuation model g(r) = r−α which suffers

from singularity at r = 0. However, in the case of exclusion region (> 1), the effect of

the singularity gets removed. The effect of singularity on the aggregate interference

and the network performance parameters like BER has been discussed in [44]. They

studied the case of infinite field-size and drew conclusions. We would like to compare
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Figure 3.8: Percentage increase in total outage (δε1,T) vs. field radius r2, when
unbounded path-loss model is used over bounded path-loss model, for different path-
loss exponent α with simulation parameters r0=1 m, θ=2π, ρ1,r=1µW, C0 = 1, ρt=0.1
mW, β=10, λ = 0.003/m2.

the outages from bounded and unbounded path-loss models for different parameters.

Unbounded path-loss model

In this case, r1 = 0 with r2 > 0. Hence the total outage ε1,T is given by

ε1,T = ε1 + (1− ε1)(1− exp(−λθp(r2))). (3.21)
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Figure 3.9: Percentage increase in total outage (δε1,T) vs. density of STs λ, when
unbounded path-loss model is used over bounded path-loss model, for different field-
size r2 with simulation parameters r0=1 m, α = 3, θ=2π, ρ1,r=1µW, C0 = 1, ρt=0.1
mW, β1=10.

Bounded path-loss model

We take a well-accepted unbounded path-loss model g(r) as taken in [43] and also

verified empirically in [45]:

g(r) =


C0, r < r0

r−α r ≥ r0,

(3.22)

where C0 is some constant. Now let I1,s = I1 + I2, where I1 and I2 denotes the

interference coming from inside the two-dimensional ball b2(0, r0) and outside the ball

b2(0, r0), i.e., b2(0, r2)/b2(0, r0). Since both I1 and I2 are independent, we can write

LI1,s(s) = LI1(s)LI2(s). Using Campbell theorem (3.4) and after some manipulations
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we find the total outage ε′1,T as

ε′1,T = ε1 + (1− ε1)

(
1− exp

(
−λθ

(
p(r2)− p(r0) +

1

2

r2
0κ1C0ρt

κ1C0ρt + r2
0

)))
. (3.23)

Hence, the error in the outage probabilities ε1,T − ε′1,T from two path-loss models

is given by

ε1,T−ε′1,T = (1−ε1)

(
exp

(
−λθ

(
p(r2)− p(r0) +

1

2

r2
0κ1C0ρt

κ1C0ρt + r2
0

))
− exp (−λθp(r2))

)
.

(3.24)

We find the percentage increase in the total outage due to the non-singular path-

loss model from the singular path-loss model, i.e., δε1,T =
ε1,T−ε′1,T
ε′1,T

× 100 %, and

plot it against the field size r2. As shown in Fig. 3.8, the percentage increase in the

total outage δε1,T takes significantly small values. For α > 2, δε1,T decreases with

the increase in the field size r2, and converges to a finitely small value with r2 →∞.

Hence, even though interference is unbounded when unbounded path-loss model is

used over bounded path-loss model, the outage differences are significantly small.

From Fig. 3.9, it is interesting to observe the behaviour of δε1,T with the density

of the interferers (here, STs). Similar to before, again δε1,T takes small values. At

first, δε1,T increases with an increase in the density and then after reaching maximum

value, it starts decreasing with the density. Or, there exist a density of STs at which

δε1,T is maximum. Hence, we cannot say that inaccuracy in the total outage due to

unbounded path-loss model increases or decreases with the density of interferers.

3.4 Summary

The result derived in (2.11) is applied in the spectrum sharing scenario to find the

additional outage at a PR of a PN due to the deployment of a SN. The SN must be de-

signed to satisfy (3.6) in order to share the spectrum of PU. Through the closed-form

37



equations derived, the actual problem of interest in the spectrum sharing scenarios

is addressed. We have analyzed the spectrum sharing gains for an additional outage

constraint given by the typical PR, that are shown to be significantly dependent on

the initial outage condition (Fig. 3.3). In addition, the results are extended to derive

a closed-form expression for a finite annular sector field of interferers (or, STs), that

include the cases with or without an exclusion region around the typical PR. Using

this result, we analyzed the effect of the field size on the spectrum sharing opportu-

nities and gains (Figs. 3.4, 3.6). Conditions are shown where an assumption of an

infinite field size can or cannot lead to loss in spectrum sharing opportunity. In some

studies on infinite field size, simulating infinite region is itself a problem. Results

derived for finite annular region can be used to validate that the finite region taken

for simulation is a close approximation to the infinite field size. It is worth mentioning

that these results also include PN interference. Finally, we also analyzed the effect of

ST power ρt on the outage. Outages are compared in case of unbounded and bounded

path-loss models for different field sizes and densities, and the difference is found to

be significantly small. Further, there exists a density at which the difference in the

outage values is maximum.

This analysis has the advantage of being simple and exact, and can be used in

practical scenarios with complex PNs (where nodes are coordinating in complex ways)

to get insights into the spectrum sharing opportunities and gains. The closed-form

equations are derived for obtaining the outage at a receiver due to the interferers

distributed over a finite field. The SN is a general term which can be a single user

or a group of users. This analysis is equally applicable for the case of unlicensed

spectrum sharing networks, other combinations of heterogeneous networks or even

the sets of interferers in same network.
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Chapter 4

Cellular Network Overlaid by an Ad hoc Network

Incorporating the Sensing Mechanism: The Uplink

Case

4.1 Introduction

Owing to the spectrum scarcity and inefficient spectrum use, some spectrum sharing

scenarios have been discussed in the literature where a SN shares the spectrum of

a PN. The most common scenario is the ad hoc network overlaid over the cellular

network. Due to the possible additional outage tolerance available in the cellular

network, the ad hoc network can share the spectrum under the given outage constraint

by the cellular network in an underlay scheme [31].

In many cases [26, 37, 46], where multiple PRs are considered, PN is assumed to

be distributed as a PPP which can be quite a narrow assumption, especially for the

cellular network. There are always complex ways through which the primary nodes in

the cellular network are distributed. Moreover, there is always an inherent separation

between the co-channel devices, especially, in the cellular network and hence the

cellular network cannot be accurately modeled as PPP. For instance, in [26], multiple

PRs and PTs are taken into account but again the cellular BSs and users are assumed
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to be distributed as a PPP. Additionally, in these works, PRs are assumed to have

identical system parameters and outage requirements, which does not accommodate

diverse primary user services.

As discussed in the previous chapter, a presumably exact exclusion region (or

guard zone) around a typical PR has been considered to reduce the profound effect

of the nearby STs [11,15]. While this kind of exclusion region is possible by drawing

a physical circular boundary, however, guaranteeing perfect exclusion region through

sensing channels is impractical in the fading environment. Previously, sensing mech-

anism has been mostly used in the overlay scheme to detect the presence of PR [31],

except in [12], where the outage is studied at the single PR by incorporating sensing

with the randomly distributed STs, using lognormal fit for the interference. In [20],

sensing mechanism has been considered to detect the presence of the PR under the

given outage constraint by a single PR. However, in this work, sensing of the PR at

every ST is taken independently of its distance from the PR.

We extend the outage analysis for the single PR done in the previous chapter to

the case of randomly but not necessarily independently distributed cellular PRs. In

this chapter, we make use of the sensing mechanism rather than the presumably exact

exclusion region to decrease the profound effect of the nearby STs and accordingly, an

upper bound for the outage experienced by the PRs is derived. This bound is tight

where the co-channel PRs are spatially separated by relatively significant distances,

which is the case in the cellular network. Sensing mechanism is shown to be quite

significant in decreasing the outage suffered by PRs. For the maximum spectrum

sharing gains, we optimize the decision threshold (to decide whether to transmit

or not) used by the STs under the given outage constraints. Additionally, in our

study, every co-channel primary signal link may have different system parameters. We

confirm the analytical results derived through Monte Carlo simulations. Furthermore,

we show that the fading in the sensing channels serves as a boon in increasing the
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Figure 4.1: Illustration of the cellular network sharing spectrum with the secondary
ad hoc network in the uplink case.

spectrum sharing gains. It is shown that in this case the spectrum sharing gains are

more than the case when a presumably exact circular exclusion region is used.

4.2 System Model

Consider a setup where a secondary ad hoc network is overlaid on the primary cellular

network as shown in Fig. 4.1. Let the locations of these co-channel PRs (or base-

stations (BSs)) be distributed randomly over S ⊆ R2 denoted by a point process Πp =

{Y1, Y2, ...}. Πp can follow any real unknown distribution characterizing the locations

of the PRs where the PRs are inherently separated by relatively large distances. STs

are assumed to be distributed as the points of a PPP Πs = {X1, X2, ....} over R2 with

density λ and transmit power ρt. We assume the location Yi of the ith PR of study to
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be at the origin in the polar coordinate system. Accordingly, we define a new point

process Πi,p = {Y1,i, Y2,i, ....} ⊂ R2, conditioned on the location of the ith PR, where

Yk,i = Yk − Yi denotes the location of the kth PR w.r.t ith PR.

We study the outage at the ith PR due to the PN interference as well as the SN

interference. For a given useful signal link distance di, the signal received at this ith

PR is given by

Si = γiρi,r(di), (4.1)

where the di is the PR–PT distance at desired signal link. ρi,r(di) is the mean received

power by the transmitter of this PR at the desired signal link, γi is the exponentially

distributed random variable representing Rayleigh fading on the desired signal link.

For full large-scale path-loss compensation, i.e., constant large-scale received power,

we have ρi,r(di) = ρi,r ∀ i, as utilized by the modern cellular standards, for the uplink

case. In the absence of the SN, let the unwanted signal power at the ith PR be Ii,p+ηi,

accounting for both the interference Ii,p coming from the co-channel PN interferers

(PTs) as well as the noise ηi. The corresponding initial outage probability εi(di) at

this PR is given by

P
(

Si
Ii,p + ηi

< βi

)
= εi(di), (4.2)

where βi is the SINR threshold. Now, in the presence of SN, the net unwanted signal

at the ith victim PR is Ii,p + Ii,s + ηi, where Ii,s is the interference coming from the

SN. The corresponding total outage εi,T(di) experienced by this ith PR is given by

P
(

Si
Ii,p + Ii,s + ηi

< βi

)
= εi,T(di). (4.3)

As done before, we use the marked Poisson process theory to characterize the STs.

We define Πi,s = {(Xj,i,Γj,i)|Xj ∈ Πs} over the product space R2 × R+, where Γj,i

is the mark associated with the interferer at Xj,i = Xj − Yi, representing fading on
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the interference channel between this jth interferer and the ith PR. The marks are

distributed identically and independently for every j, and independently of Xj,i. Due

to the spatial stationarity of Πs and from the Marking Theorem [8], Πi,s is also a

PPP.

4.3 Outage Analysis

We begin by studying the outage at the ith PR due to the SN interference Ii,s as well

as the PN interference Ii,p. Consider two separate cases : one with and other without

the sensing mechanism around the PRs.

4.3.1 Without Sensing Mechanism

In this case, there is no sensing mechanism adopted by the STs to sense the PRs. Due

to the spatial stationarity property of the HPPP [8], the statistics of the interference

coming from the STs at any point are the same, therefore, Ii,s = Is ∀ Yi ∈ Πp.

Moreover, Ii,s and Ii,p are independent, and in this case, we can apply the outage

equation derived for a single PR (using (2.12)), for the two independent unwanted

signal sets, to find the total outage εi,T(di) as

εi,T(di) = 1− (1− εi(di))LIi,s (κi) . (4.4)

Using (3.8), (3.13), and (3.15) for r1 = 0 and r2 → ∞, the above equation can be

expressed as

εi,T(di) = 1− (1− εi(di)) exp

(
−λ2π2(κiρt)

2
α

α sin(2π/α)

)
, (4.5)

where κi = βi
ρi,r(di)

.
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Let εi,T = Edi (εT,i(di)) and εi = Edi (εi(di)), then from (4.5) we have

εi,T = 1− (1− εi) exp

(
−λ2π2(κiρt)

2
α

α sin(2π/α)

)
, (4.6)

under large-scale power control.

4.3.2 With Sensing Mechanism

In order to avoid the nearby secondary transmissions around each PR, we use the

sensing mechanism instead of presumably exact exclusion region. We consider dis-

tributed sensing for all the PRs, s.t., each ST senses independently of the other STs

and decides whether to transmit or not. Sensing is done at the ST through a beacon

sent by the PR on an out of band channel, assuming full-duplex channel for the PRs

and the STs. Alternatively, sensors at ST can perform the sensing operations. More

information about the distributed sensing can be obtained in [4] and the references

therein. We assume that the detection of the PR by any ST is independent of the bea-

cons transmitted by the other PRs, since these are low power beacons transmitted by

distant PRs. Or, in other words, the sensing channel do not suffer from interference.

We define a set of deactivated STs that are not allowed to transmit around the

kth PR (at location Yk,i) as

Sk,i =

{
(Xj,i,Γj,i) :

Γ′j,k,iρb|Xj,i − Yk,i|−α

η
> βi,th, (Xj,i,Γj,i) ∈ Πi,s, Yk,i ∈ Πi,p

}
,

where Γ′j,k,i is the exponentially random variable, representing Rayleigh fading on

the sensing channel between the kth PR and the jth ST, and is independent of Γj,i. ρb

is the probe or beacon power, βi,th is the SNR threshold (or, decision threshold) for

ST for deciding whether to transmit or not, and η is the background noise. Hence,
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the STs that are allowed transmissions can be expressed as

Πi,s,t = Πi,s/ ∪ Yk,i∈Πi,pSk,i. (4.7)

STs that are able to receive the beacon (transmitted by the PRs) above a certain

threshold level are not allowed to transmit, as there are higher chances that they are

close to the PRs. The probability of a ST being allowed to transmit is dependent

on the positions of the PRs. Hence, the PN interference Ii,p and the SN interference

Ii,s are not independent. Due to this interaction between the PRs and STs, or,

subsequently between the PTs and STs, it seems infeasible to obtain the exact outage

expressions as indicated by [6]. However, we make use of the facts: 1) the SNs

are generally dense networks having short transmission ranges 2) the cellular co-

channel PRs (especially, in the uplink case) are inherently separated by relatively

large distances in the cellular network, to derive the upper bound for the outage

experienced by the PRs. This bound is supposed to be tight for the cellular PN and

helps us to give the analytical insights of various system parameters.

We can say that for any realization, I+
i,s ≥ Ii,s, where I+

i,s is the interference coming

from STs distributed as Π′i,s,t = Πi,s/Si,i and Ii,s is the interference coming from

Πi,s,t = Πi,s/∪ Yk,i∈Πi,pSk,i. Now, if ε+
i,T(di) is the total outage due to I+

i,s + Ii,p, we can

say that εi,T(di) ≤ ε+
i,T(di).

It is easy to observe that Ii,p and I+
i,s are independent and in this case, as done

before, we can write ε+
i (di) as

ε+
i,T(di) = 1− (1− εi(di))LI+

i,s
(κi) . (4.8)
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The point process Π′i,s,t is obtained by location-dependent thinning (here, deacti-

vation) of Πi,s resulting in a non-homogeneous point process of density:

λ′i,s,t(r) = λP
(

Γ′j,i,iρbr
−α

η
≤ βi,th

)
, (4.9)

where P
(

Γ′j,i,iρbr
−α

η
≤ βi,th

)
is the probability that a node at location (r, θ) gets

thinned (or, deactivated).

Now, we use the Campbell’s theorem for the marked Poisson process [8] to incor-

porate the sensing mechanism, and hence, LI+
s,i

(κi) is obtained as

LI+
i,s

(κi) = exp

λ
2π∫

0

∞∫
0

∞∫
0

∞∫
0

(
e−κiΓρtr−α − 1

)
P
(

Γ′ρbr
−α

η
≤ βi,th

)
e−ΓdΓrdrdθ

 ,

(4.10)

where Γ and Γ′ represents fading on the interference and sensing channels, respec-

tively. Both Γ and Γ′ have same distributions as Γj,i and Γ′j,i,i, respectively. Substitut-

ing x = rα in (4.10) and using (3.193.4) and (3.383.10) of [40], we derive closed-form

result as LI+
i,s

(κi) = exp(−λΩi(βi,th)), where

Ωi(βi,th) =
1

α
2π(κiρt)

2
α

(
π

sin(2π/α)
− e

κiρtβi,thηi
ρb Γ

(
2
α

)
Γ

(
1− 2

α
,
κiρtβi,thηi

ρb

))
.

(4.11)

Hence, the upper bound ε+
i,T(di) on the total outage suffered by the ith PR is given

by

ε+
i,T(di) = 1− (1− εi(di)) exp(−λΩi(βi,th)). (4.12)

Now, if ε+
i = Edi

(
ε+
i (di)

)
and εi = Edi (εi(di)), we can write the upper bound ε+

i,T

as

ε+
i,T = 1− (1− εi) exp(−λΩi(βi,th)), (4.13)

under large-scale power control.
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Figure 4.2: Total outage εi,t suffered by the ith PR with the density of STs λ for
εi=0.05, α=3, ρi,r=1 µW, βi=10, ρt=1 mW, ρb=1 W, and βi,th=10. Distance between
the adjacent co-channel BSs is taken as 500 m.

In order to show the effect of sensing on the outage experienced by the PR, and

to validate the analytical results (using (4.6) and (4.13)) derived against simulation,

we plot (see Fig. 4.2) the total outage εi,T suffered by the ith PR with the density λ

of STs. To perform the worst case analysis in case of the sensing mechanism, we take

the tier of the co-channel PRs (or BSs) around the ith PR at a distance of only 500

m from the ith PR and the probe power ρb = 1 W. As done in the previous chapter,

we simulate the PN interference plus noise (Ii,p + ηi): its distribution is assumed

as the gamma distribution with scale parameter 2. We may even take any other

distribution to model the sum of the PN interference and noise, since the results are

only dependent on the initial outage εi. We tune the shape parameter of the gamma

distribution to obtain any given initial outage εi of study.

We observe that the upper bound for the outage derived in case of sensing is quite

tight in comparison to the Monte Carlo simulation curve. This bound is supposed
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to be tighter in the actual cellular systems where the PRs are inherently separated

by the relatively larger distances. Further, we observe from Fig. 4.2 that there is a

significant decrease in the total outage suffered by the PR with the increase in the

density of STs, when the sensing is used to alleviate the profound effect of nearby

interfering transmissions. Conversely, under the given outage constraint, there is a

significant increase in the spectrum sharing gains.

4.3.3 Optimum Decision Threshold

Now, we want to find the optimum decision threshold βi,th for which the maximum

spectrum sharing gains (here, the number of STs) are achieved while satisfying the

given outage constraint εi,th at every primary receiver at Yi ∈ Πp.

In order to ensure that the outage condition is satisfied, we take ε+
i,T ≤ εi,th.

Equivalently, from (4.13), we can write it as

Ωi(βi,th) ≤ −1

λ
log

(
1− εi,th
1− εi

)
. (4.14)

Differentiating (4.11), or, from (4.10), it can be easily shown that Ωi(βi,th) is an

increasing function of βi,th. Hence, we can write above equation as

βi,th ≤ Ω−1
i

(
−1

λ
log

(
1− εi,th
1− εi

))
. (4.15)

Using (4.7), the number of active STs N(Πi,s,t) can be expressed as

N(Πi,s,t) = N(Πi,s)−N
(
∪Yk,i∈Πi,pSk,i

)
. (4.16)

In case of cellular primary network, PRs are spatially separated by relatively large

distances, and therefore, deactivation of the ST is most likely due to the sensing of
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the nearest PR only (as depicted in the Fig. 4.1). Hence, we can write (4.16) as

& N(Πi,s)−
∑

Yk,i∈Πi,p

N(Sk,i)

= N(Πi,s)−
∑

(Xj,i,Γj,i)∈Πi,s
Yk,i∈Πi,p

1
{

Γ′
j,k,i

ρb|Xj,i−Yk,i|
−α

ηi
>βi,th}

,
(4.17)

where 1
{Γ′ρbr−α

η
≤βi,th}

denotes the sensing based indicator variable for the ST at (r, θ),

that decides whether to transmit or not, defined as

1
{Γ′ρbr−α

η
≤βi,th}

=


1, Γ′ρbr

−α

η
≤ βi,th

0, Γ′ρbr
−α

η
> βi,th.

(4.18)

From (4.17), the maximum number of active STs can be expressed as

max
βi,th
{N(Πi,s,t)} ≡ max(βi,th), (4.19)

which holds true ∀ Yi ∈ Πp. Hence, using (4.15), the optimum decision threshold βopt
i,th

is given by

βopt
i,th = Ω−1

i

(
−1

λ
log

(
1− εi,th
1− εi

))
,∀Yi ∈ Πp. (4.20)

We show the effect of the decision threshold βi,th on the outage εi,th in Fig. 4.3.

The derived outage upper bound (using (4.13)) is observed to be tight to the actual

simulation curve.
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Figure 4.3: Total outage εi,T suffered by the ith PR with the decision threshold
βi,th = βth, for λ=10−4 /m2, εi=0.05, α=3, ρi,r=1 µW, βi=10, ρb = 1, and ρt=1 mW.
Distance between the adjacent BSs is taken as 500 m.

4.4 Comparison between Presumably Exact and Soft Exclu-

sion Regions by considering no fading and fading, respec-

tively on the sensing channel

It would be interesting to compare the outages and the spectrum sharing gains (num-

ber of STs) obtained by using the presumably exact exclusion region formed by as-

suming no fading and the soft exclusion region formed by taking fading on the sensing

channel. We compare the outages and the gains obtained in each of these cases.

Firstly, we obtain difference in the outage values δεT for the both cases. In case

of no fading, we use the presumably exact exclusion radius r1 =
(

ρb

ηβth

) 1
α

and the

same underlying HPPP from which both the processes are derived, i.e., HPPP with

exclusion region and HPPP with sensing mechanism, are formed. We plot the δεT

w.r.t to field size r2 in Fig. 4.4 for different values of λ. We observe that the outage
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Figure 4.4: Outage difference δεT with the field-size r2 for different density λ values
of STs, α=3, ε1=0.05, ρt=1 mW, βth=10, and ρb=1 W.

in case of presumably exclusion region is always greater than that in case of exclusion

region formed by taking fading on the sensing channel. Similar observation is made

when we plot the δεT w.r.t to λ in Fig. 4.5 for different values of field size r2. Hence,

we conclude that the soft exclusion region formed by taking fading on sensing channel

gives lesser outage than using the presumably exact exclusion region.

Let the spectrum sharing gains (expressed in terms of active number of STs)

corresponding to the exclusion region mechanism and the sensing mechanism be N1

and N2 respectively, given by

N1 =
∑

X(r,θ)∈Πi,s

1{
r≥
(

ρb
ηβth

) 1
α

},

N2 =
∑

X(r,θ)∈Πi,s

1{
r≥
(
ρbΓ

ηβth

) 1
α

}.
(4.21)

51



1 2 3 4 5 6 7 8 9 10

x 10
−4

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

δε
 T

 

λ (nodes/m2)

 

 

r2=50 m

r2=200 m

r2=500 m

r2=1000 m

Figure 4.5: Outage difference δεT with the density λ of STs for different field-size r2,
α=3, ε1=0.05, ρt=1 mW, βth=10, and ρb=1 W.

Using (4.9) to obtain the mean µ2 of N2:

µ2 = E (N2) =

2π∫
0

r2∫
0

λ′i,s,t(r)rdrdθ =

2π∫
0

r2∫
0

P
(
γρb

ηrα
≤ βth

)
λrdrdθ. (4.22)

After some manipulations we get

µ2 = λπ

(
r2

2 −
2

α

(
ρb

ηβth

) 2
α

γ

(
2

α
,
ηβthr

α
2

ρb

))
. (4.23)

Similarly, it is easy to show N1 follows Poisson distribution with mean µ1 =

λπ(r2
2 − r2

1).

For r2 > r1 and α > 2, and after some manipulations, we find that µ2 > µ1. Now,

using the cumulative distribution function of the Poisson distribution, we conclude
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Figure 4.6: CCDF of the number of ST nodes in case of presumably exact exclusion
region N1 and the soft exclusion region (formed by considering fading on the sensing
channel) N2, for r2 = 100, η = 10−6, α=3, βth=10, and ρb=1 W.

that

P(N2 > N) > P(N1 > N) ∀N > 0. (4.24)

We observe this behaviour by plotting CCDF of N1 and N2 in Fig. 4.6.

Hence, we come up with the interesting results which indicate that for the case of

soft exclusion region formed by considering fading on the sensing channel, outage is

lower and gain is higher than that of the presumably exact exclusion region. Not only

does the fading in the sensing channel give lower outage but also it gives higher spec-

trum sharing gains. Alternatively, we can also say that Rayleigh fading on the sensing

channel to form soft exclusion region helps in achieving better spectrum sharing gains

under given outage constraint. Therefore, the previous results on presumably exact

exclusion region with Rayleigh fading in their system model, give pessimistic results

on the spectrum sharing gains.
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4.5 Summary

We have considered a spectrum sharing scenario where a secondary ad hoc network is

overlaid on the cellular network, for the uplink case. The PRs in the cellular network

are randomly but not necessarily independently distributed. The outage experienced

by the cellular receiver nodes is analyzed with and without the sensing mechanism.

We derived the closed-form expression for the outage incorporating both sensing and

random distribution of nodes (4.13). We make use of the fact that the cellular PRs

(or, base-stations) are inherently separated by relatively larger distances to derive a

tight upper bound on the outage in case of sensing mechanism. A significant decrease

in the outage of the primary receiver is shown, when the sensing mechanism is used

to avoid the profound effect of the nearby interferers (STs). Further, we optimized

the decision threshold, used by the STs for deciding whether to transmit or not, to

maximize the spectrum sharing gains under the given outage constraint. The outage

result obtained in the case of sensing mechanism for the PRs can be thought of

as pessimistic, however, is also quite safe as there can be sensing errors due to the

hardware inaccuracies [4]. The upper bound derived here gives an assurance that even

if some sensing errors happen, the primary services do not suffer beyond the upper

bound on the outage. We also made an interesting observation that when the soft

exclusion region (formed by considering fading on the sensing channel) is preferred

over the presumably exact exclusion region, not only the lower outage but also the

higher spectrum sharing gains are achieved.
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Chapter 5

Conclusion and Future Work

5.1 Thesis Achievements

The presented work provides a preliminary basis upon which a secondary network

can be deployed to share the spectrum of a primary network. Network operators

can get the insights on the spectrum sharing gains and the degradation of primary

services to determine the feasibility of the spectrum sharing. It should be noted that

the derived closed-form results can be used for the outage experienced by any typical

victim receiver due to finite field of interferers, in general. Similarly, the closed-

form results incorporating the sensing mechanism can be extended, in general, to any

set of spatially distributed interferers. We confirm the analytical results obtained

by comparing the results with the Monte Carlo simulations. We summarize our

conclusions as follows:

� In Chapter 2, we made an interesting observation on the outage that any receiver

experiences due to two independent unwanted signal sets, without the need for

the knowledge of the distribution of the net unwanted signal from one of these

sets; only the outage resulting due to this set is needed. This result is widely

applicable where the distribution of the net unwanted signal from one of the

independent unwanted signal set is unknown or is hard to characterize. Futher
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the result can be extended to any number of unwanted signal sets with known

outages. We also conclude that the additional outage suffered by a victim

receiver due to new unwanted signal set is lower when the initial outage is

higher.

� In Chapter 3, we showed the significance of the derived equation in the spectrum

sharing scenario where it helps in getting rid of the herculean task of character-

izing the interference coming from the primary network. We observed that the

initial outage at the victim receiver plays an important role in determining the

compatibility of primary network with the secondary network which has been

ignored in the past works. It also helps in determining what kind of networks

are suitable for the spectrum sharing so that significant gains can be achieved

for secondary network within the specified outage constraint.

� We derived closed-form expressions for the outage and the spectrum sharing

gains (in terms of average no. of STs) when the SN is distributed over a finite

region. Along with that various system parameters are analyzed and reflected

in the form of closed-form results. We study the spectrum sharing opportunities

and gains through closed-form expressions under the given framework. More-

over, we compare the outages obtained from the singular and non-singular path

loss models and showed that the difference in the outage values obtained from

both the cases is quite insignificant.

� We studied the uplink case of the cellular network overlaid by the ad hoc net-

work in Chapter 3. Unlike previous works, here the cellular receivers (BSs)

can be interacting with each other in complex ways and need not to be in-

dependently distributed. Instead of a presumably exact exclusion region (also

known as guard zone or avoidance zone), we used sensing mechanism around
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every cellular receiver to alleviate the profound effect of nearby interfering trans-

missions. Although the overlay of primary cellular network with a secondary

ad hoc network has been considered before, the closed-form expression for the

outage incorporating both sensing and random distribution of nodes has been

derived for the first time (4.13). We exploit the inherent property of the cellu-

lar network that the co-channel receivers are spatially separated by relatively

larger distances to derive tight upper outage bound. The derived results also

accomodate diverse primary receivers where every PR-PT link can be differ-

ent. Furthermore, the soft exclusion region (formed by considering fading in

the sensing channel) is shown to be better than the presumably exact exclusion

region (formed by considering no fading on the sensing channel) in providing

the lower outage at the primary user as well as the higher spectrum sharing

gains.

5.2 Future Work

Due to time limitations, we were not able to pursue the possible extensions of this

work. Some of the works that we hope to pursue in the future are as follows. Various

other design parameters such as the variable transmission power, variable density,

irregular field size can be studied using numerical methods under the given frame-

work. In the overlay scheme [3], there is always a possibility of active SUs even in

the presence of PU due to spectrum sensing inefficiencies (hardware, fading, shad-

owing). Some additional factors can be incorporated in this work, accounting these

uncertainities, to keep the average behaviour or harm by the SN under regulation.

More comprehensive models of spectrum sharing can be built on this work. In

general, the STs can be distributed according to a general point process and if the

Laplace transform of the distribution of the interference from such a network can be
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found, we may apply (2.11) to study the additional outage. For example, [47] studied

the outage in the case where the typical receiver’s transmitter is itself the part of

Poisson cluster process (Matern-cluster or Neyman-cluster) in a single network case.

They derived the numerically integrable expression for the Laplace transform of the

interference distribution which is dependent on the position of the typical receiver.

This can be extended to the case of spectrum sharing networks where the STs are

deployed as Poisson cluster process over an infinite region. Due to the spatial station-

arity property of Poisson cluster process [8], statistics of the secondary interference

at every point are the same. Hence, the Laplace transform of the interference dis-

tribution at a typical victim receiver node is equal to the Laplace transform of the

interference distribution coming from other clusters (i.e., without conditioning cluster

at origin) [47, quantity T1 in (34)]. We can put that equation in our formulations.
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