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Abstract

In many communication and computer systems, information arrives to a multi-
plexer, switch or information processor at a rate which fluctuates randomly, often
with a high degree of correlation in time. The information is buffered for service (the
server typically being a communication channel or processing unit) and the service
rate may also vary randomly. Accurate capture of the statistical properties of these
fluctuations is facilitated by modeling the arrival and service rates as superpositions
of a number of independent finite state reversible Markov processes. We call such
models separable Markov-modulated rate processes (MMRP).

In this work a general mathematical model for separable MMRPs is presented,
focusing on Markov-modulated continuous flow models. An efficient procedure for
analyzing their performance is derived. It is shown that the ‘state explosion’ problem
typical of systems composed of a large number of subsystems, can be circumvented
because of the separability property, which permits a decomposition of the equations
for the equilibrium probabilities of these systems. The decomposition technique
(generalizing a method proposed by Kosten) leads to a solution of the equilibrium
equations expressed as a sum of terms in Kronecker product form. A key
consequence of decomposition is that the computational complexity of the problem is
vastly reduced for large systems. Examples are presented to illustrate the power of
the solution technique.

KRONECKER PRODUCT FORM; CONTINUOUS FLOW MODEL

1. Introduction

In many communication and computer systems, information arrives to a multi-
plexer, switch or information processor at a rate which fluctuates randomly, often
with a high degree of correlation in time. The information is buffered for service (the
server typically being a communication channel or processing unit) and the service
rate may also vary randomly. Accurate capture of the statistical properties of these
fluctuations is facilitated by modeling the arrival and service rates as Markov
processes. We call such models Markov-modulated rate processes (MMRP). In
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106 THOMAS E. STERN AND ANWAR I. ELWALID

some applications (typically, realtime communications such as voice or video) the
information being processed may be realistically modeled as a Markov-modulated
continuous flow process, while in others, (e.g. computer data) a point process model
(e.g. Markov-modulated Poisson) may be more appropriate.

In practical design and performance evaluation applications involving MMRPs, it
is often necessary to obtain detailed information regarding buffer occupancy
distributions. It is frequently the tails of these distributions which contain critical
design and performance information. In these cases mean values are useless. The
analytical difficulties are compounded by the fact that in realistic models of
‘moderate size’ the modulating process will often have thousands of states. This
‘state explosion’ problem poses various computational difficulties: enormous me-
mory requirements, very long computation time, and complete breakdown of
numerical algorithms.

The objective of this work is to present an analysis of these systems in as general a
setting as possible, using a decomposition technique which yields insight into system
behavior, gives complete information on buffer occupancy distributions, and which
is computationally feasible for very large systems. We focus on the continuous flow
model, which has been termed a fluid flow model by Anick et al. [1] or a process
with chain-dependent growth rate by Keilson and Rao [9], [10]. However, the
general approach can be extended to point processes as well. The literature abounds
with examples of Markov-modulated rate processes. Existing analytical techniques
for such systems generally fall into three categories: (1) Exact analysis of systems of
relatively small size, Fischer [6] or with a special structure [22], [21], [18], [1], [15],
[13], [14], [16], (2) analysis using simplifying approximations (typically approximat-
ing the modulating process as uncorrelated), and (3) asymptotic approaches, e.g.
[19], [4], [24]. Of the work just cited, [1] and [13] are of special interest here. Anick
et al. [1], showed that when the MMRP consists of the superposition of a finite
number of independent identical indistinguishable continuous flow sources each
modulated by a two-state Markov process, and the service capacity is constant, it is
possible to derive closed-form solutions for the buffer-occupancy distributions, as
well as very simple asymptotic approximations. They exhibited numerical results for
systems with up to 767 states. Kosten [13] showed how [1] could be extended to
systems composed of a superposition of several independent subsystems, each one
of which is of the type considered in [1]. In more recent work [15], carried out
independently and simultaneously with ours, Mitra extended [1] to systems with
variable service capacity, and obtained certain results on the eigenvalues of
reversible systems which are similar to some of ours. Our work was motivated by
the idea that the basic approach of [1], [13] should be generalizable to much larger
classes of systems. We show herein how the main features of both [1] and [13] carry
over to MMRPs in which the underlying Markov process for arrivals and/or service
are superpositions of any number of independent non-identical finite state reversible
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Figure 1. Markov-modulated sources model

processes of arbitrary structure. We call these separable MMRPs. To exhibit the
relation between this work and its antecedents, we keep our notation consistent with
that of [1], [13] wherever possible.

To fix ideas consider two typical problems.

1.1. Problem 1. Suppose that K independent information sources are served by a
common communication channel of capacity C data units/s, where the data units
(du) might be packets, bytes or bits (see Figure 1). The kth source generates
information at a rate y*®)(s®) data units/s, where s® is the state of a Markov
process which ‘modulates’ the source arrival process. We assume that the data units
arrive as a continuous flow while the source remains in a given state. (In another
version of the problem the source arrival rate could be a Markov-modulated Poisson
process, with y being the state-dependent arrival rate.) Since the combined arrival
rate may sometimes exceed C, temporarily overloading the channel, a buffer is
provided, whose content X is a continuous random variable.

The equation for the evolution of the buffer occupancy X is

dX
(6] 2 Y8@-¢ x>0
where y is the combined arrival rate from all sources, and $(¢) is the combined state
(5D, 5@, ..., s®), of the K sources at time t. The buffer introduces a random

waiting time X/C, which is a critical performance parameter in real time
applications. Another important parameter is probability of buffer overflow. Thus,
the analysis problem here consists of determining the complete probability distribu-
tion of the random variable X, from which these and other performance parameters
of interest can be directly determined.

At this point we have not specified the functional form of the arrival rates
y®(s®) nor the structure of the underlying Markov process. In a typical
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application, all sources might be identical, with each source modulated by an
independent N-state process, representing the statistical features of a data terminal
[1], or an encoded voice or video source. If N =2 we have the case treated in [1].
Models with N >2 are useful for modeling voice sources whose periods of silence
have complex statistics, (for example, short silences between words/syllables and
long silences while listening to the other speaker in a dialog). They are also useful as
models of encoded video sources which produce information at several different
rates, depending on visual activity (movement).

1.2. Problem 2. A communication channel of capacity C serves two classes of
traffic: x and y (see Figure 2). Class x is managed by delay, that is, a buffer is
provided to store all class x information that cannot be immediately served. Class y
is managed by loss: any information that cannot be immediately served is discarded.
This type of arrangement might be suitable, for example, in a situation where class x
is computer data, for which loss cannot be tolerated, but some delay is tolerable,
while class y is voice or video traffic, which must be transmitted with minimum
delay, but for which some small probability of loss is acceptable. The service
strategy is one of partial sharing of the communication channel, with a fraction,
(1— a), reserved for class x and « for class y. If one class does not completely
occupy its reserved portion of the channel, the residual capacity is available for the
other class. Each traffic class is assumed to arrive as a continuous flow generated by
a Markov-modulated source of the type described in Problem 1, with arrival rates
y¥(s®) and y*(s©’) for the x and y sources respectively. The combined system
state is § = (s, s).

Let X be the class x buffer content and L the accumulated loss of class y
information. Then, according to the partial sharing rules indicated above, the
equations of evolution of X and L are

ax

2 e Y9>s®) + min (aC, yP(s)-C  X>0,
dL

3) - = max Y6 —aC, 00 X>0,

@) = max (y?(s©) + Y(x)(s(x)) -C,0) X =0.

@ -Y(x) m Z(I_a\)ck
s

@ Y 20C

S=(S™,s0)) L

Figure 2. Example of a shared channel
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Note from Equation (2) that the channel sharing strategy provides a minimum
service rate (1 — &)C to class x traffic at all times, and this rate may increase to the
total channel capacity C if the class y arrival rate drops to zero. Whenever the X
buffer is non-empty, class y traffic experiences a loss rate equal to the difference
between its arrival rate and its reserved service rate, oC. If X =0, (which is only
possible if the right-hand side of (2) is =0), the class y traffic has more capacity
available to it, and the loss rate diminishes to zero as the total arrival rate decreases
below C. The case a =1 gives complete priority to class y traffic.

The arrival statistics of the two traffic classes in this problem can be quite general.
Each of the classes might be modeled as a Markov-modulated source, with N® and
NO) states in the underlying processes for sources x and y respectively. If the system
is large, it is likely that each source would be composed of the superposition of
many, possibly identical smaller sources, each with a relatively small number of
states.

As will be shown below, the models in the above problems are both examples of
separable MMRPs. In each, the state explosion problem is evident. In Problem 1, if
there are K independent sources, each with N states, the number of states for the
complete system is NX. A simplification results if all sources are identical and
indistinguishable. In this case the number of states can be reduced to the number of
ways of partitioning K things into N groups, which is (K + N —1)!/K!(N - 1)\
Even in this simpler case, we have 5151 states for K =100, N =3. In Problem 2,
each of the two traffic sources might have of the order of 100 states, yielding of the
order of 10000 states for the complete system. The large numbers are of course the
consequence of the fact that the number of states for a system composed of many
independent subsystems is (except for special cases) equal to the product of the
numbers of states in each subsystem. The complexity of the computation in these
systems grows as the cube of the number of states. Thus, these numbers are clearly
catastrophic.

In the exposition that follows, we propose a general procedure for the analysis of
separable Markov-modulated rate processes. The approach is valid irrespective of
the specific structure of the subsystems. Two restrictions are crucial to our objective:

* Independence of the underlying Markov processes.

* Separability of the arrival/departure rates.

An additional reversibility assumption will also be made, which is not crucial but
considerably simplifies the computational problems. It is shown that, subject to
these assumptions, the core of the analysis problem can be reduced to manageable
size by decomposition. In order to reduce the computational problems remaining
after decomposition, some simple bounds and approximations are obtained. Using
this approach, the complexity of the main computation is of the order of ¥ (N)3
rather than (IT N®)?, where N is the number of states in the kth subsystem. Not
only does this vastly reduce computational requirements but it also generally results
in increased accuracy at critical points in the analysis. In addition and most
importantly, the formalism yields considerable insight into the behavior of these
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systems. In particular, it reveals the importance of the concept of reversibility in this
application, and it explains the considerable power of the methods proposed in
(1], [13].

In Section 2 we present the general mathematical model, derive the equations for
the buffer occupancy distributions and give the form of their solutions. The general
structure of the model is similar to those used in [10] and [15]. The equilibrium
probabilities are expressed in terms of the solutions of a related differential
equation. We demonstrate certain fundamental properties of the eigenvalues and
eigenfunctions of this equation, which are the basis for the decomposition
procedures which follow. Section 3 presents bounds and approximations for the
equilibrium probabilities. Section 4 deals with separability of the equations of buffer
occupancy distribution, yielding eigenvector solutions in the form of Kronecker
(tensor) products, and the analytical procedure is applied to Problem 2 in Section 5.
Section 6 presents conclusions and points out some extensions of this work which
are currently underway.

2. The general model

Consider the system of Figure 3, where § is the state of a finite irreducible
Markov process, C is the maximum service rate, henceforth called the ‘capacity’,
y(S) is an arrival rate modulated by S, (C — v(S)) is a service rate modulated by S,
and X (a non-negative continuous random variable) is the buffer content. (Without
loss of generality, C, y and v are assumed to be non-negative.) The behavior of X(¢)
in the infinite buffer case is defined by
) d—X=r(S)—C, X>0

dt
where
r(S) = y(S) + v(S).

Note that as far as the buffer content is concerned, it makes no difference whether
the function v(S) is considered to be a portion of capacity removed from the
maximum capacity C, or arrival rate added to the rate y. However, it is important to
observe that the waiting time is different in the two cases. (If v =0, the waiting time
for arrivals to a buffer of length x is x/C. However, if v # 0 this waiting time is a
random variable.) In what follows, we refer to r(S) as the ‘net arrival rate’.

Equation (5), together with the properties of the modulating process, defines the
evolution in time of the state (S, X) of a bivariate Markov process, where § takes on

C-v(S)
S) g

Figure 3. Model of a general Markov-modulated source/server
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values s in the set
= {sl’ $2, sN}

and X takes on values x in the set [0, «) for the infinite buffer case, or [0, X,,,,] for
the finite buffer case. In the latter case, (5) is valid for 0 < X < X .,.
Let
P(t, s, x)=Pr{S(¢)=s, X(t) =x}.

Because the modulating process is finite and irreducible its equilibrium
probabilities
7t(s) = lim Pr {$(¢) = s}
t—o

exist, are all positive, and are independent of the initial state distribution. They are
found from the properties of the modulating process alone.

An important system parameter derived from 7(s) is the mean value of the net
arrival rate

F=2 m(s)r(s)

sed
from which we obtain the system traffic intensity
p=F¥/C.

A necessary and sufficient condition for the existence of equilibrium probabilities
F (s, x) for the joint process (S, X) in the infinite buffer case is p <1. We henceforth
assume that this condition is fulfilled, in which case

F(s, x) =lim P(¢, s, x).

For a system with infinite buffer

6) mt(s) = lim F(s, x).

X—®

For a finite buffer system, there will generally be a discontinuity in the function
F(s, x) at X ., so that

™) 7(s) = Pi(s) + F(5, Xrmax-)

where
F(s, Xpax-) = lim  F(s, x)

X=X max

and the full buffer equilibrium probabilities P(s) are defined as
P(s) =lim Pr {S(¢) = s, X(¢t) = Xpmax}-
t—x

As indicated previously, the modulating process is a finite state Markov process.
Let M(s, u) be the transition rate from state u to state s for this process, s # u, and
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define
M(s, s)=—2, M(u, s).

u#s

We partition the states into an ‘underload’ set, %,, and an ‘overload’ set, ¥,,
where
Fo={s;:r(s)) <C}, Fo={s;:r(s))>C}.

(For reasons stated below, we assume throughout, without loss of generality, that
r(s;) # C for all s;.) In this section we assume further that the states are labelled so
that

8) 0=r(s)=Sr(s) = =r(s,) <C<r(Spr1) =" r(sy)

where @ and (N — w) are respectively the cardinality of the underload and overload
sets. This gives

\97“={S1,"'Sw}, yo={sw+1""sN}~

As can be seen from (1), the buffer occupancy decreases during underload and
increases during overload. The Kolmogorov differential equation defining the
function P(t, s, x) for this system is

O] %) + d(s) %J = 2 M(s, u)P(t, u, x)
where
(10) d(s)=r(s) - C.
To find the equilibrium probabilities we set P/3t =0 in (9) to obtain
(11) d(s)F'(s, x) = 2, M(s, u)F(u, x)

where ()’ denotes differentiation with respect to x. Equation (11) represents a set of
N linear ordinary differential equations which, with suitable boundary conditions,
can be solved uniquely for F. Note that if r(s;) = C for some s;, the set (11) is
singular. In that case, the corresponding equation and the state s; can be eliminated
yielding a lower order system. We avoid this case by imposing the two strict
inequalities stated in (8). Note also that if F’ is set equal to zero in (11) we obtain N
homogeneous linear equations for the equilibrium probabilities x(s) of the
modulating process.
Denoting the states as integers:
s;=j, j=.,2,---,N
and letting
F(x)=[F(1,x), F2,x), -+, F(N, x)]'

R = diag {r(j)}

D = diag {d(j)}

M=[MG,j)]
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where (-)' denotes transpose, (11) becomes
(12) DF' = MF

where M, an N X N matrix, is the infinitesimal generator matrix for the underlying
Markov process. The solution of (12) takes the form

(13) F(x) =2, 8,9, exp (z,%)
where
@, = ((pn(sl)» Tt (pn(sN))t
=(@a(1), - -, @a(N))
and each pair {z,, ¢,} now satisfies the generalized eigenvalue problem

(14) Dzo =Mg.

(While (14) could be replaced by a standard eigenvalue problem for the matrix
D'M, the development that follows is based on the special properties of D and M,
which would be obscured in the standard eigenvalue formulation.)

Because M is the generator matrix of an irreducible Markov process, it has one
and only one zero eigenvalue, (also a solution of (14)), which will be denoted z;. Its
eigenvector @, normalized so that its elements are positive and sum to unity, is

@, =7 = (7(s1), 7(s2), - - -, wW(sN))'
the vector of equilibrium probabilities.

Up to this point, we are dealing with a standard problem and solution of (11)
subject to given boundary conditions is in theory straightforward. However, it
becomes intractable in most cases of practical interest simply because of its size. As
mentioned earlier, the number of equations can easily range from hundreds to tens
of thousands. In such cases, brute force techniques are generally useless. Computing
time, memory requirements numerical accuracy, and even the specification of the
equations themselves can all be serious problems. While large computers may make
speed and memory requirements minor considerations, inherent problems associated
with ill-conditioning and numerical instability will generally cause conventional
numerical approaches to break down. The techniques which follow are designed to
mitigate problems associated with large N, by exploiting the special structure of the
system equations.

2.1. Reversible processes: properties of the eigenvalues. Henceforth we make the
additional assumption that the underlying Markov process obeys the Kolmogorov
condition

(15) M(s, u)(u) = M(u, s)7(s).

Equation (15) is a necessary and sufficient condition for reversibility [11]. Although
this assumption is not required for separability, it greatly simplifies the subsequent
development. A consequence of reversibility [11], which follows directly from
condition (15), is that the infinitesimal generator matrix M in (12) is symmetrized by
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the similarity transformation,
(16) M=E'ME
where
E =diag {e(s))}: j=1,2,---,N
and

e(s;) = Va(sy).

The matrix —M is symmetric positive semi-definite. From (16) we see that the
change of variable

F =EF
reduces (12) to the symmetric form
DF' = MF
and (14) to the symmetric form
17 Dzp=M¢
where
¢=E@.

We refer to ¢ as a symmetrized eigenvector.
If @ and ¥ are real N-vectors we denote their inner product as

(@ v)=(v, 9)=¢'y.

One of the useful consequences of symmetry in (17) is that the eigenvalues z; are
real and a set of N real linearly independent symmetrized eigenvectors @, can be
found which obey the following generalized orthogonality relations:

(18) (¢, D§)=0, i#j
19) (@1, D@1) = (F— C) (@1, 1)
(20) (ii’i’ Dii),) = (l/zi)(‘i’b ﬂii’i)’ i=23,---,N

(see Section A.1 for proof).
Note that (@;, D@;) is negative for z;>0 and positive for z; <0. Henceforth we
assume that the {@} are normalized to unity, i.e.

(@, 9)=1, i=12,...,N.
For @, this normalization gives
(@1, D§))=F—-C=C(p-1)
and, assuming the appropriate sign for the normalization constant

¢.=E@p,=m
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Figure 4. The functions g, (z)

The decomposition techniques described in the subsequent sections are based on
certain key relations among the {z,}, the {@,} and the system parameters,
particularly the capacity C. These relations, proved in Section A.2, are as follows.

For any C > 7 there exists a set of N real solutions, {z,, ¢,}, of (14), where z, =0,
z, is the unique solution of the equation

(21) C=g,(2), n=273:--,N

and the set {¢,} is linearly independent. The function g,(z) is the nth eigenvalue of
the matrix

(22) A(z)=R-M/z, z#0.

Letting @(n;z) denote an eigenvector corresponding to g,(z), the vector @(n; z,)
satisfies (14), so that @, = @(n;z,). (The form of the family {g,} is illustrated in
Figure 4). Each function g,(z) is continuous and is continuously differentiable. At
each z at which A(z) has distinct eigenvalues its derivative is

g.(2) = (§(n; 2)M§(n; 2))/22<0, n=1,2,---,N

where

@(n;z)=E '@(n;z2)
and

(@(n; Z), ¢(n; Z)) =1.
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The functions g, are indexed so that their asymptotic behavior is as follows:

lim g,(z) =+, n=23---,N
z—0+
lim g,(z)= —oo, n=12---, N—-1
z—0—
lim g,(z) =r(n), n=12:--,N
zZ—>+x

lim g,(z)= lim gy(z)="F.

z—0+ z—0—

Note from (8) that the functions g,(z) are indexed to be increasing functions of n
for sufficiently large |z|. For future reference this will be termed ‘asymptotically
ascending order’. (If A(z) has distinct eigenvalues for all z # 0 then the ascending
order is maintained for all z, as shown in Figure 4.)

The above development is simply an alternative way of determining solutions of
(14). Thus, the generalized eigenvalue problem (14) has been replaced by two other
problems: a standard eigenvalue problem involving A(z) followed by functional
inversion. While this approach may appear convoluted, its usefulness will be
apparent in Section 4.

It follows from the above that the {z,} satisfy
- z,>0, n=23"--,w
3) z,<0, n=w+1,w+2,---,N.

If A(z) has distinct eigenvalues for all z then the z, are ordered as follows:
(24) Zo = =Ezy<0=z<z,=---=gz,

with o defined in (8). Hence, for each value of C satisfying (8), the general solution
of (12) given in (13), is composed of a set of (N — w) ‘stable’ modes (those terms in
(13) with negative 2,), (w —1) ‘unstable’ modes (those with positive z,) and the
‘equilibrium’ mode, ¢@,, independent of x.

2.2. Boundary conditions. By using known properties of the function F(x) at the
boundaries x =0 and X,,,, (or +), it is possible to determine the coefficients a,, in
(13). To this end it is convenient to write (13) in the more compact form

(25) F(x) = ®e%a
where
D =(¢1, @, -, @v) = (P, D)
D, =(¢1, 92, Pu)
D= (Qur1> Pot2r " " > Pn)
e” = diag {exp (z,x):n=1,2,---, N}

a=(ay, ay, ---,ay) =(a,a)".
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The partitions @, and @, represent the eigenvectors associated with unstable and
stable modes respectively, where the equilibrium mode ¢, = & is included with the
unstable modes. The vector a is partitioned similarly. Throughout this section the
subscripts u (unstable) and s (stable) will be used to denote partitions of a matrix
consisting of the first @ columns and last (N — w) columns respectively. Similarly,
the subscripts u (underload) and o (overload) will be used to denote partitions of a
matrix consisting of the first w rows and last (N — @) rows respectively.

Let

(26) f=F(0)=®a
be the equilibrium empty buffer probability vector, where

f= (f(sl)’ f(s2)’ e rf(sN))'

and

f(s)=F(s, 0).

We partition f as follows:
= fo)"

The partitions f, and f, correspond to the underload and overload states
respectively. We note that the buffer is never empty while in overload so that

27 f£.=0.

In the infinite buffer case, because F(x) is bounded, the coefficients of the
unstable modes must vanish (with the exception of a; = 1), i.e.,

(28) a,=(1,0,0,---,0)"
Substituting this condition into (26) yields
f=n+dga,.
Letting
= (7, 7)
@, = (D, D)
we have
(29) ‘posas =—n,

which is a set of (N — w) linear equations determining the unknown coefficients of
the stable modes, a,. This approach to finding the coefficients is effective when the
number of overload states is relatively small. In the opposite case, where w is
relatively small, the following alternative approach is more suitable. We write (26)
in the form

(30) a=®f
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where the inverse of ® can be expressed explicitly using the orthogonality relations
(20). From (26) we have

(31) a; = (‘i’ir DE_I.’.)/(@u D“i’l)
or
(32) (q)_l)ij = @;(s:)d(s;)/e(s))(§:» DP:)-

The last (N — w) rows of (30) give the stable mode coefficients, a,, in terms of the
empty buffer probabilities f, of which those for the underload states, f,, remain to
be determined. These are found using the first @ rows of (30):

(33) (@ Duki=ay

where a, is given in (28). Equation (33) represents a set of w linear equations for
the empty buffer probabilities, f,, the solution of which must be substituted into (30)
to find a,.

Since solution of L linear equations requires of the order of L* operations, the
computational complexity of the above procedures is dominated by the solution of
(29) in the former case, or (33) in the latter case.

In the finite buffer case, all coefficients a; are generally present in the solution
(13). Furthermore, the coefficient of the constant term in (13) is no longer unity.
Instead, we have (7) relating 7z(s) to the full buffer probability P(s).

Let

fmax = (F(sl) Xmax_)’ F(SZ; Xmax_), ) F(sN» )(max_))t
P;= (P(sy), P(s2), - - Pf(sN))t'

Then in addition to the boundary condition (26), which holds for all systems, we
have from (26) and (7)

(34) fmax =P €Xp (ZXmax)a = - R-.
Noting that the buffer can never be full while in an underload state, we have
P(s)=0, seJ%.

These additional boundary conditions lead to 2N linear equations to be solved for

a.

In Section 3 we derive some approximations based on these relations, which
greatly reduce the computational burden.

3. Coefficient bounds, approximations

In most problems involving large systems a determination of the exact probability
distribution F(x) is unnecessary and/or computationally infeasible. In such cases it
is useful to obtain simple approximations using only a few terms in the summation
(13). We consider this problem now. Our results are illustrated with a numerical
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example in Section 5. The performance parameters of interest in systems of the type
described in Section 1 are typically scalar functions of F(s, x). Two functions which
are particularly important are

(35) Gx)=Pr{X>x}=Q,n—F)
where
1=(1,1,---,1
and
(36) H(x)=(, R(x—F))/F.

In most well-designed systems the size X, of the (finite) buffer is chosen so that
(1, P), the probability of a full buffer, is small. In such cases G(X.x) = (1, P;), and
G(Xmax) overbounds (1, P;), so that the infinite buffer model can be used to
determine the probability of buffer overflow in these cases. The function H(x)
defined in (36) is the fraction of flow that arrives to a buffer whose content exceeds
x, or equivalently, the probability that an arriving data unit sees a buffer of content
exceeding x. Thus, H(X,,,) approximates the fraction of arriving flow that is
‘blocked’ by a finite buffer. For a system with constant service rate (v =0), H(CT)
represents the fraction of flow that is delayed a time exceeding 7, an important
performance parameter. We seek approximations to G and H which can be obtained
with a minimal amount of computation.

Consider first G(x). In view of the above remarks we limit the discussion to the
infinite buffer case and assume that the {z,} are ordered as in (24) with repeated
eigenvalues permitted. Equation (13) can then be rewritten in the form

N

(37) F(x)= 2 a,@,exp(zx)+m

n=w+1

Substituting (35) into (37) we have

39) GwW= > byew ()
where
(39) bn = -an(l) 'pn)‘

If the number of overload states is large, the computation of (38) may be both
onerous and unnecessary. Instead, a good approximation of G(x) may usually be
obtained by truncating the series to a small number of terms. In the context of
well-designed systems, mentioned above, it is the larger values of x that are of
interest. For these values the dominating terms are those for large n, since the
modes with lower indices generally decay rapidly with x. The truncated series
retaining m terms of highest index will be denoted

N

(40) G.(x)= D, b,exp(z.x), 1=m=N - o.

n=N-m+1
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The exponents z, in (40) are solutions of (14), which are readily computed for
separable systems using the decomposition methods of Section 4. In some cases they
can be expressed in closed form. The exponent zy, in the single exponential
approximation (m = 1), is the most important parameter in characterizing system
performance, since it indicates the asymptotic behavior of all performance measures
of interest for large x. (The function relating zy to p in matrix-geometric systems,
termed the ‘caudal characteristic’, is studied by Neuts [19].) Of course, if behavior
for small values of x is of interest then the rapidly decaying modes are important
[24], [17]. The coefficients b, in (40) are found by substituting the expression for a,
in (31) into (39) to give

bn = (1’ q’n)(@m —D].)/(@m D@n)
= (1’ q’n)(@m —Di)zn/(‘i)m ﬂ@n)

f=E7f

In what follows we assume that the sign of the normalization constant of @, is
chosen so that (1, @,) =0, which implies that (1, ¢,)/(@,, D@,) =0. (Our previous
assumption that ¢, is normalized to unity still leaves the sign undetermined.)
Because of the dependence of b,, on the empty buffer probability vector f, which is
unknown, the coefficients b,, cannot be computed on a term by term basis as is the
case for the exponents z,. If it happens that the methods of Section 2.2.1 for
obtaining a, (either directly, or indirectly via f) are unsuitable because of the size of
the system, it is possible to obtain some good upper and lower bounds on b, by
using known constraints on f. Recall from Section 2 that

(41)

where

(42) 0=f(s) = n(s), se,
43) f(s)=0, sed..
Also, it is easily shown (see Section A.3) that
(44) 2 —d(s)f(s)=C(1 - p).
Now let
i (1’ ¢n) ~ 7
b, =————max (§,, —Df)
@) (q?l’ D";") f ()d(s)f (s)
_ A e —@.(s)d(s)f (s
“@e DI 2T a6
Le) .o "
n =7 ————min (§,, —Df)
n» D n
46) (@, D) 5

_ (1, goymin 5, BEMEY6)
~(t, ¢,y min 3, 2
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where the maximization (minimization) is effected subject to the constraints (42),
(43), (44). The coefficients b, and b,, are respectively upper and lower bounds on b,,.
To evaluate b,, the terms in the summation in (45) are arranged so that the
quantities @,(s)/7(s) appear in descending order, and f(s) is assigned its maximum
possible value (which is =x(s)) in each term until the condition (44) is satisfied.
Similarly, the minimum b,, is attained when the maximum possible value of f(s) is
assigned to each term in (46) in ascending order of the quantities @,(s)/z(s) until
condition (44) is satisfied. A slightly looser upper bound 4,, on b, can be found
more simply without reordering the summation:

1 @)
47 b,=-—1700 —max [0, @,(s)]d(s).
( ) (¢’l’ D¢n) SEEyu [ ( ] ( )
In (47) the upper bound is found by assigning f(s) its maximum value in each
term while ignoring the equality constraint (44). Good approximations to G(x),
which will overbound and underbound it for sufficiently large x, are found by
replacing the coefficients b, in (38) by b, or b, respectively. Thus, define

N

) )= 3 brexplem),
) Gul)= 3 brexp (o).

The advantage of using this technique is that the computation can proceed one term
at a time, until a satisfactory approximation is obtained. It also explicitly exhibits the
exponents, which dominate in determining system performance.

Approximations for H(x) are obtained in a manner exactly paralleling those for
G(x) by replacing each occurrence of the quantity (1, ¢,) in the above development
by (1, Re,)/7. Note that this requires replacing the condition, (1, ¢,)=0, by
(1, Rg,) 20, which may require reversing the signs of some of the normalization
constants.

If G(x) and H(x) are to be evaluated at given set of values of x, the above
approximation can be refined [23].

4. Separability and decomposition

As mentioned earlier, a direct application of the formalism presented in Section 2
leads to formidable computational problems when the system size is very large.
However, large systems are very often composed of combinations of independent
and ‘separable’ smaller systems. We now show that in this case the bulk of the
computation can be performed at the level of each subsystem. This can produce
orders of magnitude reduction in the computational burden and increased accuracy
in the numerical algorithms.
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Let the system (14) be composed of K independent subsystems, where s*)
denotes the state of the kth subsystem, and the K-tuple

s= (s(l), §P ... s(K))

denotes the combined or ‘global’ system state. The kth subsystem (k=1, - - -, K) is
assumed to be a N®)-state, irreducible, reversible Markov process whose states will
be denoted by the integers

s®e{1,2,--+, NO}y=g®
where

N=[[N®
k

so that each state s; is an integer K-tuple. The indices will be ordered lexicographi-
cally, i.e.

S1=(1,1,"‘,1)
s;=(1,1,---,2)

sy=(ND, N® ... NK)

Let M® denote the matrix of transition rates for the kth subsystem. The buffer
content X is now the accumulation of arrivals from the K subsystems, and the net
arrival rate r(s) in (1) is composed of the superposition of net arrival rates r'® for
each subsystem:

(50) r(s) = 2, r®P®)
k
where
(51) r®(s®) = y 0 (50 4 k)50

and we define a matrix of net arrival rates for each subsystem as

(52) R® = diag {r®(1), r®(2), - - -, rON®)}.

It is assumed that the states of each subsystem are labelled in such a way that
rO1)=r®Q) = - - =rOWND), k=12---, K

The lexicographic ordering of the global states will not necessarily label them so
that condition (8) is satisfied. Nevertheless, all of the development of the previous
sections still holds, subject to a minor modification of notation in Section 2.2. There,
in order to maintain the proper row partitioning of the various matrices, cor-
responding to underload and overload states, it may be necessary to relabel some of
the global states.
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Independence of the subsystems implies that the allowable state transitions
correspond to changes in only one element of the state K-tuple at a time, with the
state transition rates for the kth subsystem defined by the matrix M®), We will refer
to condition (50) together with the independence assumption as ‘separability
conditions’. Subject to the above separability conditions it is easily verified that the
matrices D and M in the global equilibrium equation (12) and the related eigenvalue
equation (14) are given by

(53) M=MYOMPP.. - &M
and

(54) D=R-CI

where

(55) R=RVYO®R®®.---®R®.

In the above equations and those that follow @ and ® denote the Kronecker sum
and product respectively (see Section A.4). Also, I denotes an identity matrix of
appropriate size.

The Kronecker sum form of (53), and (55) suggests a decomposition method for
obtaining solutions of (14) by working at the level of the subsystems. The method
includes as special cases results appearing in [13] and [15].

Paralleling the development of Section 2, we assume that each subsystem is an
irreducible reversible Markov process. For each k, the zero eigenvalue of M®, will
be denoted z,. Its eigenvector @{), (assumed to be normalized so that its elements
are positive and sum to unity), is

% = (Jt(k)(l), n:(")(Z), cee n'(")(N(")))’

the vector of equilibrium probabilities. The equilibrium vector & for the global
process M is then given by

A=aVR@a?Q...-Q X,

In terms of these equilibrium probabilities, we define the mean net arrival rate for
the kth subsystem as

PO =2 2 ®)rG),
i

so that for the global system
r= Z f(k)‘
k
Letting
e®(j)=Va®(), j=1,2,---,N®
E® = diag {e(")(l),, - e(k)(N(k))}
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we may symmetrize the matrix M®) by the transformation
(56) M® = ( E(k))-l MPOE®,

We are now prepared to state the relations among the {z,}, the {@,} and the
system parameters, in terms of the characteristics of the subsystems. (See Section
A.S for proof.)

For any C > 7 there exists a set of N real solutions, {z,, ¢,}, of (14), where z, =0,
z, is the unique solution of the equation

67 C=g,(2), n=2,3---,N

and the set {¢,} is linearly independent. The functions g,(z) are defined as
. K
(58) gn(z) = Z g(k)(istk); Z), n= 1) 2) Y N
k=1

where g*)(i; z) is the ith eigenvalue of the matrix,
(59) APZ)=R® -MP/z, z+#0

indexed in asymptotically ascending order, and @*)(i;z) is a corresponding
eigenvector. Letting ¢ denote ¢®(i¥; z,), the global eigenvectors are expressed
as

(60) 7.=9 QPP ® - B .

The g, are indexed in lexicographic order of the arguments i%, i.e.
81(2)=8V(1;2) +g®(1;2) + - +8¥(1;2)
8(2)=8V(1;2) +g®(1;2) +- - +8%(2;2)

gn(z) =g P(NV; 2) + g@(NP; 2) + - - - + g O(ND; 2).

Each function g*)(i; z) is continuous and is continuously differentiable. At each z at
which A®)(z) has distinct eigenvalues its derivative is

(61) g5 2) = (@00 2), MPP®G; 2))/2%, i=1,2,--+, N®

where
#002) = ED) " 9WG; 2).

The asymptotic behavior of g® is as follows:

(62) lim g®@i;z)=+», i=2,3,---,N®,
z—0+

(63) lim g®)(i; z) = —, i=1,2---,N®_1,
z—0—-

(64 lim g®3i;2)=r®3G), i=1,2,---,N®,
z—>+too

(65) lim g®(1;z) = lim g®ON®; z)=7®,
z—0+ z—0—
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In the above development, each choice of index, n>1, corresponds to the
selection of a unique set of terms g*(i%; z) on the right-hand side of (58), whose
sum is the function g,(z), which must be inverted to yield z,. With z; defined to be
zero, the remaining N — 1 combinations of terms are accounted for as n runs from 2
to N.

The sign of the {z,} can be predicted in a manner analogous to that used when
the system is analyzed in its global form. Identifying the K-tuple of indices i%) with
the integer K-tuple representation of a global state s,,:

S, = (iStl)) ile)) Sty lEnK))
it follows from the asymptotic behavior of g,(z) that the non-zero {z,} satisfy
66 z,>0, s, €%,
) 2, <0, S, €%,

However, an ordering of the type of (24) cannot be predicted in terms of the
properties of the subsystems when decomposition is used.

To make the relation between the global system and the subsystems more explicit,
note that g®(i%; z,) is an eigenvalue and @’ an associated eigenvector for
A®(z,), so that

(©7) 89I; )90 = AV (z) g
Using (59) to rearrange terms in (67) we have

(68) DPz,eP =MPeP, k=1,2,---,K
where

(69) D =R® — g 2,)I

and

D=D$,1)®D£,2)®"'®DS,K), n=2)3;"':N'

Note from (69) that g®(i®; z,) plays the role of a (fictitious) channel capacity in
the kth subsystem.

It can be seen from (68) that {z,, ¢’} satisfies a generalized eigenvalue problem
analogous to (14) at the level of the kth subsystem, so that @ is in fact a
‘subsystem eigenvector’. The value z,, however, is a global eigenvalue, common to
all subsystems as well as the global system. Certain relations between global and
subsystem inner products are useful for reducing the computational burden.
Assuming that the symmetrized subsystem eigenvectors,

P = (E9) g
are normalized to unity:

®®, §¥)=1, i=1,2,---,N®
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they obey the following relations:
(70) ¢ = EV = 2
(71) (@, DPPP) =27 (9P, MP§P), i=2,3,---,N®.

Furthermore, it follows from the properties of Kronecker sums and products
(Section A.4) that the global inner product [20] can be decomposed into a sum of
subsystem inner products:

(@, D§) = ; (@0, DOFE)

(72)
=2 (9", RP§M)-C, i=23,---,N.
k

To clarify the decomposition procedure and to compare its complexity to the
‘brute force’ technique of analyzing the global system directly, let us examine the
computational steps in more detail. We note first that a solution of (57) for z cannot
generally be found in closed form. Thus some sort of approximation procedure is
required. The fact that the function g, is well-behaved, with its derivative directly
available, suggests that a second-order technique such as Newton’s method is
appropriate. Letting z,(i) be the ith iterate for the solution z, of (57), Newton’s
method is defined as

gn(zn(i)) -C
gz, ())

Each term g®(i%; z,(i)) in g,(z,(i)) is an eigenvalue of the matrix A®(z,(i)) of
the appropriate order, as specified above. The derivative g,, is evaluated as a sum of
terms g®(i%®; z,(i))’, where each term is defined in (61). Evaluation of the
right-hand side of (73) for a given index n and iterate z,(i) thus requires the solution
of K (small) eigenvalue problems, one for each subsystem. A single pair,
{g®, @®}, is selected from each subsystem to evaluate g, and g,. At convergence,
z,(i) = z, and P EP; z,(i)) = &, which are the solutions of (68). The eigenvec-
tor @, for the global system is found as the Kronecker product of the subsystem
eigenvectors @) as prescribed in (60). To avoid the singularity of g, at the origin,
the initial iterate must be chosen of the correct sign, predicted by (66). Newton’s
method exhibits quadratic convergence, so that very few iterations are required
given a reasonable initial trial. (In some typical numerical experiments 1-4
iterations were required for convergence.)

To compare computational complexity we consider the infinite buffer case only,
and recall that N — w modes must be calculated for an exact solution. However, as
pointed out in Section 3, it is normally sufficient to compute only a few terms in the
summation for F(x). In this case a fair comparison of the brute force method versus
decomposition can be based on the comparative complexity of computing a single
mode in (13). (This excludes from consideration the coefficients a,, which require

(73) 2 + 1) = 2,(0) -
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very little computation if they are handled using the bounds of Section 3.) The
complexity of the eigenvalue problem for the kth subsystem is of the order of
(N®)?, so that complexity of computation for one mode using decomposition is of
the order of ¥ (N®). This is to be compared to a complexity of the order of
[T (N®)? by brute force. As an example, taking K =3 and N*’ =10 for each
subsystem, the comparison is 3 X 10 versus 10°. Decomposition therefore results in
dramatic savings, especially when N is large. It should be noted, however, that the
brute force computation gives all modes with a complexity of IT(N®)? while
decomposition requires of the order of N X (N®)* operations to obtain all N
modes. Thus, if all modes are to be computed the comparison is 3 X 10° versus 10°,
still very favorable to decomposition.

5. An application

The analytical and computational procedures discussed in Sections 2, 3 and 4 are
best illustrated through an example. In this section we apply the decomposition
technique to the model of Problem 2 (Section 1.2) and obtain various performance
curves. However, our main objective here is to demonstrate the performance of the
algorithms rather than the performance of the system. In computing the perfor-
mance curves we compare exact methods to approximation and bounding tech-
niques, and thereby obtain information on the tightness of the bounds.

The buffer dynamics for the model of Problem 2 are defined in (2). To proceed
with the analysis it is necessary to specify the statistical characteristics of the traffic
sources. Recall that there are two traffic classes: class x, which is buffered, and class
y, which is blocked. It will be assumed that each class is made up of a collection of
independent sources which alternate randomly between active and inactive periods,
where the activity process for each source is generated by a two-state Markov
process. '

Let ,

N, = the number of class x sources

N, = the number of class y sources

i, = the number of active class x sources

i, = the number of active class y sources

v, = the traffic generated by an active source in class x (data units/s)

¥, = the traffic generated by an active source in class y

A, = the transition rate from the inactive to the active state for a source in class x
™)

A, = the transition rate from the inactive to the active state for a source in class y

u, = the transition rate from the active to the inactive state for a source in class x

u, = the transition rate from the active to the inactive state for a source in class y

This system can be separated into two independent subsystems where, using the
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terminology of Section 4, the system state is defined as
s=(s®,s®).

The subsystem states are
sO=i,+1, sP=i+1
with
ND=N,+1, N®=N,+1, N=(N,+1)(N,+1).

Equation (2) then translates to the form of (5), where

r(s) = rO(s®) + rO(s@)
and

rOD) =y =P -1y, rP6?@) =min[aC, P - 1)y,].

Equations (3) and (4) become

dL
— = max [(s®-1)y,—aC, 0], X>0

=max [(s® -1)y, + sV -1)y,—C, 0], X=0.
Letting

=4, A@=1, uW=p, u@=y,

the non-zero elements of the transition rate matrices for the two modulating
processes (which are tridiagonal) are

M®@G, i +1)=pu®i
M®@GE+1,)=2ON®—-i), k=1,2, and i=1,2,---,N® -1
M®BG iy=20G-N®)+(1-i)u, k=1,2, and i=1,2, -+, N®,

It is worth noting that the first subsystem (but not the second) is itself separable.
It is, in fact, a system of the form analyzed in [1], whose eigenvalues and
eigenvectors can be expressed in closed form.

The above parameters completely define the model in a form suitable for
application of the decomposition methods of Section 4. A program was written in
FORTRAN to execute the various steps in the algorithm for computing the
equilibrium probabilities and evaluating system performance. Quantities of interest
in this application are the functions G and H (defined in Section 3). Recall that the
function G(x) represents the probability that the class x buffer occupancy exceeds a
value x and H(x) represents the fraction of class x traffic that arrives to a buffer
whose occupancy exceeds x. Also of interest is the fractional loss f, for the traffic in
class y. This quantity is defined as

fm E{dL/dt}
7 Ny (A + 1)

where E{.} denotes expectation. The parameter « partitions the channel, reserving
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Two classes (x=y=9)
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Figure 5. Probabilities of overflow G and H vs. buffer size for N, =N, =9. For a=1, 0-5, and 0-3, the
traffic intensity p is set to 0-91, 0-87, and 0-74, respectively

a fraction (1 — &) of the capacity for class x and the rest for class y. Thus it is of
interest to explore the tradeoff between delay for class x and blocking for class y as a
fanction of «. This is done through a family of curves in Figures 5 and 6, with
system parameters

Cc=99
N®=N® =10
AV =A@ = O = @ = YD = @ = 1,

Note that as « increases from 0 (complete priority to class x) to 1 (complete
priority to class y), the traffic intensity in the class x buffer increases, thereby
increasing the buffer content (Figure 5), but reducing the fraction of blocked class y
traffic (Figure 6). Because the higher arrival rates are positively correlated with
higher buffer occupancies, the values of H in Figure S are consistently larger than G.
The quantities H(CT) and H((1 — «)CT) give lower and upper bounds respectively
on the probability that buffering delay exceeds 7. However, exact calculation of
buffering delay requires an additional (and difficult) analytical step, since the
capacity available to the class x traffic is a random variable.

The bulk of the computation in this problem is the determination of the
equilibrium probabilities. Table 1 shows the essential quantities involved in this
computation for the case & =0-3 and C =9-9 with the remaining system parameters
as stated above. The (class x) traffic intensity is p = 0-744, and the fractional loss for
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Figure 6. Fractional loss of class y traffic vs a for N, = N, =9

TABLE 1
n 2, b, b, b, b,

100 —0-3167E + 01 0-2990E — 01 0-3125E-01 0-3273E - 01 0-3273E - 01
99 —0-4776E + 01 0-6575E — 04 0-1545E — 03 0-2547E - 03 0-3981E — 03
98 —0-6338E + 01 0-4122E - 05 0-3696E — 04 0-5291E — 04 0-8742E — 04
92 —0-7801E + 01 0-2128E - 01 0-2294E - 01 0-2440E - 01 0-2440E - 01
97 —0-7893E + 01 0-1574E - 05 0-1463E — 04 0-2145E - 04 0-3191E - 04
96 —0-9436E + 01 0-5655E — 06 0-7285E — 05 0-1073E — 04 0-1564E — 04
91 —0-1046E + 02 0-1190E - 03 0-3324E - 03 0-6176E — 03 0-8334E - 03
95 —0-1095E + 02 0-1210E - 06 0-3995E — 05 0-6267E — 05 0-8163E — 05
94 —0-1240E + 02 —0-5361E — 07 0-1938E — 05 0-3090E — 05 0-4307E — 05
90 —0-1328E + 02 —-0-1011E—-04 0-1066E — 03 0-1766E — 03 0-2745E - 03
89 —0-1616E + 02 —0-6972E - 05 0-4864E — 04 0-8426E — 04 0-1194E - 03
93 —0-1624E + 02 0-1866E — 05 0-3162E — 04 0-3907E — 04 0-4303E — 04
88 —0-1906E + 02 —0-4133E - 05 0-2482E — 04 0-4321E - 04 0-6674E — 04
87 —0-2189E + 02 -0-3189E - 05 0-1234E - 04 0-2630E — 04 0-3752E — 04
86 —0-2456E + 02 -0-2589E - 05 0-4521E - 05 0-1069E — 04 0-1884E — 04
83 —0-1310E + 03 0-3903E - 01 0-4529E — 01 0-4969E — 01 0-4969E — 01
82 -0-1713E+ 03 0-1592E - 03 0-1176E — 02 0-2834E — 02 0-3233E - 02
85 —0-1783E + 03 0-3669E — 05 0-5295E - 03 0-6583E — 03 0-6583E — 03
84 —0-1783E + 03 —0-1613E - 07 0-1336E — 04 0-1831E—-04 0-1831E — 04
81 —0-2134E + 03 —0-3332E - 03 0-4104E — 03 0-9463E — 03 0-1334E - 02
80 —0-2564E + 03 -0-2121E-03 0-1986E — 03 0-5018E — 03 0-7040E — 03
79 —0-2994E + 03 —0-1180E - 03 0-1051E - 03 0-2651E — 03 0-4512E - 03
78 —0-3414E + 03 —0-8606E — 04 0-5279E — 04 0-2056E — 03 0-3998E — 03
77 —0-3765E + 03 —0-4833E — 04 0-1871E — 04 0-8964E — (4 0-1225E - 03
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class y traffic is f, = 0-102. In this case there are a total of 100 states of which 24 are
overload states, (w =76), giving the same number of stable modes. Their
eigenvalues are shown in the second column of Table 1, using the numbering
convention of Section 2. (To exhibit the dominant eigenvalues, the entries are listed
in decreasing order of z,. Note that this does not correspond to decreasing order of
n.) The remaining columns compare the exact values of the coefficients b, in the
expression for G(x) (Equation (38)) with the bounds b,, b,, b, defined in (46), (45),
and (47) respectively.

Note that there are only three coefficients, bgs, boy, bygo, Of significant magnitude,
and the bounds on each are fairly tight. While the bounds on the smaller coefficients
are poor in a relative sense, they are still quite good in an absolute sense. One can
use the coefficient bounds b, and b, of Table 1 to obtain (approximate) bounds on
G(x). Figure 7 shows comparisons of G;o(x) and Gyo(x) as defined in (48) and (49)
respectively, with the exact value G(x) for the system of Figure 5. Note that these
expressions bound G, in (40) using upper and lower bounds on the coefficients of
each exponential. Thus Figure 7 illustrates the combined effects of using a subset of
the modes and of bounding their coefficients. The expressions do not require the
calculation of any system modes beyond those contained in the summation.
Furthermore, they do not require solution of any linear equations for the
coefficients.

To illustrate the computational techniques in the setting of a larger system we treat
the case N* =29, N” =29 (900 states) in Figure 8. This corresponds to a tripling of
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Figure 7. Probability of overflow G and its approximations G,, and G,, vs. buffer size for N, = N, =9.
For a =1, 0-5, and 0-3, the traffic intensity p is set to 0-91, 0-87, and 0-74, respectively
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Figure 8. Probability of overflow G and its approximations Gy and Gy vs buffer size for N, =N, =29.
For o =1, 0-5, and 0-3, the traffic intensity p is set to 0-91, 0-87, and 0-74, respectively

the size of the original system, with an increase of a factor of 9 in the number of
states. The capacity C is adjusted to maintain approximately the same traffic
intensities as in the smaller system of Figure 7. The curves show Gy(x) and Gy(x) as
defined in (48) and (49) for comparison with the exact value of G(x). Note that this
corresponds to using all of the modes with exact coefficients replaced by upper and
lower bounds respectively. The results give very tight bounds on the exact solution,
especially in the case a=0-3. It can be seen that the buffer occupancy for this
system decreases markedly as system size increases while keeping the traffic intensity
fixed. One would expect this as a consequence of the laws of large numbers.

We observe from these examples that the algorithm is numerically stable,
performs efficiently (computation time was relatively short), and the coefficient
bounds are well suited to engineering approximations.

6. Conclusions

This work has examined a broad class of buffered information-handling systems,
modeled as continuous flow processes modulated by an underlying reversible
Markov process. We showed that if the modulating process is separable, con-
siderable reduction in computational complexity is possible using a decomposition
method. This avoids problems of ‘state explosion’ and numerical inaccuracy in very
large systems. Further reductions in computational complexity were shown to be
possible using simple bounds on coefficients in the expression for the buffer
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occupancy distribution. The behavior of the various computational algorithms was
illustrated in an example wherein the performance of a multiplexer involving
channel sharing was computed. While the largest system illustrated have had 900
states, our computational experiments give us confidence that much larger systems
can be handled.

We have been extending this work in a number of directions. As mentioned in
Section 1, when the system represented by (5) is composed of the superposition of a
large number of identical subsystems the total number of states can be significantly
reduced by aggregating the states of the global system. Work is in progress on
adapting the results presented here to this special case. Work is also partly
completed on carrying over the essential features of these results to the case of point
process models: i.e., Markov modulated Poisson processes [5]. In this case, the
models are similar to those treated in [18], with the additional features of
reversibility and separability. An objective of this effort is to show how certain
computational problems associated with matrix-geometric methods can be avoided
using decomposition.

Appendix

A.l. Proof of Equations (18)—(20). Because the matrices D and M are both
Hermitian, it can be shown that (17) has real eigenvalues and a set of N (real)
linearly independent eigenvectors. The proof is based on simultaneous diagonaliza-
tion of two quadratic forms. (See, for example, [7], p. 106 or the appendix of [15].)

To prove (18) consider two pairs {z;, @;} and {z;, ¢;} satisfying (17). Taking inner
products on eachside of (17) we have

z(@:, D§) = (§;, M@)) = (9;, M®,) = z(&;, D§,) = z(§:, D§;)
or
(zi - Zj)(‘i’i; D‘i’j) =0,

which implies (18) when the two eigenvalues are distinct. In the case of a set of
identical eigenvalues, any basis for the subspace spanned by their eigenvectors can
be orthogonalized with respect to the matrix D using the Gram-Schmidt or-
thogonalization procedure.

To prove (19) we expand the left side to

(91, DP1) = (91, R§)) — C(@l’ @1)-
From the definition of E and the fact that ¢, ~ & we have
(@1, Rp)) =7(§1, §1),
from which (19) follows directly.
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Finally, to prove (20) we take inner products on each side of (17) using the same
eigenvectors, to give

z(@:, D§,) = (@ ﬂ'i’x)
from which (20) follows.

A.2. Properties of the eigenvalues. To prove the properties of the eigenvalues
stated in Section 2.1, we need to relate the eigenvalues and eigenvectors of (14) to
those of the matrix A(z) defined in (22). We first prove that for z+#0,
det[Dz — M] =0 if and only if det[CI —A(z)]=0. The equation satisfied by the
eigenvalues {z,} can be written

det [Dz — M]=det[Rz — CzI — M] = (—z)" det [CI — A(z)] =0.

Thus, there must be exactly (N —1) non-zero values of z for which C is an
eigenvalue of A(z), corresponding to the (N — 1) non-zero eigenvalues of (14).

Now, to exhibit the correspondence between eigenvectors, let g,(z) denote the
nth eigenvalue of A(z), with eigenvector ¢@(n; z); i.e.

(74) A2)e(n;z) =g.(2)p(n;z) n=1,2,---,N, z#0,
which can be rearranged to

(75) [R—g.(2)z@(n;z) = Me(n; z).

Suppose there exists a non-zero z, such that

(76) C =g,(z,).

Then (75) becomes

Dz,@(n; z,) = Mo(n; 2,)
implying that z, is a solution of (14) with eigenvector

¢, =@(n;z,).

We now show that the functions g,(z) can be defined so that for n=2, -, N,
(76) has a unique solution z, for any C >7 and C not equal to any of the r(n). The
following result will be used. (See [20], p. 44.)

Let H(z) be an N X N Hermitian matrix, continuously differentiable with respect
to the parameter 2, and let its derivative H'(z) be Hermitian. Then there exist real
functions u(n;z), n=1,2, - - -, N, continuously differentiable in z such that

HE(n;z) = pu(n; 2)§(n; z)

where {&(n;z)} is a properly chosen orthonormal system of vector functions. At
every point at which H(z) has distinct eigenvalues, their derivatives are given by

) u'(n; z) = (§(n; z), H'(z)§(n; 2)).
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In the case at hand, we let
H(z)=zA(z)=zE'AE=Rz-M

which is Hermitian, so that u(n; z) is an eigenvalue of zA(z) for n=1,2,---, N,
{&(n;z)} is an orthonormal set of eigenvectors of zA(z) as well as A(z) and
u'(n; z) = (§(n; 2), RE(n; 2)).

To define an ordering of the {u(n; z)}, let

0=A,1<12§"‘§AN

be the eigenvalues of —M, and let u(n; 0) = A,. First, consider the case where zA(z)
has distinct eigenvalues for all z. Then by continuity, the ascending order of the
{u(n; z)} must be maintained for all z. Now let

u(n; z)/z, z>0,

(78) g"(z)={u(1v—n +1;2)/z, z<0.

For each z+#0, g,(z) is the nth eigenvalue of A(z) (in ascending order), with
eigenvector

g(”;z)’ Z>0,

(79) ﬁ)(n;z)=E-1¢p(n;Z)={§(N_n+1.2) z2<0.

It follows that each g,(z) is continuously differentiable for all z 0 with
(80) 8(2)=(§(n; 2), MP(n; 2))/ 2> =0.

Since M is negative semi-definite with null-space spanned by @,, g.(z) =0 if and
only if @(n; z) = c@p, for some constant c. But this implies

“i(l’l =(R _H/Z)'i’l =R®,=g,(2)@;.

Since all elements of ¢, are non-zero, this relation can only hold if R is a scalar
matrix, contradicting the inequalities in (8). Thus we conclude that the inequality in
(80) is strict for all z #0.

It follows directly from the limiting values of A(z) at 0 and «, and the continuity
and ordering of the set {g,(z)} that

lim g,(z) =+, n=2,3--- N,
z—0+

lim g,(z) = —, n=12---,N—-1,
z—0—

lim g,(z)=r(n), n=1,2---,N.
Z~—>+©

To find the remaining limits we use I’'Hospital’s rule to give

lim g,(z) = lim gu(z) = 1'(1:0) = (§(1;0), RG(1;0)) = (&1, RG,) = 7.
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The above development holds with minor variations for the case where zA(z) has
repeated eigenvalues for some or all values of z. In this case, some of the curves
u(n; z) may intersect, or coincide over the entire range of z. If they intersect, the
ascending order of the u(n; z) may not be maintained for all z, which means that
with the mapping from u to g defined in (78), the limits at « of g,(z) defined in (81)
may occur in a different order; e.g.

lim g,(z)=r(i), i#n.
Z—>+0o

To maintain the correct order of the limiting values, the mapping in (78) must then
be replaced by

u@i(n); 2)/z,  z>0,
u(j(n); 2)/z,  z<0

where i(n) and j(n) are appropriate permutations of the integers, 1,2,---, N.
Continuous differentiability of the eigenvalues still holds in this case, but one must
be more careful about defining the derivatives. (See [20].)

The properties of the family {g,(z)} derived above and illustrated in Figure 4
show that for n=2,3,---, N—1, g,(z) is a one-one mapping of (0,~) onto
(r(n), ©) and (=, 0) onto (—, r(n)), while gy(z) is a one—one mapping of (0, )
onto (r(N), ) and (—, 0) onto (7, 7(N)). We therefore conclude that the equation

C=g.(2)

has a unique solution, z,, for any C>7 and not equal to any of the r(n).
Furthermore, with w defined in (8), it is clear from the form of g,(z) that

Q) 8.() =]

z,>0, 2=n=w
<0, w<n=N.

A.3. Proof of Equation (44). Substituting (19) into (31) for the case i=1, we
have

1= (¢, DETf)/(F - C)
or

> @1(s)e ' ()d(s)f (s) = X, —d(s)f (s) = C(1 - p).

A.4. Kronecker product and sum: definitions and properties. The Kronecker
product A ® B of the matrix A of dimension p X q and the matrix B of dimension
m X n is the matrix of dimension pm X gn obtained by replacing each element a; of
the matrix A by the full matrix a;B. (See for example, [2].)

The Kronecker sum of A (n X n) and B (m X m) denoted by A @ B is defined as

A®OB=ARI,+1,9B
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where I,, and I, are the identity matrices of order m and n respectively. The
operation ® is associative but not commutative, and the same holds true for &.

The following properties, which are proven in [3], [2], [8], are used in this paper.

All matrices (vectors) are assumed to be of appropriate order.

1. A®B)(C®D)=(AC)® (BD)

2.(A®B,C®D)=(A, C)(B, D)

3. Let A,, 4,,---, A, be the eigenvalues of the matrix A with corresponding
eigenvectors @, a,, - - -, &, and let u,, u,, - - -, u,, be the eigenvalues of B
with corresponding eigenvectors f;, B,, - - -, B, then the eigenvalues of A ® B
are the nm sums A; + y; with corresponding eigenvectors &, ® f;i=1,2,---,n
andj=1,2,---,m.

A.5.. Decomposition. In this section we prove relations (57)-(66). It suffices to
show that the relations stated in (21) and (22) and proved in Section A.2 are
expressible in the decomposed form of (58), (59), and (60). Recall from Section A.2
that for non-zero z,, {z,, @,} is a solution of (14) if and only if it satisfies

82) Co.=A(2,)@n
Now the separability conditions imply that
(83) A@)=AD)BAP()D - - - DAX(2).

Let g(z) denote an eigenvalue of A(z), with eigenvector @(z). Then from Property
3 in Section A.4 it follows that

(84 8(2) =2 g¥(®; 2)

for some set of integers iV, i®, - - - i®) where g®(i®®; z) represents the i®'th
eigenvalue of A®)(z) in asymptotically ascending order. Furthermore,

(85) 9(2) = 9> ?V;2) ® eP(?;2) ® - - - @ B(i™; 2)
where
(86) gPY; 2)9 (Vs 2) = AP 9V 2).

Conversely, for any set {i¥’} and any z #0 a pair {g(z), @(z)} satisfying (84), (85),
(86) must satisfy (82) with C =g(z).

If the functions g(z) obtained in this way are indexed lexicographically to define
the set {g,(z)}2-,, then these functions are equivalent to those defined for the
global system in (21). In particular, each function g,(z), n=2,3,---,N—1is a
one—one mapping of (0,~) onto (r(s,), ©) and (—«,0) onto (—,r(s,)), while
gn(z) is a one—one mapping of (0, ) onto (r(sy), ®) and (—=, 0) onto (7, r(sy)). It
therefore follows from Section A.2 that all non-zero eigenvalues of (14) are
obtained as solutions of (57) with the corresponding eigenvectors expressed as the
Kronecker products of (60). This proves (57)-(60). Properties (62)-(65) follow
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directly from Section A.2, since each subsystem satisfies the same reversibility
assumption as the global system. The identifications of the signs of the eigenvalues
in (66) follows directly from the asymptotic behavior of g,(z), inherited from its
component functions on the right-hand side of (58).
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