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Effective Bandwidth in High-Speed Digital Networks

Cheng-Shang Chang, Senior Member, IEEE, and Joy A. Thomas, Member, IEEE

Abstract— The theory of large deviations provides a simple
unified basis for statistical mechanics, information theory and
queueing theory. The objective of this paper is to use large
deviation theory and the Laplace method of integration to provide
an simple intuitive overview of the recently developed theory of
effective bandwidth for high-speed digital networks, especially
ATM networks. This includes 1) identification of the appropri-
ate energy function, entropy function and effective bandwidth
function of a source, 2) the calculus of the effective bandwidth
functions, 3) bandwidth allocation and buffer management, 4)
traffic descriptors, and 5) envelope processes and conjugate
processes for fast simulation and bounds.

1. INTRODUCTION

HE next generation of communication networks will

carry different classes of traffic, e.g., voice, video, fax
and data, over the same network. Since different classes of
traffic usually require different grade-of-service (GOS), an
open and challenging problem for the network designer is to
design schemes that integrate these different classes of traffic
efficiently. One of the most interesting approaches in dealing
with this problem is the recently developed theory of effective
bandwidth. The effective bandwidth of a time varying source
is the minimum amount of bandwidth required to satisfy its
GOS, and the theory of effective bandwidth provides a method
to compute (or approximate) the effective bandwidth. The
concept of effective bandwidth for high-speed digital networks
was first proposed independently in [36], [40], [34], where
the concept was tested out for i.i.d. sources and ON-OFF
sources. The general framework of the theory, including the
computation of the effective bandwidth for Markov processes
and other general processes and the associated calculus, was
carried out in [6], [43], [10], [31], [56], [35]. (For detailed
historical remarks, see e.g. [56]). Further development of
the theory for traffic regulation, admission control and other
applications can be found in [7], [42], [47], [24], [22], [28],
among many others. The main objective of this paper is to
provide an intuitive, and hopefully understandable, overview
of this theory that, in some ways, parallels the development
of statistical mechanics, and to briefly survey some of the
applications of this theory. (We will also refer to the original
papers for readers interested in formal proofs.)
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Our approach in some ways is parallel to the development
of statistical mechanics from classical mechanics. Boltzmann
(see e.g., [60]) assumed that the probability density that a
particle at time ¢ is at position z with speed v is f(x,v,t).
Using this assumption, he introduced the H function to provide
the link between the laws of mechanics (the equations of
motions) and the laws of thermodynamics. The H function was
later identified as the entropy function, which in turn inspired
Shannon [52] in his derivation of information theory.

In Section II, we view a source like a particle in statistical
mechanics and start from defining the “equations of motions”
in a network. We assume a source that behaves as a constant
rate fluid with rate « for a period of time ¢ with probability
f(a;t). Using this, the tail distribution of the queue length in
a network can be represented by an integral of f(ast) over a
certain set. With the help of the recently developed theory of
large deviations (see e.g., [5], {25], [27], [29], [55], [53]), the
probability density function f(«;t) ( and the density function
f(z,v.t) in Boltzmann’s framework{29]) can be shown to
have the form of Gibb’s distribution, i.e., exp(—tA*(a)),
where A*(«) is obtained from the Legendre transform of a
function A(#) that can be derived from the Girtner-Ellis limit
of a source [33], [29]. The functions A(6) and A*(«) are then
called the “energy” function and the “entropy” function of a
source, respectively.

By solving for the dominant exponent in the integral of
f(a;t), we obtain an approximation to the queue length
distribution. This corresponds to finding the minimum action
path in classical mechanics. In particular, for a queue with
capacity ¢ subject to a source with the energy function A(#),
the distribution of its queue length has an exponential tail with
rate *, where #* is the unique solution of A(#)/0 = c. In view
of this equality, the function A(#)/6 is thus called the effective
bandwidth function of the source.

In Section III, we introduce the calculus for effective band-
width functions. Instead of following the formal arguments
in [6], [8], [56], [13], we derive the calculus heuristically
from the corresponding energy functions and entropy func-
tions. The calculus includes the following network operations:
1) multiplexing independent arrivals, 2) output from a switch
or a link with time varying capacity, and 3) demultiplexing
or routing. Using these three rules, the effective bandwidth
function in an intree network with routing can be derived
inductively.

Using the calculus, we explore possible applications of the
theory of effective bandwidth to bandwidth allocation and
buffer management in Section IV. We consider two types of
bandwidth allocation: independent bandwidth ailocation and
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dynamic bandwidth allocation. In the former, the bandwidth
allocated for a time varying source is independent of the
source. We show that the optimal independent bandwidth
allocation sequence for a given average bandwidth is the
constant bandwidth allocation. In the latter, we allow the
bandwidth allocation to depend on the buffer occupancy,
i.e., there is a bandwidth allocation function that depends
on the buffer occupancy. For instance, if the buffer oc-
cupancy is high, then we may allocate more bandwidth.
The performance of such an allocation scheme is derived
by approximating the bandwidth allocation function as a
piecewise linear function and using the calculus developed
for the theory of effective bandwidth. These results are then
used to compare two different approaches for implementing
multiple GOS: simple priority and cut-off threshold. The
simple priority scheme performs better at the cost of increasing
implementation complexity.

In Section V, we address the problem of obtaining an
estimate of the effective bandwidth function of a source.
Via Taylor’s expansions, the effective bandwidth function can
be approximated by the four parameters: the average rate,
the asymptotic variance, the peak rate and the average burst
duration. These four parameters corresponds to a two-state
Markov fluid whose energy function, entropy function and
effective bandwidth function are known.

Though the theory of effective bandwidth yields approxima-
tions for the performance of local nodes in a network, better
results including accurate estimates via fast simulations and
tight bounds, could be obtained by examining more closely
how buffers build up. In Section VI, we follow the approach
used by Gibbs in statistical mechanics. The distribution of the
space and momentum coordinates of a particle shifts from the
uniform distribution to the Boltzmann distribution once the
average energy is specified. Similarly, we look for the most
likely distribution of a source given that the buffer builds up.
This idea was previously used for fast simulations in [17],
[49], [51], [32], [41], among others. In this paper, we consider
possible candidates that are called the envelope processes and
conjugate processes in [10]. The envelope process of a source
satisfies a sample path criterion for the likelihood ratio between
the source and the envelope process. The sample path criterion
also establishes the connection between the entropy function in
this paper and the relative entropy rate (the Kullback-Leibler
distance) defined in information theory.

We conclude this paper in Section VII by discussing some
issues that need to be examined more carefully before the
theory of effective bandwidth is implemented. These issues
include 1) traffic characterization for various real-time multi-
media traffic sources such as video and voice, 2) admission
control, and 3) traffic monitoring and regulation.

II. EFFECTIVE BANDWIDTHS

In general, we consider a high-speed digital network, e.g., an
ATM network, that consists of a set of switches and links that
operate in discrete time. The capacity of a link (or a switch) is
the maximum number of cells that can be handled per unit of
time. To investigate the performance of a link or a switch, a
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discrete-time queueing model is adopted. Let a(t) and q(¢) be
the number of cells arriving at time ¢ and the number of cells
in the queue at time ¢ respectively. Assume that the buffer size
is infinite and that the capacity is c. Under a work-conserving
policy, i.e., a policy that does not allow idling when there are
cells in the queue, the queue is governed by the following
recursive equation

q(t+1) = (q(t) +alt+1)— )t (1)

where (z)* 2 max(0,x). For a high-speed ATM network,
the unit of time is small, e.g., in the order of microseconds
or smaller. We can view the arrival process as a continuous
fluid with a rate process a(t) and approximate the discrete-time
equation in (1) by a continuous-time counterpart as follows

if g(t) >0

if q(t) = 0. )

o Ja(t) —¢
it = { (ot e
The equation in (2) will be referred as the “equation of motion”
for the queue length process in this paper. In particular, if
the arrival process is a constant rate process with rate c,
e.g., ATM adaptation layer (AAL) type 1, then one has from
the equation of motion that ¢(t) = (@ — ¢)™t if g(0) = 0.
For this case, the analysis is easy. If the arrival process
is a variable rate process, e.g., AAL type 2/3, we use the
Girtner-Ellis theorem to characterize the probability that such
a source will behave like a constant rate source of rate « for a
time ¢. This characterization, though unreasonable at first sight,
yields a very simple and intuitive explanation of the theory
of effective bandwidth. An discussed in the introduction, a
similar assumption was made by Boltzmann in 1868 and 1872
[60] to provide an explanation of thermodynamic results. In
particular, his H theorem showed that entropy is increasing in
time. The probabilistic nature of the assumption was criticized
by physicists at his time, but it provides an explanation of how
the time-reversible laws of classical mechanics could lead to
the time-irreversible laws of thermodynamics.
Analogous to Boltzmann’s H theorem, the density function
f(a;t) can be derived by the large deviation principle [30]. It
is known (see e.g., Gartner [33], Ellis [29]) if

1
tlim 7log Ee?408 = A(8) )
for all ¢ € IR, and A(#) is differentiable, then
flast) ~ et () 4

where A*(«) is obtained from the Legendre transform of A(6),
ie.

A*(a) = sup[fa — A(8)). %)
0
The approximation in (4) is up to logarithmic equivalence, i.e.

. logPr(A(0,t) ~ at)
lim

t—oo 4

=A% (a). ©)
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The Legendre transform is also known as the convex trans-
form. In view of the definition of the energy function in (3),
A(#) is convex. Also, from the differentiability of A(6), one
can solve the optimization problem supg[f#a— A(6)] and derive

A*(N'(8)) = OA'(8) — A(6). @)

From the theory of the Legendre transfor [29], its inverse trans-
form has the same form. In fact, if A*(«) is also differentiable,
then

A(A"(a)) = aA(a) = A*(a). (8)

Thus, one can derive these two functions from each other.
These two functions are called a Legendre transform pair or
convex conjugates. An instructive case occurs when A’(6) is
a continuous increasing function tending to oc as § — oo
and tending to —oco when § — —oo. In this case, (A’)"!is a
well-defined function, and we can write

0
A(B):/O N (2)dx )

A(a) = / T ) dy. (10)

Drawing the graph of A’(f), it is easy to see that that
B < A(B) + A*(«x), with equality if and only if a = A’(F).
From this it follows that A*(a) = sup,[fa — A(8)] and that
A(0) = supy[fa — A*(«)]. Extensions of these results to all
convex functions and to the multidimensional case can be
found in [30].

Following the meaning of the functions A(6) and A*(a) in
statistical mechanics [30], we will call A(6) and A*(a) the
“energy” function and the “entropy” function! of an arrival
process (or source). In view of the Legendre transform and the
fact that A(0) = 0, the entropy function A*(«) is nonnegative,
and strictly convex, and it has a global minimum at o® = A’(0)
such that A*(a®) = 0. Intuitively, o® is the most likely
rate of the arrival process, namely the average rate. From
(4), the probability that the actual rate deviates from oY is
exponentially small.

Once f(a;t) is derived, we can compute the probability that
there are at least «x cells in the buffer using the equation of
motion in (2). Thus

Pr(q(t) > ) = /( s flast)da

~ / e—tA‘(a)da.
(a—c)tt>x

For two functions f(z), g(z), we will say that f(z) =~

g(z) if lim, o Llog J;E:)) = 0, ie., the two functions are

an

! The entropy function defined here should not be confused with the entropy
rate of a discrete valued process [18] or the entropy rate of a point process
[21]. In Section VI, we show that the entropy function A*(«) is the relative
entropy rate between a process x(t) and the given process a(t), where the
process () is the closest (in relative entropy) stationary process to a(t) with
average value greater than a.
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asymptotically equal to the first order in the exponent. Now
simplifying (11) yields that

. —xi AT(2)
supPr(q(t) > z) = / e "M TamoT da
t @

~ exp (—migf ————({i\*_((z))+) (12)

where the approximation is obtained by the dominant ex-
ponent in the integration (an argument that originated with
Laplace [38]). If we further assume that the steady state queue
length, g(oo), exists (and we will throughout this paper), then
sup, Pr(q(t) > z) = Pr(q(o0) > z) [45], [4]. Thus

Pr(g(o0) > z) = exp (71{3 igf %) (13)

It remains to solve the minimization problem
[0
inf | ——|.
a>c i x — C

For the minimization problem, note from (5) that for ali £

A*(@) _ o= A(6)

> (14)
a—c a—c
If 6* is a solution of A(f)/6 = c, then
inf [M] > 6" (15)
a>el @ — C

Also, if the solution of A(#)/6 = c is unique, then it follows
from (7) that
A*(N(6%)) = 6*A'(8*) — A(8*) = 6*(A'(0*) — ¢).  (16)
Thus, the bound in (15) is achievable when o = A’(6*) and
we have
Pr(g(co) > z) me " amn
if 6* is the unique solution of A(#)/6 = c. (For formal proofs,

see [6], [56].) Since c is the capacity of a link or a switch,
the function

a0 = 28 (18)
0

is called the effective bandwidth function of the arrival process
subject to the condition that the tail distribution of the queue
length has the decay rate 6.

Since A(f) is convex, the effective bandwidth function
a*(0) is increasing (or nondecreasing) in 6. The function a*(6)
converges to its average rate as # — 0, and to its peak rate
as 8 — oc. If the arrival process a(t) is a finite state Markov
arrival process, then a*(#) can be easily obtained from (3) to
be the logarithm of the spectral radius of the a function of
the associated transition kernel [6], [43], [31]. Typical plots
for the energy function, the entropy function and the effective
bandwidth function of a two state ON-OFF model can be found
in [7].
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III. THE CALCULUS OF EFFECTIVE BANDWIDTH

In this section, we derive a calculus for the effective
bandwidth functions. These rules include 1) multiplexing
independent arrivals, 2) output from a switch or a link with
time varying capacity, and 3) demultiplexing or routing. We
outline the derivation of these rules using the Laplace method
of integration—more formal proofs can be found in [6], [13].

A. Multiplexing Independent Arrivals

Consider two independent arrival processes with rate pro-
cesses ai(t) and ap(t), respectively. Let a(t) be the rate
process after multiplexing o4 (¢) and aq(?), i.e.

a(t) = (J,l(t) + ag(t). (19)

Suppose that the effective bandwidth function associated with
a;(t) is aj(#), ¢ = 1 and 2. Then the effective bandwidth
function of a(t), denoted by a*(8), is af(d) + a3(8).

This result could be explained either by the energy functions
or by the entropy functions. Let A;(6) and A*(a), i = 1 and
2, be the energy function and the entropy function of a;(¢). In
view of the definition of the energy function in (3), it follows
that the energy function of a(t), denoted by A(#), is the sum of
the energy functions of the arrival processes being multiplexed,
ie.

A(8) = A1(0) + Ao (6). (20)

From the definition of the effective bandwidth function in (18),
one has
a’(0) = a1 (0) + a3(0). @y
To see this from the entropy function, note that for a(t)
to behave as a constant rate fluid with rate o for a period
time ¢, the arrival processes ai(t) and as(¢) must behave as
constant rate fluids with rates «; and «; for a period of time
t, and a; + az = a. Thus, the probability that a(t) behaves
as a constant rate fluid with rate o for a period time ¢ is
approximately

/ e~ thile)gmths (@) g doy
a1 taz=a

~ evtinful[AI(O‘I)"‘A;(G'QI)] (22)
where we once again choose the dominant exponent in the
integral [38]. Thus, the entropy function of a(t), denoted by
A*(a), can be derived as follows

A*(a) = nf[A](a1) + As(a — a1)). (23)

231

Applying the Legendre transform yields the desired result for
the energy function.

B. Output from a Switch or a Link with Time Varying Capacity

One variant of the rule for multiplexing is the problem with
time varying capacity, where the capacity is independent of the
input. Denote by ¢(t) the capacity at time ¢ (the service rate).
Let A.(6) and A%(«) be the corresponding energy function
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and the entropy function. Now the equation of motion in (2)
can be modified as follows

. a(t) — c(t),

t) = .
i =Gty Sy
In view of (24), this is equivalent to multiplexing a(¢) and
—c(t) and passing it to a server of with capacity 0. From (3),
the energy function of —c(t) is A.(—6). Denote by A,(6)
(resp. AZ(«)) the energy (resp. entropy) function of a(t).

Using the rule for multiplexing in (20) and (17) for capacity
¢ = 0, one has

if g(t) > 0

if g(t) = 0. 24

Pr(g(oc) > z) = e (25)
if 6* is the unique solution of A,(#) + A.(—§) = 0.

Now assume that the buffer in such a switch or a link is
in its steady state at time 0. Let b(¢) be the (stationary) rate
process of the output from such a switch or a link. Denote by
Ap(8) and Aj () the energy function and the entropy function
of b(t). If 8* is the unique solution of A,(#) + A.(—6) =0,
then it was derived in [13] that

Ap(a) = 0" —~ 81<1p[9*7 ~ AL ()]
’y_&

+ inf AZ(6), a>a® (26)
a<lé

Ap(6) = sup [fa — Aj(a)],

a>al

9>0 @7

where o is the global minimum of A*(a). We note that

(26) and (27) are “one-sided” transforms. They only provide
the information for the excursion that has a larger rate than
the average rate o®. This information is enough for most
applications in this paper since we are interested in how buffers
build up.

Unlike the rule for multiplexing, it is not easy to derive this
rule directly by the energy functions. We will derive this from
the entropy functions instead. Note that for b(t) to behave as a
constant rate fluid with rate « for a period time £, the capacity
process c¢(t) must behave as a constant rate fluid with rate §
for some & > «a. The sum of the arrivals in (0,¢] and those
already in the buffer at time 0 must equal ot. Thus, the arrival
process must behave as a constant rate fluid with rate v for
some v < a and the buffer must have (o — )t cells at time 0.
Note from (25), the probability that there are (a — )¢ cells in
the (stationary) buffer at time O is approximately e ¢ (@=7)¢,
From these observations, the probability that b(t) behaves
as a constant rate fluid with rate « for a period time # is
approximately

/ e—tx\:l(‘y)e——e*(a—'y)te—tz\:(é)d,ydé
>a,v<a

o e tinfeza s <alAL(N =0Ty +0" AL (2g)
Simplifying (28) yields the entropy function in (26). The
energy function in (26) is then obtained by the Legendre
transform. From the derivation above, we note that sometimes
it is necessary to build up the buffer first in order to have a
large excursion of the output. Thus, the entropy function for
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the output from an empty buffer at time O is in general not the
same as that from a stationary buffer.

As in [13], there are some cases that the energy function of
the output can be obtained in closed form.

Example 3.1: (Constant capacity) In the case c¢(¢) = ¢ for
all ¢

,, AN(a), fa<e
Ap(a) = {oo,( ) oﬂ?erwicse (29)
and
_ [Aa(8), o ife<i
Ao(0) = {Hc —fc+ Ay(f), otherwise (30)

where 6 is a solution of A/(f) = c.
obtained in [10], [7], [8].

Example 3.2: (Constant arrival rate) In the case a(t) =
ofor all ¢

This was previously

wi O (a—a%), if o® < o < AL(0)
Ap(a) = {0*(& — o) + AX(a), if a>AL0) (b
where ¢* is the unique solution of a® = 28 " Also
_ [a, ifo<89<o*
() = {aoﬁ*—{-./\(,(ﬂ—()*), it6> 6" (32)

C. Demultiplexing or Routing

We now derive the rule for demultiplexing or routing. When
an arrival process a(t) passes through a demultiplexer (or
router), it splits into several processes. Consider a particular
output process from the demultiplexer and denote it by b(t).
We mark the cells in the arrival process that are routed to b(t).
To be precise, let p(n) = 1 if the n'" cell is routed to b(t)
and p(n) = 0 otherwise. We call the process {p(n),n > 1}
the routing process. We assume that the routing process is
independent of the arrival process. Suppose that the effective
bandwidth function associated with a(t) and p(n) are a*(6)
and p*(#) respectively. Then the effective bandwidth function
of b(t), denoted by b*(9), is p*(8)a*(8p*(9)).

To see this from the energy functions, let A(0,1) be the
number of cells arriving in (0, t] and B(0,t) be the number of
cells routed to b(z) in (0,¢]. Also, let P(0,n) be the number
of cells routed to b(t) up to the nt* cell. Clearly, one has
B(0,t) = P(0,A(0,%)). In view of (3), the relation for the
energy functions can be derived as follows

Abw) = Au(Al)(g)) (33)
where A,(6),As(#) and A,(f) are the energy functions of
a(t),b(t) and p(n).

One can also derive this from the entropy functions. For b(t)
to behave as a constant rate fluid with rate « for a period time
t, the arrival process a(t) must behave as a constant rate fluid
with rate v for some v and the routing process must behave as
a constant rate fluid with rate 6 for the period of ~¢ cells such
that v6 = a. Denote by A7 (@), Aj(a) and Aj(«) the entropy
functions of a(t), b(t) and p(n). Then the probability that b(#)
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behaves as a constant rate fluid with rate « for a period time
t is approximately

/ eft,\:(‘y)e—'yt/\;(é)d,ydls &~ €~t inf., {A;(7)+'\/A;(a/'y)] .
yé=a

(34)
Thus

Aj(@) = imf[AL () +vA4(e/v)] (35)
The energy function in (33) is then obtained by the Legendre
transform.

D. Applications to Networks

In the previous subsections, we have developed a calculus
of effective bandwidth that can be used to analyze cascades
of queues and intree networks fed by independent sources. In
such a network, one can apply these rules inductively from the
leaves to the root to derive the effective bandwidth function
at each local node. Each of the nodes can be viewed as filter
that transforms its input process to its output process. The
performance at a local node is then obtained by (17).

Although the theory provides an elegant solution to the
problem of analyzing such networks, a few caveats are in
order here. First, the results are asymptotic, and though they
provide the asymptotic rate of decay for the buffer overflow
probability, the bounds might be very loose for finite buffer
sizes. Also, the requirement of independence of the inputs to
a queue makes it difficult to analyze networks with loops. In
this case, though, one can use ideas of stochastic dominance
to prove the stability of networks of queues [12]. And the
analysis for queues with time varying capacity assumes that
the capacity is independent of the input process; this therefore
does not allow us to directly analyze different scheduling
algorithms which allot capacity to a source depending on
the input process. In the next section, we will describe some
simple approaches to handle buffer allocation and bandwidth
management using this theory.

One variant of intree networks is a tandem network in which
cross traffic has priority. By subtracting out the bandwidth
allocated to the time-varying cross traffic, this problem can
be transformed into a tandem network with time varying
capacities. However, a potential problem occurs when the
same virtual circuits share many links along a path, at which
point the independence assumption for the analysis of the time-
varying capacity breaks down. Under such circumstances, one
can use deterministic bounds on the peak rate and the variance
of the source and use the calculus developed by [19], [20],
[44] to bound the delay. Alternatively, the approach based on
exponentially bounded tails of the traffic process [61] could be
used to provide bounds on the delay for networks with loops.

IV. BANDWIDTH ALLOCATION AND BUFFER MANAGEMENT

In this section, we discuss how one can apply the theory
of effective bandwidth to bandwidth allocation and buffer
management. We discuss independent and dynamic bandwidth
allocation schemes and also the partitioning of the capacity
between different sources. Using these results, we compare
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two different approaches for implementing multiple GOS in
Section IV-D: simple priority and cut-off threshold.

A. Independent Bandwidth Allocation

As in (24), a sequence {c(t),t > O}is called an independent
bandwidth allocation sequence if {c(t),¢ > 0} is independent
of the arrival process. Consider an arrival process a(t) with the
energy function A,(f). If we serve a(t) with an independent
bandwidth allocation sequence c¢(t) with the energy function
A.(0), then it follows from (25) that

Pr(g(oo) > ) & e~ (36)
if §* is the unique solution of
Ao(0) + A(—80) = 0. 37

Let A% (o) be the entropy function of ¢(¢) and af be the global
minimum of AZ(a), i.e., A%(a?) = 0. We argue that one can
do better (or at least as good) if the constant rate bandwidth
allocation sequence c(t) = o for all ¢ is used. In view of the
Legendre transform

Ac(=0") > —0%a — AZ(e) (38)
for all «. In conjunction with (38) and (37)
A* (9™ A* 0

a(gr) = 2l ¢ g0y Aloe) o (39

o =T T ¢

Since a* () is increasing, we can have a larger decay rate if the
constant rate bandwidth allocation sequence c(¢) = o is used.
Thus, the best independent bandwidth allocation sequences are
the constant rate sequences.

B. Dynamic Bandwidth Allocation And Input Regulation

In this section, we allow the bandwidth allocation sequence
in Section IV-A to depend on the arrival process. Specifically,
we call a function p(v), 0 < v < 1, a dynamic bandwidth
allocation function if u(y) amount of bandwidth is allocated
when the buffer occupancy is vz. Since we have learned
from Section IV-A that constant rate allocation sequences
are optimal among independent allocation sequences, adding
randomness to u(v) does not improve the performance of the
tail distribution of queue length. Thus, it suffices to consider
u{7y) as a deterministic function.

For simplicity, let us start from a piecewise linear function
with p(y) = ¢ for v < v and p(y) = ¢ for v > ;.
Consider an arrival process a(t) with the energy function
Aq(0), the entropy function A% () and the effective bandwidth
function a*(#). For the buffer to exceed z at time ¢, the buffer
must exceed v,z at some time ¢, < £. It then takes ¢ — £ to
build up another (1 — v;)z cells. Thus, the problem can be
separated into two parts: the first part is for the buffer to build
up 71z cells with capacity ¢; and the second part is for the
buffer to build up (1 —; )z cells with capacity cy. Only when
these two events happen, the buffer can exceed x. Using (3)
for these two parts, one has

Pr(g(co) > ) & e~ (Mo +(1-m)63) (40)
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where 6%, ¢ = 1, and 2, are the unique solutions of a*(6) = ¢;.
(Though our derivation is heuristic, it could be made rigorous
using scaling and the method in [9].)

In general, we can rewrite (40) as follows

Pr(g(oo) > z) & e = o U1 @1

where 67 is the unique solution of a*(f) = u(vy). In view
of (41), one might define the “effective bandwidth” for this
problem as a*(#), where

- 1
():/ 0% dy.
0

A variant of (41) is the input regulation, in which the
effective bandwidth function also depends on the buffer size.
To be precise, let a(0) be the effective bandwidth function
when the buffer occupancy is vz, and 0 be the unique
solution of a%(f) = u(7). Following the same argument,
one can show that (41) still holds. A typical scenario for
the input regulation is as follows: when the buffer occupancy
exceeds a certain fraction of the total amount of buffer, a
bandwidth renegotiation request is sent to the access point
where a source enters a network. The regulator at the access
point then adjusts its operation to meet the request. For other
related regulator and control problems, we refer to [57], [58],
[59] and references therein.

(42)

C. Capacity Partition And Buffer Sharing

Consider the problem of superposition of two independent
arrival processes ay(t) and ax(t). Suppose the capacity is c.
We argue that the performance of partitioning the capacity
according to the effective bandwidths is the same as that of
complete sharing (up to logarithmic equivalence). From the
rule for multiplexing and (17), it follows that

Pr(g(oc) > z) e 0@ 43)

if 6* is the unique solution of a}(#) + a3(f) = c. If we
partition the capacity ¢ in the way that a; (¢) is assigned a7 (6*)
amount of bandwidth and as(t) is assigned a3{(6*) amount of
bandwidth, then one has

Pr(gi(oc) > ) & Pr(ga(c0) > z) & e 0" (44)

where ¢;(00) and ga(oc) are the number of cells of a;(¢) and
as(t) in the steady state. Denote by g,(o0) the total number of
cells in the buffer in the steady state under the partition. Thus,
if the buffer is still shared by these two arrival processes

Pr(gy(o0) > 0) % [ Prlg(oe) 22 =)
‘Pr(ga(o0) = z1)dzy = e e, 45)

In view of (43) and (45), the performance of partitioning
the capacity according to the effective bandwidth functions
and that of complete sharing are asymptotically identical. The
intuition behind this is that congestion occurs when the input
rate of a;(t) (resp. as(t)) is larger than a}(6*) (resp. a5(#)). In
that case, the whole capacity is fully utilized and partitioning
the capacity according to the effective bandwidth functions be-
haves as complete sharing when congestion occurs. However,
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we note that if there is only a finite amount of buffer and one
further partitions the buffer for each arrival process, then the
performance is much worse than that of complete sharing. For
example, if we assign z, to a; (¢) and z —x1 to a(¢t). Then the
probability of a cell loss of a1 (t) (resp. az(t)) is approximately
e=0 7 (resp. ¢~ (*==1)) which is much larger than ¢~¢"*
in the case with buffer sharing.

D. Implementing Multiple GOS

Suppose that the two arrival processes of the previous
subsection require different loss probabilities. Assume a;(t)
requires the loss probability in the order of e~%1% for some
67 > 0*, where 0* is the unique solution of a}(6)+a3(8) = c.
Let 65 be the unique solution of a}(6) = c. We assume that
0% < 0% so that the GOS for a(¢) is implementable. Consider
the following two implementations.

1) Simple priority: Assign the arrival process a;(t) the
priority to use capacity and buffer. Thus, the loss prob-
ability of a,(t) is approximately e~%7 and the GOS of
a1(t) is satisfied. Since we still have buffer sharing, a
cell loss for ag(t) occurs when the total number of cells
from both arrival processes exceeds x. This probability
is once again approximately e=%"*.

2) Cut-off threshold: Let v, = (05 — 67)/(63 — 0*). Be-
fore the buffer exceeds y1x, we accept the cells from
both processes. After the buffer exceeds vz, we only
accept ai(t). Clearly, the loss probability of aq(f) is
approximately e~% 1% Using (41), the loss probability
of a;(t) is approximately e¢~%i%.

In comparison of these two schemes, the simple priority
scheme performs better for both arrival processes. This is at the
cost of the complexity of implementing the priority scheme.
When the buffer is full and there is a cell arrival of a4 (t), one
needs to look for a cell of ay(¢) in the buffer and discard it.
In an ATM network, this corresponds to checking the cell loss
priority (CLP) bits of the cells in the buffer. On the contrary, in
the second scheme all the cells from as(t) are rejected when
the buffer exceeds 1 .

V. TRAFFIC DESCRIPTORS

Up to this point, we only know one can derive the energy
function from (3) and then use that to derive the effective
bandwidth function and the entropy function. This is fine if
there is already a good mathematical model for an arrival
process. If there does not exist a mathematical model for an
arrival process, how can one obtain the effective bandwidth
function? In view of (3), direct estimation seems difficult
due to the exponential term in the expectation. In [7], a four
parameter traffic descriptor was proposed to approximate the
effective bandwidth function. The basic idea is to approximate
the effective bandwidth function by Taylor’s expansions (to the
first order) at both § = 0 and # = oo, i.e.

R . 1 1
a*(0) = m+mb+0(0%), a*(8) = 7}3~714§+()(ﬁ). (46)
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The first parameter 7; turns to be the average rate, and 272
is the asymptotic variance. The third parameter 73 is the peak
rate, and 1/7 is the average burst duration. Though these four
parameters are intuitively clear, it is not easy to measure them
efficiently, especially 7o that requires measuring the second
moment. More research and experiments along this line are
needed.

Suppose these four parameters are available for an arrival
process. One can then map these four-parameter traffic de-
scriptors to a (continuous time) two-state Markov fluid [2]
that is also characterized by four parameters: 1, y2, A2 and
A1, where 1 (resp. y2) is the transition rate from state 1 to
state 2 (resp. from state 2 to 1) and A; (resp. A2) is the rate
of the fluid at state 1 (resp. 2). The mapping can be found in
[7]. The energy function for such a Markov fluid is shown at
the bottom of this page. The effective bandwidth function is
simply A,(6)/6 and the entropy function can be obtained by
taking the Legendre transform.

The use of a simple parametric model allows one to precal-
culate acceptance regions for different qualities of service. In
this case, the network controller would look at the superpo-
sition of the input parameters and immediately see whether
the required grade of service conditions are met. Practical
network control algorithms would involve some variation on
this procedure.

We note that the three parameters, the average rate, the peak
rate and the average burst duration, corresponds to a a two-
state Markov fluid with A; = 0. This was previously discussed
in [36]. For the results in heavy traffic (§ — 0), only the first
two parameters are needed (see [54], [3], [16] and references
therein).

VI. ENVELOPE PROCESSES AND CONJUGATE PROCESSES

One might wonder if a mathematical model for an arrival
process is available, could better resuits than the approximation
in (17) be derived using the theory of effective bandwidth?
While the theory of effective bandwidth provides the asymp-
totic rate of buffer overflow probability, a more accurate
estimate is needed for practical situations. The theory can be
extended using two approaches: fast simulations and bounds.
The approach adopted here follows the development in [10],
191, [11]. For other related work in fast simulation, see e.g.,
[17], [49], (511, [32], [41].

As discussed in Section II, when the buffer builds up, the
arrival process behaves as a constant rate fluid with a rate
larger than the capacity. If the arrival process has the entropy
function A,(#) and the capacity is ¢, the effective rate is
A’(8*), where 6* is the unique solution of A,(0)/6 = c (for
formal proofs, see e.g., [11, [26], [8]). The method follows the
procedure developed by Gibbs in statistical mechanics [60]
or the conditional limit theorem in information theory [18].
We will look for the most likely distribution of an arrival
process given that the buffer builds up. It turns out the the
appropriate class of processes are the @-envelope and the

1
Au(0) = 3

(—(’Yl +92) + (A1 + A2)0 + V(71 + 2 — (AL + A2)0)2 ~ 4(M Aob? — 71 dob — 72/\19))-

(47)
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f-conjugate processes [10], [9], [11], which are defined in
terms of bounds on the likelihood ratio between the process
and its envelope process [10]. Examples of processes that
have conjugate processes include Markov arrival processes and
autoregressive processes. The conjugate process of a Markov
arrival process is also a Markov arrival process with an
exponentially twisted probability transition function [10], [51].

Some intuition about the #-conjugate process can be gained
by considering the relative entropy rate [18] between pro-
cesses. Let D({z1(t)}||{z2(¢)}) denote the relative entropy
rate between the two processes {z1(t),t > 1} and {zz(t),t >
1}, ie.

D({z1(t)}H{z2(t)})
1
= lim zz Pr((z1(1),---,21(2)) = x)

1o Pr((z1(1),---, z1(t)) = %)
log (Pr(($2(1)7 cza(t)) = x)) (48)

where x = (z1, - - -, 2¢) (provided that the limit in (48) exists).
It can then be shown [10] that if the effective bandwidth of
the process is increasing and differentiable, and if a(¢;0) is
the f-conjugate process for a(t), then it is the closest process
in the sense of relative entropy among the class of stationary
processes z(t) with Ex(t) > AL(0), ie.

DUz} {a()}) = DHal:O)}HI{a(t)}) = AL(AL®)).

(49)
This establishes the connection between the entropy func-
tion in this paper and the relative entropy rate defined in
information theory.

Now consider the queue in (1) starting from an empty
buffer and the event £% that the buffer exceeds = before it
returns to empty. To obtain an estimate for the probability
of this event, one can run N independent simulations and
form the estimate %Eﬁ;l 1g=(wn), where wy, is the sample
path of the n'* simulation. Suppose that the average rate
is smaller than the capacity and the buffer is large, then
this event is rare and one requires many runs to achieve a
reasonably good estimate of this probability. To speed up
the occurrences of the event, one can run the N simulations
with another process a(t) instead and form the estimate
AN | L(wn)lee(wn), where L(wy,) is the likelihood ratio
betweent the two processes. This technique is known as
importance sampling in the literature [37].

If the arrival process has a family of #-conjugate processes,
then the fastest speed up for a node with capacity c is achieved
by simulating using the the 6*-conjugate process a(t;6*),
where 6* is the solution of a*(#) = c. This change of measure
is is shown to be asymptotically optimal in the sense that
no other importance sampling technique can do better when
the buffer is large [10]. This methodology has been recently
applied to Markov fluid sources in [46].

The notion of envelope processes can also be used to obtain
stronger bounds [11]. Using the bounding technique developed
in [12] and the martingale properties of the likelihood ratio,
the bounds can be extended to intree networks with routing in
[11]. Also, a similar bound for Markov processes in a single
queue can be found in the recent paper [39].
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VII. CONCLUSIONS

The theory of large deviations underlies the derivation
of results in statistical mechanics [29] and can be used to
derive results in information theory [5], [25]. Parallel to
the development of statistical mechanics, we have provided
an overview of the recently developed theory of effective
bandwidth for high-speed digital networks. We started from
defining the equations of motion in a network and then
identified the appropriate energy function, entropy function
and effective bandwidth function of a source. This led to
a calculus for effective bandwidth functions. The calculus
included the network operations for multiplexing, input-output
relation through a node, and demultiplexing. We then applied
the calculus to bandwidth allocation and buffer management.
Two schemes for implementing multiple GOS, simple priority
and cut-off threshold, were discussed. We also proposed the
four parameters, the average rate, the asymptotic variance, the
peak rate and the average burst duration, as the traffic descrip-
tors for approximating the effective bandwidth functions. To
obtain better results than approximations, we addressed the
notions of envelope processes and conjugate processes that
could be used for fast simulations and bounds.

So far, we have discussed some theoretical issues and some
practical issues of the theory of effective bandwidth. However,
at the current stage, it is not clear how the theory will be
implemented. As discussed in Section IV-D, there are many
options in implementing the theory for real networks. Also,
as pointed out in [15], one might squeeze more sources into
networks if accurate mathematical models for sources are
available. Thus, in order to apply the theory, we think the
following issues should be examined more carefully.

* Traffic Characterization for Various Real-Time Multime-
dia Traffic Sources Such as Video and Voice: Though we
have suggested the four parameters for approximating
the effective bandwidth function in Section V, it is
not the only approach. Accurate mathematical modeling
could be obtained by other methods, e.g., hidden Markov
models [50].

¢ Admission Control: Using the theory of effective band-
width, time varying sources in a scheme with shared
buffers might be viewed as constant rate sources with
the rates being their effective bandwidths. This shields
the network layer (and higher layers) from the impact
of the evolution to high-speed networks, e.g., ATM
networks. Thus, the change to existing networks can
be minimized. However, the problem becomes more
complex in a scheme with distributed buffers, e.g., a
wireless environment. For such a scheme, sophisticated
scheduling methods are required, e.g., group randomly
addressed polling [14] and generalized processor sharing
[48], [23].

e Traffic Monitoring and Regulation: At the access point,
the network needs to ensure the conformity of the
effective bandwidth function of each source. For this,
one needs to develop the concept of “filtering.” The
theory of effective bandwidth suggests that one can
implement a filter either in the “energy” domain or in
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the “entropy” domain. Research along this line can be
found in [7], [42], [24].

The theory of effective bandwidth continues to be an active
area of research and will continue to influence the design,
simulation and analysis of future high-speed networks.
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