Supplemental Notes on Linear System 1/0O Relations

Given a random process X, (discrete time) or X (t) (continuous
time) (input), a linear time invariant system is characterized by an
impulse response h,, (discrete time, Kronecker delta response) or h(t)
(continuous time, Dirac delta response).

For simplicity we assume the systems are causal, i.e., the impulse
responses are 0 for negative arguments.

The output Y;, or Y () is described by convolution sum (DT) or
integral (CT):
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Note: Sums and integrals of random processes are actually limits
of random variables, e.g., an infinite convolution sum is defined as a
limit of finite sums of random variables.

We omit all the technical details (no problem in DT FIR case, no
need for limits).
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[e'e) Xn— h t - d d
Yo = ZXn—khk; = {Zﬁ—o KMk two s.l e
k > ko Xn—khi  one-sided

P X(t —s)h(s)ds  two-sided
Y(t) = /X(t—s)h(s)ds: fot (t=9)h(s)ds  two-side
Jo X(t —s)h(s)ds  one-sided
The sum/integral is over all values of the dummy
summation/integration variable for which X, _; or X (¢ — s) makes

sense, e.g., the index > 0 for the one sided case.

Limits cause complications, so often omitted until needed — then
plug in.

In most engineering applications, consider two-sided, so limits
simple.
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The Questions

DT: Given an input random process X, with mean function
ux(n) = E(X,) and autocorrelation function Rx(t,s) = E(X;Xy),
what are the mean function py (n) and the autocorrelation function
Ry (t,s)?.

Simplify under assumption that X,, is WSS. Is Y,, then WSS?
CT: ditto
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Also:If WSS, Find power spectral density Sy (f) in terms of
Sx(f) and transfer function H(f): the Fourier transform of the
autocorrelation:

>p Rx(k)e=32m/k DT

Sx(f) = {f Rx(r)e 72 ITdr CT

[ hk)ei2mk DT
H(f) = { [ h(t)e=7>Ftqr  CT
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Autocorrelation

Ry(k,j) = E[YiY)]

() (S

— ZZhnhmE[Xk—an—m]
= Z Zhnhme(kJ —n,j—m)
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E

Mean

E(Y,) =Y hE(Xp_) =Y hipx(n—k)
k k
If Y, WSS, ux(n) = ux,

EYy = px Y k=M > heohk = pxH(0)  two-sided
k 1x Yo i one-sided

Note: Simpler in two-sided. If ux # 0, then already it is clear that
Y,, can not be WSS.
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If X, is WSS, Rx(t,s) = Rx(t — s) and

Ry(k,j) =Y hahmBx((k = j) = (n —m))

_ {ZZ‘;O Z;f:o hphmRx((k—j) —(n—m)) two-sided
S o o hnhmRx((k = j) — (n—m))  one-sided

Note for two-sided case, Ry (k,j) = Ry (k—j) = Y, is also WSS!!

Double-convolution, a complicated mess! As in linear systems
theory, take Fourier transform to simplify:
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Sy (f)
B g (Z > bR (k = (n - m))> o i2mf
::Ejzﬁﬂw<§7k%—mwmmaﬂﬁw4wmj
xne_;gﬂf(n—m) '
B (Zhne‘ﬁ”") (the“%fm) Sx(f)
= IH:f)PSx(f), .

An extremely important result for linear time-invariant systems with
random signals.
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Power Spectral Density

For a WSS process X, or X (¢):

Y Rx(k)e 72k discrete time

JRx(7)e™72™I7 dr  continuous time ’

SX<f>:{

f_lﬁst(f)ej%fT df  discrete time

Rx(7 ) .
x(7) ffoOOSX(f)eﬂ”deT continuous time

Why the name power spectral density? Consider CT case:
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Continuous time

Same manipulations with integrals instead of sums:
EY(t) = /E[X(t — 8)|h(s)ds = /ux(t — s)h(s)ds
Ry(t.s) = [da [dsRx((t= )~ (= B)h(@h(9)

If X(t) is WSS this becomes
BY(0) = pux [ h(t)dt = puxHO)

Ry(ts) = / do / dBRx((t — 5) — (@ — B))h(c)h(B)
Sy(y) = HIPSx(f)
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Suppose X (t) a voltage and you want to know the average power
across a unit resistor in a particular frequency band F' = {f : fy <
|f| < fo+ Af}. Can find by putting X (¢) through a band pass filter
with transfer function shown below and then compute total power in
output process, say Y (t)

X(t) —H(f)— Y(t)

R o ol
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EV(H)? = Ry(0) = / Sy (f)df
- / H()2Sx (/) df

_ / Sx(f) df = Sx(f) df.
F ffo<l|fI<fo+A

i.e., we integrate the psd of X (t) over a frequency band to find the
average power over that band, Sx(f) is a density of average power
in the frequency domain.

Note: This means that Sx(f) > 0 for all f since integrating it over
any arbitrarily small region must give a nonnegative quantity.

EE278 - Introduction to Statistical Signal Processing 13



