Lecture Notes 3
Two Random Variables

e Joint, Marginal, and Conditional PMFs

e Joint, Marginal, and Conditional CDFs, PDFs

e One Discrete and one Continuous Random Variables
e Signal Detection: MAP Rule

e Functions of Two Random Variables
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Joint, Marginal, and Conditional PMFs

e Let X and Y be discrete random variables on the same probability space
e They are completely specified by their joint pmf:
pxy(z,y) =P{X=2Y=y}, z€X yec)

By axioms of probability, Z pr,y(az,y) =1
reX ye)y

e Example: Consider the pmf px y(z,y) described by the following table

X
0 1 2.5
1 1
=310 7 3
Y -1 % 0 i
1 1
2 A A 0
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e To find px(x), the marginal pmf of X, we use the law of total probability

r)=> pley), reX
yey

e The conditional pmf of X given Y =y is defined as
px,y(z,y)
py (y)
Check that if py(y) # 0 then px|y(x|y) is a pmf for X The (elementary)

conditional probability of an event X € A given Y =y is

PXCcA|Y =y)= ZPX|Y($!y)
€A

px|y(zly) = . py(y) #0,ze X

e Chain rule: pxy(z,y) = pX(x)pY|X(y\37) = pY(y)PX|Y(£U\?/)
e X and Y are said to be independent if for every (z,y) € X x Y,
px,y(z,y) = px(z)py (y)

which is equivalent to

pxy(zly) = px(z), py(y) #0,z€ X
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Bayes Rule for PMFs

Given px(z) and py|x(y|z) for every (z,y) € X x YV, we can find px|y(z]y):

px,y (%, y)

Py ()
(flf)pY|X(3/\flf)
Py ()

_ prixll) e

> pxy(zy
z'eXx

PX|Y($|ZJ)

pY|X(y’x)

p
> pyx(ylz)px (')
z'eXx

x ()

The final formula is entirely in terms of the known quantities px(x) and py|x(y|)
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Example: Binary Symmetric Channel

Consider the following binary communication channel

Z € {0,1}

X € {0,1} ‘é— Y € {0,1}

The bit sent is X ~ Bern(p), 0 < p < 1, the noise is Z ~ Bern(e), 0 < e < 0.5,
the bit received is Y = (X + Z) mod 2 = X & Z, and X and Z are independent

Find

L pxy(z(y)

2. py(y)

3. P{X # Y}, the probability of error
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1. To find px|y(z|y) we use Bayes rule

pX|Y(x|y) = leX(y,x) (@) px(z)

> pyx(yla)px(x
r’'eX

We know px(z), but we need to find py|x(y|z):
pyix(le) =P{Y =y[X =2} =P{X®Z =y| X =z}
=Pz Z=y|X=2}=P{Z=ydz|X =2}
=P{Z=y®x} since Z and X are independent

=pz(y )

Therefore
py|x(0]0) =pz(0©0) =pz(0) =1—c¢
py|x(0]1) =pz(0© 1) =pz(1) =€
Py x(1]10) =pz(1D0) =pz(1) =«
py|x(1[1) =pz(1®1) =pz(0) =1—¢
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Plugging into the Bayes rule equation, we obtain

B Py x(0[0) _ (-9 -p)
Pxp 010 = 00w 0 + prx Do X0 = T 90— ) + e
pX|Y(1|O) =1 pX|Y<O‘O) = (1—e)(1—p)+ep
- pyix(1]0) R el )
pxi O = 0% 0) + oy @ X = A= p r el =)
(1—e)p

pX|Y<1|1> =1 _pX|Y(O|1) = (1 _ 6)p+ 6(1 _p)
2. We already found py (y) as
py (y) = pyx(¥|0)px(0) + py x (y|1)px (1)

:{(1—6)(1—p)+6p fory =0
e(l—=p)+(1—€ep fory=1
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3. Now to find the probability of error P{X # Y}, consider
P{X #Y} =pxy(0,1) +pxy(1,0)
= py|x(110)px(0) + pyx (0[1)px (1)
=e(l—p)+ep = ¢

An interesting special case is € = % Here, P{X # Y} = % which is the worst
possible (no information is sent), and

py(0) = 5p+35(1 —p) = 5 =py(1)
Therefore Y ~ Bern(3), independent of the value of p!
In this case, the bit sent X and the bit received Y are independent (check this)
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Joint and Marginal CDF and PDF

e Any two random variables are specified by their joint cdf
Fxy(z,y) =P{X <z, Y <y}, z,yeR

Fx y(x,y) is the probability of the shaded region of R?
Y
A

(z,9)

Y
8
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e Properties of the cdf:
o FX,Y(xay) Z 0

o If z1 <9 and y; <ys then Fxy(z1,y1) < Fx y(z2,92)

o lim Fyxy(z,y)=1

T, Yy—00

o lim Fxy(z,y)=0and lim Fyy(z,y)=0

Yy——00 T— —00

o lim Fxy(z,y) = Fx(z) and lim Fxy(z,y) = Fy(y)

Yy—00 r—00

This is often abbreviated to Fx y(x,00) = Fx(x), Fx y(co,y) = Fy(y).

Fx(x) and Fy(y) are called the marginal cdfs of X and Y
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o The probability of any rectangular set can be determined from the joint cdf

For example,

Pla< X <b,c<Y <d} =F(b,d) — F(a,d) — F(b,c) + F(a,c)
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e X and Y are independent if for every x and y
Fyy(z,y) = Fx(z)Fy(y)
e X and Y are jointly continuous random variables if their joint cdf is continuous
in both x and y

In this case, we can define their joint pdf, provided that it exists, as the function
fx y(x,y) such that

T Y
FX,Y(Qjay) :/ / fX,Y(uav) dUd’U, $,y€R

o If Fxy(xz,y) is differentiable in = and y, then

Frvl )_M_ b Ple<X<a+ A y<Y<ytAy)
XYAEY) = 0x0y _Am,lAnyl—>0 AzAy
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e Properties of fx y(x,y):

o fxy(x,y) >0

O/ / fxy(z,y)dedy =1

o The probability of any set A C R can be calculated by integrating the joint
pdf over A:

P{(X7 Y) € A} = fX,Y(xuy) dilfdy
(z,y)€A

e The marginal pdf of X can be obtained from the joint pdf via the law of total
probability:

fx(x) = /oo fxy(x,y)dy

To see this,
Fx(z) = P{X<z}=P{X <z Y <o}
00
= / / fxy (', y)da'dy
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and hence differentiating yields

fx(z) = % </_ /_ fX,Y(v"C/»y)d%/dy> = /_ fxy(x,y)dy

Alternatively, consider the figure on the next page
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Y
8

z| |z + Az

. Plz< X <z+ Az}
z) = lim =
fX( ) Ax—0 Azx

oo

1
= li — i < <
Al}ggo ~ AI;IEO E Plr< X <z+ Az, nAy <Y < (n+1)Ay}

n=—oo

Aac—>0 Am

_ / fXnydyAx—/ fxy(z,y)dy

e X and Y are independent iff fx y(z,y) = fx(z)fy(y) for every x, y
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Example

o Let (X,Y) ~ f(x,y), where

c >20,y>0,z+y<1
f(xy)—{

0 otherwise

1. Find ¢

2. Find fy(y)
3. Are X and Y independent?

4. Find P{X > ly}

Solution:

1. To find ¢, note that

o [ee 1 rl-y 1
1:/ / f(z,y)dedy = / / Cdxdy:c/ (1—y)dy:%c,
—o0 J —o0 o Jo 0

hence ¢ = 2
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2. To find fy (y), we use the law of total probability

Frly) = / " fay) da

S0 o<y <1 f20-y) 0y <
0 otherwise 0 otherwise
s Sy ()
2 ,,,,,,,,
- Y
0 1

3. X and Y are independent if fx y(x,y) = fx(z)fy(y) for every z, y
But fxy(0,1) =2 and fx(0)fy(1) =0, so X and Y are not independent
Another example: fxy(3.2) =2#1-1= fx(3)fv(3)

EE 278: Two Random Variables

4. To find the probability of the set {X > Y} we first sketch the set

|

[SCI N

From the figure we find that

P{X>1ly}= fxy (2, y) de dy
{@y):z>3y}

3 -y
=// dedy:%
0 Jy
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Conditional CDF and PDF

e Let X and Y be continuous random variables with joint pdf fx y(x,y). We
wish to define Fy | x(y| X =xz) =P{Y <y| X =z}

e We cannot define the above conditional probability as
P{Y <y, X =z}
P{X =z}

because both numerator and denominator are equal to zero. Instead, we define
conditional probability for continuous random variables as a limit

FY|X(y|x) :AliIBOP{Y <ylex <X <z+ Ax}
P{Y <y, x <X <z+ Az}
CAz=0 Plz< X <z+ An}

. J? o fxy(z,u) duAz (Y fxy(z,u)
C Az—0 fX((E)AI‘ - ) fX(:E)

du
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e We then define the conditional pdf in the usual way as

Frix(ylz) = %ﬁ)y) if fx(2) £ 0

e Thus ”
Frix(ole) = [ frix(ule) du
which shows that fy | x(y|z) is a pdf foroiof given X =z, i.e.,
YVH{X =} ~ frix(ylz)

Note: Conditional distributions are in fact not defined in this way in advanced
probability, in particular they are not defined using limits. Like Dirac delta
functions, they are defined by their behavior inside integrals — suitable integrals
of conditional pdfs yield elementary conditional probabilities. See Section 3.7 of
G&D.

e Example: Let f(z,y) be defined as

2 2>20,y>20,z+y<1
[z, y) = .
0 otherwise

Find fx|v(2|y)

EE 278: Two Random Variables 3-20



Solution: We already know that

fy(y):{zu—y) 0<y<1

0 otherwise
Therefore
1
fxy(x,y . 0<y<1l,0<z<l-y
fX|y(x]y) — # —J1—y
fr(y) 0 otherwise

In other words, X [{Y =y} ~U[0,1 —y]

A fX\Y(xly)

1
1—y
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e Bayes rule for densities: Given fx(z) and fy|x(y|z), we can find

_ fyix(ylz) .
fxy(zly) = ) fx ()
 fyix(yle) .
=T hor (g da? <
fy\X(?JW ()

N 25 fx () fyx (y|w) du A
e Example: Let A ~ UJ0, 1], and let the conditional pdf of X given A = X be
fxa@A) =xe™™, 0< A<,
e, X [{A = A} ~Exp(\)
Given X = 3, find fxx()[3)
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Solution: Use Bayes rule

Ae 3
3\ A — — 0<A<1
fax(Al3) = 1fX|A( D) 5(1—de™)
fo Sa(u) fx)a(3[u) du 0 otherwise
A fa(N)
)\
0 1
A Faix (A[3) |
1.378 [~~~
' 0.56
| | -
1 1
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Mixed Random Variables

Let © be a discrete random variable with pmf pg(#)

For each © = 6 with pg(f) # 0, let Y be a continuous random variable, i.e.,
Fy|e(y|0) is continuous for all 6. We define fyo(y|f) in the usual way

The conditional pmf of © given y can be defined as a limit

01y — 1 PO=0y<Y Syt ay)
PoiZIV) = Ny20 ™ Ply<Y <y + Ay}

pe(0) fyie(yl0)Ay _ fyie(y]0)

= lim po(0
Ay—0  fy(y)Ay fr (W) of)
e So we obtain yet another version of Bayes rule: Given pg(0) and fyo(y|0), then
fyie(yl0)
porv(0]y) - po(6)

~ S pe(®) frieyl)
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e Example: Additive Gaussian Noise Channel

Consider the following communication channel:

Z ~ N(0,N)

The signal transmitted is a binary random variable ©:
o +1 with probability p
-1 with probability 1 — p

The received signal, also called the observation, is Y = © + Z, where © and Z
are independent

Given Y = y is received (observed), find pg|y (0]y), the a posteriori pmf of ©
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Solution: We use Bayes rule

B fyie(y]0)
pei (Blu) = Yo pa(0) fyie(ylt’) po(f)

We are given pe(0):
pe(+1) = p and pe(-1) =1-p
and fye(yl0) = fz(y — 0):
Y[{0 =41} ~N(+1,N) and Y|{6=—1} ~N(-1,N)

Therefore

p _w=D?
e 2N Yy
P_—on 4 LD 55~ peN+(1—ple N
V2r N 2w N
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Signal Detection

e Consider the following general digital communication system

© € {0, 01} — d?::]sgd Y . decoder —— © € {6y, 6,}
frie(yl0) d(Y)

where the signal sent is

o 0y with probability p
B 0, with probability 1 —p

and the observation (received signal) is

Y[{© =0}~ fyiey|0), 0¢c {001}

e We wish to find an optimal decoder (or optimal receiver), d(Y'), that minimizes
the probability of error:

P.2P{O£O}=P{O=0), O=0,} +P{O =0, 6 =0,
=P{O=0,}P{O=0,|0=00} +P{O=0,}P{O=0,|0 =0}
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e We define the maximum a posteriori probability (MAP) decoder as

0o if pejy(foly) > pejy (1Y)
dy) = .
01 otherwise

e The MAP decoding rule minimizes P,, since

P. = 1-P{d(Y) = O}
:1—/_°° Fr()Pld(y) = ©|Y =y} dy

and the integral is maximized when we pick the largest P{d(y) = ©|Y = y} for
each y, which is precisely the MAP decoder

o lIf p= % i.e., equally likely signals, using Bayes rule, the MAP decoder reduces
to the maximum likelihood (ML) decoder

d(y) = {00 i frie(wlfo) > frielvlfn)

f; otherwise
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Additive Gaussian Noise Channel

e Consider the additive Gaussian noise channel with signal
o — {—i—\/]_D with probability

—V/P  with probability

noise Z ~ N (0, N) (© and Z are independent), and output Y = © + Z

N[—= N

e The MAP decoder is
WP PO =VPIY =y}
d(y) = P{® =—-VP|Y =y}
—+/P otherwise

Since the two signals are equally likely, the MAP decoding rule reduces to the
ML decoding rule

. fyie(y |+ VP)
+v P if > 1
d(y) = 1 frie(y| =V P)
—+v P otherwise
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fly|-vP) —> <— f(y|+VP)

Y
<

e From the figure above and using the Gaussian pdf, the MAP decoder reduces to
the minimum distance decoder

+VP (y—VP)<(y—(-VP))?
dy) = —V/P otherwise

which simplifies to

B +VP y>0
d(y)—{_ﬁ Y <0

Note: The decision when y = 0 is arbitrary
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e Now to find the minimum probability of error, consider
P.=P{d(Y) # 6}
= P{0 = VP}P{d(Y) = —VP|© =VP} +
P{© = —VP}P{d(Y) = VP|© = —V/P}
=1P{Y <0]©@=VP} +iP{Y >0|0=—-VP}
=1P{Z < —VP} +1P{Z > VP}

=Q<\/§>:Q(m)

The probability of error is a decreasing function of P/N, the signal-to-noise
ratio (SNR)
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Functions of Two Random Variables

o Let (X,Y) ~ f(x,y) and let g(z,y) be a differentiable function. To find the
pdf of Z = g(X,Y), we first find the inverse image of {z < Z < z 4+ Az} then
find its probability expressed as a function of z and Az

e Example: Let X and Y be independent r.v.s, with X ~ fx(z), and Y ~ fy(y).
Find the pdf of Z =X +Y

e Solution 1: Using approximation and limit arguments
fz(z2)Az~P{z< Z < z+ Az}

:/OOP{Z<X+Y§2+A2]X:x}fx(x)da:
:/OOP{Z<x+Y<z+Az|X:x}fX(x)dx
:/OOP{Z—I‘<Y<Z—$+Az}fx(l')d$

~ [ fv(z - 2)Azfx (o) da
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Letting Az — 0,
o) = [ fele- o)) ds.
which is the convolution of fx(x) and fy(y)
2

For example, if X ~ N(ux,0%) and Y ~ N (py, 0% ) are independent, then it

can be shown that

Z=X+Y ~N(ux + py, 0% +0y)

e Solution 2: Direct derived distribution:

Independence of X and Y implies that the joint pdf is fx y(z,y) = fx(z)fy(y).

To find pdf fz, first find the cdf Fz(z) and then differentiate.
Fz(z) = Pr(Z<z)=Pr(X+Y <z)

= / fx v (z,y)dzdy
zy:x+y<z

= /w,y;erygz fx(x)fy(y)dzdy = /_O; (/_:y fX(.r)d.r) fy(y)dy

The pdf is then found by differentiation using the rule for differentiating integrals
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with respect to variables which appear only in the limits:

ey = AL ( /Z_ny@c)dx) Fy (w)dy

dz  dz oo W oo

— [ (] ) setway

-/ T iz -y iv(y)dy
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e The convolution result also holds for the sum of two independent discrete
random variables (replacing pdfs with pmfs and integrals with sums)

For example, if X ~ Poisson(\;) and Y ~ Poisson(Az2) are independent, then
Z = X +Y ~ Poisson()\;) x Poisson(\y) = Poisson(\; + \2)

e The property that the sum of two independent r.v.s with the same distribution
has the same distribution, which is obeyed by Gaussian and Poisson r.v.s, is
referred to as infinite divisibility

E.g., a Poisson r.v. with parameter A can be written as the sum of any number
of independent Poisson(\;) r.v.s, so long as > . A\; = A

EE 278: Two Random Variables 3-35

e Example: Minimum and Maximum of Independent Random Variables
Let X ~ fx(z) and Y ~ fy(y) be independent. Define

U=max{X,Y} and V =min{X,Y}

Find the pdfs of U and V

Solution: To find the pdf of U, we first find its cdf:

Fy(u) = P{U <u} = P{X <u, Y <u} = Fx(u)Fy(u)
Using the product rule for derivatives,
fo(u) = fx(u)Fy(u) + fy(u)Fx(u)
Now to find the pdf of V,
P{V>ouv}=P{X>v,Y >0v} = 1-Fy(v)=(1-Fx())(l - Fy(v))

Thus
fv(v) = fx () + fy(v) — fx(0)Fy(v) — fy(v)Fx(v)
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