
Probability Theory

Bayes’ Rule: Pr {Y = y|X = x} = Pr{X=x,Y=y}
Pr{X=x}

Expectation: E [g(X)] =
∑

all x g(x) Pr {X = x}
Mean: µX = E [X]
Variance: σ2

X = E
[
(X − µX)2

]
Covariance: Cov (X,Y ) = E [(X − µX)(Y − µY )]

Correlation: ρ(X,Y ) = Cov(X,Y )√
Var(X)Var(Y )

Autocorrelation: φX(τ) = E [X(t)X(t+ τ)]
Properties: Average power = φX(0)

φX(−τ) = φX(τ)
|φX(τ)| ≤ φX(0)

Cross-correlation: φXY (t1, t2) = E [X(t1)Y (t2)]
PSD: ΦX(f) =

∫∞
−∞ φX(τ)e−j2πfτ dτ

Gaussian Distribution:
- probability density function:

fX(x) =
1√

2πσ2
X

exp

{
− (x− µX)2

2σ2
X

}
- error function

erf (x) =
2√
π

∫ x

0

e−u
2

du

Q(x) = 1
2erfc

(
x√
2

)
- if two Gaussian random variables are uncorrelated, they
are also independent.
- any linear combination of two or more Gaussian random
variables results in another Gaussian random variable.

Signal Space Concepts

Inner product: 〈sk(t), sl(t)〉
4
=
∫ b
a
sk(t)s∗l (t) dt

Triangle inequality:
‖sk(t) + sl(t)‖ ≤ ‖sk(t)‖+ ‖sl(t)‖

Norm: ‖sk(t)‖ 4=
√
〈sk(t), sk(t)〉

Cauchy-Schwartz inequality;
|〈sk(t), sl(t)〉| ≤ ‖sk(t)‖ ‖sl(t)‖

Information Theory

Entropy: H(X) =
∑K−1
k=0 P (xk) log2

1
P (xk)

Binary Entropy Function: h(p) = p log2
1
p + (1− p) log2

1
(1−p)

Conditional Entropy: H(X|Y ) =
∑K−1
k=0

∑L−1
l=0 P (xk, yl) log2

1
P (xk|yl)

Average Mutual Information: I(X;Y ) = H(X)−H(X|Y ) = H(Y )−H(Y |X)
Channel Capacity: C = max{P (Xk)} I(X;Y )

Differential Entropy: H(X) =
∫∞
−∞ fX(x) log2

1
fX(x) dx

Conditional Differential Entropy: H(X|Y ) =
∫∞
−∞

∫∞
−∞ fX,Y (x, y) log2

1
fX|Y (x|y) dx dy

The Fundamental Inequality:
Let {pi} and {si} be any two sets of N real numbers with pi ≥ 0, si ≥ 0,

∑N−1
i=0 pi = 1, and

∑N−1
i=0 si = 1, then∑N−1

i=0 pi ln 1
pi
≤
∑N−1
i=0 pi ln 1

si
with equality iff si = pi for all i.

Linear Block Codes

Defn: An (n, k) binary code, C, consists of a set of 2k binary code words, each of length n bits, and a mapping function
function between message words and code words.

Defn: An (n, k) linear block code is defined by a k × n generator matrix, G, such that the code word c for message m is
obtained from c = m G

Hamming weight: number of 1’s in a word.
Minimum weight:

wmin = min{wH(c) | c ∈ C, c 6= 0}
Hamming distance: dH(a, b) = wH(a⊕ b)
Minimum distance:

dmin = min{dH(a, b) | a, b ∈ C, a 6= b}
For all linear block codes, dmin = wmin.

Code Rate: R = k
n .

Parity check matrix: G HT = 0

if G =
[
I
k
| P
]

then H =
[
PT | I

n−k

]
Syndrome: s = r HT

Random-error detecting capability: dmin − 1.
Random-error correcting capability: t =

⌊
dmin−1

2

⌋
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Trigonometric Identities

sin(A±B) = sinA cosB ± cosA sinB
cos(A±B) = cosA cosB ∓ sinA sinB
sinA sinB = 1

2 [cos(A−B)− cos(A+B)]
cosA cosB = 1

2 [cos(A−B) + cos(A+B)]
sinA cosB = 1

2 [sin(A+B) + sin(A−B)]
cosA sinB = 1

2 [sin(A+B)− sin(A−B)]
sin 2A = 2 sinA cosA
cos 2A = 2 cos2A−1 = 1− 2 sin2A = cos2A−sin2A
sin2A = 1

2 (1− cos 2A)

cos2A = 1
2 (1 + cos 2A)

sinA =
1

j2

(
ejA − e−jA

)
cosA =

1

2

(
ejA + e−jA

)
e±jA = cosA± j sinA

Miscellaneous Identities
∞∑

m=−∞
e−j2πfmT =

1

T

∞∑
n=−∞

δ(f − n

T
)

Definite Integrals∫ ∞
0

sin ax

x
dx =

 π/2 a > 0
0 a = 0
−π/2 a < 0∫ x

0

sin au

u
du = Si(x)∫ ∞

0

sin2 ax

x2
dx = |a|π/2∫ ∞

0

e−ax
2

dx = 1
2

√
π/a∫ ∞

0

xe−ax
2

dx =
1

2a∫ ∞
0

x2e−ax
2

dx =
1

4a

√
π/a∫ x

0

2√
π
e−u

2

du = erf (x)∫ ∞
−∞

ej2πft dt = δ(f)

Indefinite Integrals∫
sin(ax+ b) dx = −1

a
cos(ax+ b)∫

cos(ax+ b) dx =
1

a
sin(ax+ b)∫

sin2 ax dx =
x

2
− sin 2ax

4a∫
cos2 ax dx =

x

2
+

sin 2ax

4a∫
sin ax cos ax dx =

1

2a
sin2 ax∫

sin ax sin bx dx =
sin(a− b)x

2(a− b)
− sin(a+ b)x

2(a+ b)∫
cos ax cos bx dx =

sin(a− b)x
2(a− b)

+
sin(a+ b)x

2(a+ b)∫
sin ax cos bx dx = −cos(a− b)x

2(a− b)
− cos(a+ b)x

2(a+ b)∫
cos ax sin bx dx =

cos(a− b)x
2(a− b)

− cos(a+ b)x

2(a+ b)∫
x sin ax dx =

1

a2
(sin ax− ax cos ax)∫

x cos ax dx =
1

a2
(cos ax+ ax sin ax)∫

x2 sin ax dx =
1

a3
(2ax sin ax+ 2 cos ax− a2x2 cos ax)∫

x2 cos ax dx =
1

a3
(2ax cos ax− 2 sin ax+ a2x2 sin ax)∫

eax dx =
1

a
eax∫

xeax dx =
1

a2
eax(ax− 1)∫

x2eax dx =
1

a3
eax(a2x2 − 2ax+ 2)∫

eax sin bx dx =
1

a2 + b2
eax(a sin bx− b cos bx)∫

eax cos bx dx =
1

a2 + b2
eax(a cos bx+ b sin bx)∫ [

sin ax

x

]2
dx = a

∫
sin 2ax

x
dx− sin2 ax

x
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Properties of the Fourier Transform

Operation h(t) H(f)

Linearity a1h1(t) + a2h2(t) a1H1(f) + a2H2(f)
Complex conjugate h∗(t) H∗(−f)

Scaling h(αt) 1
|α|H( f

|α| )

Delay h(t− t0) H(f)e−j2πft0

Frequency translation h(t)ej2πf0t H(f − f0)
Amplitude modulation h(t) cos(2πf0t)

1
2H(f − f0) + 1

2H(f + f0)
Time convolution

∫∞
−∞ h1(τ)h2(t− τ) dτ H1(f)H2(f)

Frequency convolution h1(t)h2(t)
∫∞
−∞H1(u)H2(f − u) du

Duality H(t) h(−f)
Time differentiation d

dth(t) j2πfH(f)

Time integration
∫ t
−∞ h(τ) dτ 1

j2πfH(f) + H(0)
2 δ(f)

Some Fourier Transform Pairs

h(t) → H(f)

e−atu(t) → 1

a+ j2πf

te−atu(t) → 1

(a+ j2πf)2

e−a|t| → 2a

a2 + (2πf)2

e−t
2/(2σ2) →

√
2πσ2e−2π

2f2σ2

u(t) → 1
2δ(f) +

1

j2πf

δ(t− t0) → e−j2πft0

sin 2πWt

2πWt
→ 1

2W
rect(

f

2W
)

rect(
t

T
) → T

sinπfT

πfT
∞∑

m=−∞
δ(t−mT ) → 1

T

∞∑
n=−∞

δ(f − n

T
)
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