Optimal Receivers for the AWGN Channel

Consider a generic M-ary communication system where signal s,,(t) is used to convey symbol m € M, where

M ={0,1,...,M — 1} is the symbol alphabet. The set of signals, {s,,(t) | m € M}, can be represented with K
orthonormal basis signals {¢x(¢) | k=0,1,..., K — 1}, with

Transmitter Model:

K-1
Sm(t) = Z 5m,k¢k(t)
k=0

where the weights are

T
S = (5o (1), D1 (1)) = / 5o (D) (1) dt
for all m € M and k € {0,1,..., K — 1}.

Note: The Gram-Schmidt procedure not only describes how to find the basis signals and the weights, but also
proves that a set of basis signals exists for any set of finite-energy data signals.

Additive White Gaussian Noise (AWGN) Channel Model:
Suppose symbol m € M was transmitted. The received signal is represented by
TC(t) = 5p(t) + u}c(t)

where

$m(t) = transmitted data signal

we(t) = additive white Gaussian noise signal
— stationary random process
— Gaussian distribution
— zero mean = Uy =Ew ()] =0
— white noise = ¢u(7) = Ew.(H)w.(t+7)] = %6(7‘)

Receiver:

The purpose of the receiver is to determine the transmitted symbol, m, based on observations of r.(t). Because of

uncertainty introduced by the noise it is impossible to guarantee that the receiver will be able to correctly determine
the transmitted symbol.

Optimal Receiver: An optimal receiver is one that is designed to minimize the probability that a decision error
occurs. There exists no other receiver structure that can provide a lower probability of error.

The optimal receiver can be separated into two stages, a detector, which filters and samples the received signal,
and a decision device, which uses the samples to make its decision.

r Decision ~
. .

t) —
re(t) Detector Device

Detector — extracts a set of “sufficient statistics” from r.(¢).

Decision Device — attempts to determine the transmitted symbol, m, based on r = [rg r1 -+ rx_1].
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Optimal Detector:

— filters and samples the received signal.
— optimal detector is composed of a bank of K matched filters (or correlators).
— filters are matched to the basis signals, {¢x(¢t) |k =0,1,..., K —1}.

¢0(T — t) ﬁ%’ To ’f‘c(t) —

Y

T
Jo dtﬁzf_? "o
T
Jo dtﬁzf_? "

re(t)

Y

or
t
. . equivalently . o1(t) .
T
'¢K—1(T—t)‘,'zt :;’T TK-1 —*(%)—»fo dtﬂzt :;’T TR-1
dr—1(t)
For k € {0,1,..., K — 1}, the received samples are
T
o= [ o d [but re(t) = su(t) + welt)]
0

T T

_ / sm()bu(t) dt + / wo(t)a (1) dt
0 0

= Sm,k + Wk ,

where

T
wy = /0 we(t)éa (t) dt

represents a sample of noise, and {s,, 1} are the weights for signal s,,(¢). That is,

T
S = (5 (1), (1)) = / Son (1) 81 (1) dt

The samples r represent the projection of the received signal onto the signal space defined by {¢x(¢)|k = 0,1,..., K—
1}.

Properties of wy:

— Since we(t) is a Gaussian random process, wy, is a Gaussian random variable.

— Mean:
T T
Ew] =E /O we(t)dr(t) dt] = /O E [w.(t)] ¢r(t)dt =0 .
— Covariance: . .
E[’LUkU/l] =E /O wc(tl)d)k(tl)dtlA wc(t2)¢l(t2)dt2‘|

T pT
= /0 /0 E [wc(tl)wc(tg)] ¢k(t1)¢l(t2) dty dtQ

T T
= / %S(tg — 1)@k (t1)pi(t2) dty dtz
0

0
N T
-2 / Ox(t2) e (t2) dt

[ NoJ2, ifk=1
= 0, ifk#I

= —0f -
5 0=k
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Properties of ry:

— Mean:
E[rk] = E[Sm,k erk] = Sm,k + E[wk] = Sm,k -
— Covariance:
E [(rk —E[rk]> (rl —E[m])] = E [ww)]
No
= 75l—k
No/2, ifk=1

0, ifk#I
— Distribution: {ry} are a set of independent Gaussian random variables, with r ~ N (8, 1, No/2).

Residue:

In general, we cannot perfectly reconstruct r.(¢) from the samples r, so by sampling the filter outputs, some
information has been lost. This lost information is the residual error,

K-1
re(t) =r(t) — Z TedK(t) .
k=0
However, 7.(t) contains no relevant information to help in determining m.
Proof:
K—-1
re(t) = sm(t) + wet) = D [Smk + wi] dx(t)
k=0
K-1 K-1
= sm(t) = D smadr(t) +we(t) — D wii(t)
k=0 k=0
K—1
= sm(t) = s (1) +we(t) — > wien(t
k=0
K—1
= we(t) = ) widk(t)
k=0
= we(t) )
where
K-1
we(t) = we(t) — > wie(t) .
k=0

Since w.(t) and wy are not based on m, w,(t) has the same value regardless of the transmitted signal.
Therefore it will be of no direct assistance in determining m. However, w,(t) may provide some information
about wyg, which could be used indirectly to determine m. But

K-1
wy <wc(t) — Z wléi’z(t))}
=0
Wy Z wy g (t ]
T
/0 we(T)Pr(T) dT we( ] Z E [wiwi] ¢ (t

T K— N
/0 B fue(r)ue(0)] ox () dr — > S xan(t)

Ewyw.(t)] = E

= E [wrw.(t)] —

E

= [ 205 oty ar - 20

O

= 70¢k(t) - 70@@)
=0.
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— Therefore, w,

Therefore, we(t) is independent of wy, for all t € [0,7] and k € {0,1,..., K —1}.

Therefore, w,(t) contains no information about wy.

Therefore, knowledge of w,(t) is of no assistance in determining m.

— The samples r are a set of sufficient statistics for determining m. There is no additional information

in r.(t) that is relevant.
Optimal Decision Device

t§ and wy, are uncorrelated for all ¢ € [0,7] and k € {0,1,..., K —1}.

The decision device must make a decision about which symbol was transmitted based on the received observations,
r. An optimal decision device is one that makes this decision in such a manner that the probability of a symbol
error is minimized. Let m be the decision made by the device.

Def™: The a priori probability distribution is the probability distribution of the transmitted symbols before any
data has been received. It is denoted by Pr{m sent}. Typically, each symbol is equally likely to have been
transmitted, so Pr{m sent} = 1/M.

Def™: The a posteriori probability distribution (APP) is the probability distribution of the transmitted symbols
after the received signal has been observed. It is denoted by Pr {m sent | r received}.

Def”: The conditional probability density function f,(r | m sent) is the pdf of observing r at the output of the
detector, given that symbol m was transmitted. This is referred to as the likelihood function.

Maximum A Posteriori Probability (M AP) Decision Rule

To minimize the probability of an error, the decision device must maximize the probability that its decision is
correct. It chooses m = m, for the value of m with the largest a posteriori probability. That is, choose m = m if

Pr{m sent | r received} > Pr{l sent | r received} for all I # m ,
or equivalently

m = arg max Pr {m sent | r received} .
m
This is known as the mazimum a posteriori probability (MAP) decision rule.

Example: Consider a system where one of M = 4 possible values could have been transmitted. Suppose, based on
the received signal, the receiver calculates the following APP’s

Pr {0 sent | r received} = 0.2

Pr{1 sent | r received} = 0.1

Pr {2 sent | r received} = 0.4

Pr {3 sent | r received} = 0.3
According to the MAP decision rule, the receiver would chose m = 2, since it is most likely to have been
transmitted based on the observations of the received signal.
Note: The probability of error in this case is 0.6, but any other choice for m would lead to a higher

probability of error.

The APP’s can be calculated from the likelihood function, f,(r|m sent), with

. fr(r | m sent)Pr{m sent} fr(r | m sent) Pr{m sent}
Pr{m sent | r received} = —= = =
fe(r) Y omi—o fr(r | m/ sent) Pr{m’ sent}
For the AWGN channel, since the components of r = [rg 71 -+ - rx_1] are independent, and each r has a Gaussian
distribution with a mean of s, ; and a variance of No/2, the likelihood function is

K-1

fo(r|msent) = [ fr.(rk|m sent)
k=
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Maximum Likelihood (ML) Decision Rule

Under certain conditions, the MAP decision rule can be simplified. Usually, all the symbols are equally likely to
be transmitted, so the a priori probabilities Pr {m sent} = 1/M, so the MAP decision rule can be expressed as:
. fo(r | m sent)1/M
M = argmax —

m f z(ﬂ)

or

m = argmax f,.(r | m sent) .
1ax Jr

This is know as the maximum likelihood (ML) decision rule. Note that the ML decision rule is equivalent to the
MAP decision rule if the a priori probabilities are all equal.

Simplifications to the ML Decision Rule

Using the expression given above for the likelihood function, the ML decision rule can then be expressed as:

7 x Ly 2
M = arg max ————— exp{ —— Th — Sm,k
m (\/7TNO)K No o "
or
K-—1

A~ 1 —
m = arg max exp {— Z (Tk - Sm,k)z}

O k=0
or (by taking the log)

] Kl
m = arg max (— (re — sm’k)2>
m

k=0
or
K—1
i = argmin ) (1 — s,k
k=0
2
But, Z}f:_ol (ri— sm7k)2 = H[ — S H , the square of the distance between r and the point in the signal space diagram

corresponding to s,,(t). Therefore the ML decision rule reduces to:

In other words, the optimal decision is that symbol that is “closest” to r in the signal space.

m = arg min Hz — S
m

Example: Suppose the M = 4 two dimensional signal constellation shown below is used for transmission, and that

r =[0.3, 0.8]y/&, is observed. The observation is marked in the signal space diagram shown below:

¢1()

r—syl| = V1.13&s
r—s;|| = Vv0.13&
r—So|| = V/2.33&
r—s3|| = V/3.33&

The decoder would choose m = 1.
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Decision Regions:

Each possible received observation will be closest to one of the points in the signal constellation. For each
signalling scheme, it is useful to draw the boundaries of the decision regions on the signal space diagram
Region 7;

Region 7, Region 7,

Region 73

Further Simplifications to the ML Decision Rule

The ML decision rule can also be expressed as:

K-1
m = arg min E (ri — 2riSmk + 52, 1)
pe :
k=0
or
K—1 K—1 K—1
m = argmin e —2 E TkSm.k + g s2k
fo :
k=0 k=0 k=0
or
K—1
m = argmin | —2 E TeSm.k + Em
m
k=0
or

K-1
m = arg max (Z ThSm kb — Em/2> .

k=0
If all signals have equal energy (i.e., E,, = E; ¥V m, 1), then the ML decision rule can be expressed as:
K-1

M = arg max E TkSm.k -
m
k=0
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