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Problem Set #5 Solutions

o Textbook: Ch. G: 4, T, 16, 20, 31, 34, 35, 40, 48,

6.4 X, =", where 00 < # < 1, A typical sample function looks like this:
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(b) Fx,(z) = P[X, £ #] = P[s" £
and Fy, (z) = 0, elsewhere.

el For0e s < ly=0,and x> 0,0 <y <1,
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'F!r"]:" E "[--:ﬁ-n-l-l = 1"] = F[S“ E .'-I.'.:.;&:"'I':I Ey]
= FPls= IJ.-'=L15 < _h,l,-'[n+1:-]
= Pls= ii:in{:r]-"“, yj."'["-—lj]]
= mi:u[zl"'": yliineihy

It can be then seen that for & > 0,y > 0, Fy, x.,, (7,9) = min(1,a¥", y 410 and = 0,
oLherwise,

(d) mx(n) = E[X,] = E[¢"] = [ s"ds = 1f(n+1).

Ry(n, ntk) = E[X Xoa] = E[lss™H] = B[] = 1/(2n4k+ 1), forn 2 0, and & > 0.
Cxlnn+ k) = Bx(nong) - E(XA)E(Xawe) = L2204 k4 1) - 1{{n+1(n+ k+1)) =
nlk+n)flin+1)(n+ k41 {2n+k+ 1)), forn =0, and n 4+ & 2 0.

6.7 a) We will use conditional probability:

PLX() € 7]

Plg(t—T) < =]
[ Plste =) < 27 = 2)fr(a)an

H
,J' Elg(t — X} € z]dh  since fr()) = 1

= _;'I' Plo(u) = z]du  after letting w=1¢— A

1
glu) (and hence Ply(u) < z]) is 2 periodic function of w with pert .:H:] s we can change the

limits of the above integral to any full period. Thus
PLX() <] = [ Plolu) < oldu
i

Note that g{u) is deterministic, =0

I ouiglu) <z

P ze={ 5 Lo =



glu)

So finally
i ]
FIX(t) < =] = L{j{_ld’u:ﬂ”ildu:m.

b) mxlt) = E[X(1)] = JE[}&—THT:A]JJ\ )L'i,(t-}.}dﬁ jaLthdI j[t—thn?-l::—

The correlation is again D found using conditioning on T

EX(X(e+7)] = [ Blate—Tglt+r —THT = X fr(A)er
— Jgg[f_,uj.g[t+.~_l:.d,x
= J{i]g[u}g[u-l- )du

Fluglu + 7) is a periodic function in u so we can change the limits to (0,1):

E[XOX(t+1) = JI': glu)glu + 7)du

glu) = (1—u]
s glut7)=2—(ut7)
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here we assume 0 < 7 < 1 since E[X[#)X (¢ + 7)) is periodic in 7.

1=7 ]
E[X(OX({t+r) = J£ (1 - u)l --zr—T]rI1e+JI|:_T{1—u}{?—u--T}u:l'u
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Cxilblyy) = E_E-‘--'_HT
1 T T
= @3ty 8T

and CylTh=CylTyl) , 0T,



6.16 a) £[X(t)] = £[Acoswt + Bsinwt] = £]A] coswt + E[B]sinwi =10
Cx(t, ta) ELX (8] X (t2)] = mx(fr)mx (L)
= E{Acoswt, + Bsinwt; ) A coswty + Bsinwiy)]
= £[AY coswt coswly -+ E[A)E[B] coswt, sinwty
- HE[AJE]B] coswiy sinwty + £[BY sinwty sin wis
= o'[coswt; cozwty + sinwt, gin wiy)
= oloosw(l; — tz)

b} Because A and B are jointly Gaussian BV's, X(¢) = Acosw? + Bsinwt and
X(t+s) = Acosw(t + 5} + Bsinw(f + 3) are also jointly Gaussian, with zere means and
covariance matrix
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Pl¥, =1] = Pll is not erased |fw = 1]P[I, = 1]

5.20 = [l =a)p where [, is Bernoulli process

The ¥, are then a Bernoulli process with success probability

(1-a)p2y.
S 1s then the binomial counting process with

Pisi= 4=} ) -

5, has independent and stationary increments.



6.81
P[N(15) — N(10) = 0, N'(60) — N'(45) = 0]

= P[N(15) — N(10) = 0] PIN{60) — N(45) = 0] = e~M® 5 = =5
since A = L0/60.

6.34 Let X; = time til] first arrival in line ¢

L]
a) PlX) < Xy) = J,'; PlX2 > o|X) = z)fy, (2)d=
= [T ety ez oy [T —(edda)ry
JIII; £ .:!'.]-[5 dr = .-:'||_"||I: & nbra
-
AL+ A

b) Time till first arrival £ 7 = min( Xy, A7)

Plmin[X;, X;) >2L] = FlX; >z, X >12]= FlXy = z|P[X; = 2]

- L.—."\-L:E—.:'.]E —_ e—l:-1|:|+:l;|]$

= Z exponential RV with mean (A, + 3;)7°
¢} Guig(z) = EaMIHNRN] = glM Bzl
— El;[z—l]ﬁ}.;it 1) _ cl:J-:+-5|:-][r—l'|

=+ N(t) Polsson with rate A; 4 A;

d} Gayy = eltaadotan){=-1] o Hl4) i fren r— b b

PIN(t—d) = j|N[t] = K] =

_ PNt —d) = . N(t) = K]
- PIN(f) = }]

_ FINQt—d) = JIPN{t] - N{t —d) = k - j]
F[N(t) = k]
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6.40 ¥({) is & random tel
transition, then

egraph process with transition rate po, since if T = time 1] next

T=n+.4r here N i : ¥
wod 77 a2 W U exporantiel A uith prmter o Gy dhan pan PP oS0 =p,

driw) = e[V =£ [(w —ﬂju)n] - i (

kel

3
k-1
,_.r__j-m) p(1—p)
op

= q—jwi_alﬂ_—el “E o 7 tog on o it with paineitler dp.

a=ju @p = Ju

CPF(t = 4] = 11_—, = F[¥(t) = -1] if P[¥(0) = '}:'3:“!{
and
Cylty, 1) = e ?opa-nl

6.48 a) we know that Z(t) = X[t} —eX(f - 2) is 2 Gaussian BV since
X(f) and X(t—s) are jeintly Gaussian. Therefore we need only find mz(t) and VAR[Z(H))

mz(t) = E[X(t)] —aE[X(t-s]]=0
VAR[Z(] = E[X(E) — aX(t - 5))7]
= E[X(E)] — 2aE[X()X (1 — )] + o E[X 7t — 5))
VAR[Z()] = At—2e(pt - s))+a’ht—s) Jfresyo
= Al - 2::-}{:2] + Zads — afAs
= ,r“ o — l:I:t — ahsla — %)
_ e { s
Saalz) =V AR[Z(1)]
b) mz(t) = E[X(t]—aX(t-s)]=0
Celtnta] = EHE{L) - ml) (k) — mit:)}]

E{X(ty) — aX(t; — s)H{X (1) — aX (2 — 8)}]
Amin(ty, ;) — eAmin{; — 5,12)
—aAminlty, 2 — &) + " Afmin(ty, t2)-3]
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